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Abstract Let R be a commutative ring with identity. The idempotent graph of a ring is
defined with vertex set a ring R and distinct vertices « and y in R are adjacent if and only if
z +y € Id(R), the set of idempotents of R and it is denoted by G4(R). In this paper, we
determine the clique number of G;4(R). We find the radius, the independence number and the
chromatic number of G4(Z,). We determine which idempotent graphs of Z,, are planar and
Hamiltonian.

1 Introduction

Throughout this paper, let R denote a commutative ring with non zero identity element. In this
paper, we study the idempotent graph of a ring R, introduced by Razzaghi and Sahebi [7] in the
year 2020, which is defined as “the (undirected) graph with all the elements of R as vertices and
for distinct z,y € R, the vertices x and y are adjacent if and only if z + y € Id(R) and it is
denoted by G4(R)”. In [7], the author gave the necessary and sufficient condition for Gr4(R)
to be connected and also derived the chromatic index, the diameter and the girth of the graph.
In this paper, we find some more properties of the idempotent graph G4(R) and in particular
Gr4(Z,). If R is a direct product of copies of the field Z,, then the idempotent graph is a
complete graph. The study of idempotent graphs are useful in characterizing the class of rings in
which every element is sum of two idempotents. Such a ring R is isomorphic to R x R, where
J(I}lﬁ) is Boolean with J(R;) = {0} or J(R;) = {0,2} and R, is zero or a subdirect products of
Z%s. For basic definition we refer the reader to [2].

In section 2, we compute the clique number of G4(R) and show that the idempotent graph
of R is a complete graph or disjoint union of complete graphs. In section 3, we find the diameter,
the independence number of G4(Z,) and show that G4(Z,) contains a Hamiltonian cycle.
Further, we show that Gr4(Z,,) is planar if and only if n has two distinct prime divisors.

2 Clique number of idempotent graph of R

In this section, we prove that the idempotent graph is either a complete graph or a disjoint union
of complete graphs when R is a ring of characteristic 2 and also we determine the clique number
of G Id (R) .

Lemma 2.1. Let e be an idempotent element of R. Then e and —e are idempotents if and only if
2e = 0.

Proof. Suppose —e¢ is an idempotent, then (—e)?> = e = —e which implies that 2e = 0. Converse
is trivial. O

Proposition 2.2. [f Char(R) = 2, then G14(R) is K|g| or a disjoint union of K|rq(r)|-

Proof. If Char(R) = 2, then the set of idempotents forms a complete graph. For every
x € R\Id(R), 2z = 0. Let z + Id(R), y + Id(R) be the distinct cosets. If x + e1, y + e2

are adjacent for some ey, e € Id(R), then z +y € Id(R) and x — y=x +y — 2y € Id(R) which

implies that = + Id(R) = y + Id(R). Therefore, G4(R) is a disjoint union of % numbers
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of K|Id(R)|' O
In the following proposition we find the clique number of a ring R.

Proposition 2.3. If R = Ry x Ry x ... X Ry, where R}s are local rings such that (R;,+) =<
Id(R;) > and Char(R;) # 2 for all i, 1 < i < k, then the clique number is k + 1.

Proof. Let R = R; x Ry X ... X Ry, where R}s are local rings and z=(ay, ap, ..., ay,) with a; € R;
for all 4, 1 <+ < k. The idempotent graph of R; is a line graph and for any element a € R;, a
will be adjacent to at most two vertices. Let C' = {(a1, ap, ..., ax)|a; € R;} be a clique.

Case 1: Suppose ax=0 in any element of C. Then any other vertex adjacent to this vertex in
C' should have akz{(), 1}. If Ar—1 ¢ {O, 1, al7k_1,al_1’k_1}, where al k—1 and a—1,k—1 denotes
the last two vertices of the line graph Gr4(Ri—1), then the degree of a1 will be 2 in the line
graph Gr4(Ry_1). Thus, C contains at most two elements which is not a maximal clique. If
ar—1 = 1, then in all other vertices in C, ay—1 = 0. If a1 = a;—1 1, then in all other vertices
inC, ai_1 = ap—1. If ay_1 = 0 or a; 1, then in C' at most one vertex can have a;_; = 1 or
a;—1,,—1 and all other vertices should have a;,_| = 0 or a; ;. This is true Va; € R;,i < k—1
and the graph G4(R;) is a line graph in which except the end vertices all other vertices have
degree 2. In order to get a maximum clique, we need to take k vertices from either end of the
line graph and one vertex adjacent to the end vertex. Thus, all clique with the maximum number
of elements will have same cardinality irrespective of the choice of a; from either end of the
corresponding line graph. Without loss of generality, we consider the clique of maximum size
as C = {(0,0,...,0),(1,0,...,0),(0,1,...,0), ..., (0,0, ..., 1)} having k + 1 vertices. Suppose we
attach a vertex (ap,az, ...,ax) to C. Then a; are idempotents and hence, a; = 0 or 1 for all
i, 1 <4 < k. If two entries a; and a; are non zero, then (a;, as, ..., a;, ..., aj) is not adjacent to
(0,0, ...,1;,...,0). Hence, the clique number is & + 1.

Case 2: Suppose the clique contains an element with a;=a, 1, then following the procedure as in
case 1, without loss of generality we consider the clique of maximum size as C' = {(0,0, ..., a;—1 x),
(1,0, ...,ax), (0,1, ..., ax), ..., (0,0, ..., 1,ax), (0,0, ...,0,ax) } having k+1 vertices, where a;_ j, €
Ry, Suppose we add a new vertex (0, ..., a;, ..., aj—1,), where a; # 0 to the above clique, then
the resulting collection of k& + 2 vertices does not form a complete graph.

Case 3: Suppose the clique contains an element whose k*"* component is any vertex of degree 2 in
the line graph. Let a; ;, and a; , be the two vertices adjacent to aj. Proceeding as in case 1, with-
out loss of generality we consider the clique of maximum size as C = {(0,0, ..., ax), (1,0, ..., a; &),
0,1,..,a; %), ..-,(0,0, ..., 1,a; %), (0,0, ...,0,a; ) } on k + 1 vertices. If a vertex is added to this
clique, then it should be a vertex with its k£*" coordinate a; i but a; i is not adjacent to a; ;. So,
# a clique on k + 2 vertices. O

In the following proposition, we prove that the idempotent graph of a ring is isomorphic to a
disjoint union of its subgraphs.

Proposition 2.4. Let R be a finite ring and (S, +) =< Idem(R) >. Then Gr4(R) = G14(S) ||
Gra(S) ifand only if Vy € R\S, y = z + s for every z € R\S and some s € S.

Proof. Suppose G14(R) = G14(S) || Gra(S). Then by theorem 3.1[7], G14(S) is a connected
induced subgraph of R. Since R\S is a connected component, 3 a path between any two vertices.
Lety —y; —y — ... — yn — 2 be a path between y and z in G 4(R\S) for some y, z € R\S. Then
y+y1, v1i + Y2, -, Yn + 2 € Id(R) which implies that y = —y; + e1, y1 = —y2 + €2.... So, it
follows that y = z + s for some s € S. Similarly, every element of R\S can be expressed in the
form y = z 4 s for every z € R\S and for some s € S.

Conversely, suppose Vy € R\S, y = z + s forevery z € R\S and some s € S. [f 3z € R\S
such that 2z = 0, then for y, z € R\S, y = z + s; for some s; € S and G4(R\S) = Grq4(S).
Otherwise, expressing an element y € R\:S as y = z + s and the remaining elements y; of R\S,
asy; = —z+s; forall i, 1 <4 < |R\S|, y will be adjacent to y; if and only if s is adjacent
to s;. Similarly, expressing every element of R\S as y = z + s and other elements as —z + s;,
we see that there is an edge in G 4(R\S) if and only if there is an edges in G4(S5). Hence,
G[d(R\S) = G[d(S) O
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3 The idempotent graph of the ring of integer modulo n

In this section, we continue to investigate some basic graph theoretic properties of Gr4(Z,,), for
n not a power of a prime. We find the diameter, the radius, the independence number and exhibit
a Hamiltonian cycle. We show that the idempotent graph is non planar if n has at least three
distinct prime divisors.

In the following two lemmas, we find the degree of a vertex in G4(Z,,) and the girth of G14(Z,,).
Lemma 3.1. Let © be a vertex of Gr4(Zy,). Then the degree of x is either |Id(Z,,)| or |[1d(Z,,)|—1.

Proof. Let a vertex z be adjacent to a vertex y of Gr4(Z,,). Then z+y = a for some a € Id(Z,)
and hence y = a — z . If 2z € 1d(Z,), then z is adjacent to a — x for any a € Id(Z,) \ {2x}.
Hence, the degree of z is |Id(Z,)| — 1. Next, if 2z ¢ Id(Z,), then x is adjacent to a — z for any
a € 1d(Z,). Hence, the degree of z is |Id(Z,,)|. O

Proposition 3.2. Girth of G14(Z,,) = 3.

Proof. Let e be a nontrivial idempotent. Then 1 — e is also a non trivial idempotent. Therefore,
0—e—(1—e)—0isacycleof length 3.0

Next, we find the diameter and the radius of G;4(Z,,).

Proposition 3.3. Diameter of Gr4(Z,,)= max{pll‘ o D} — 1, where pls are distinct prime divi-
sors of n.

Proof. Each component of sz:i forms the line graph. Let x, y € Z,, such that x = (a1, az, ..., ax)

andy = (b1, by, ..., by ), where :zi, b; € sz} . Then z is adjacent to y if and only if each coordinate

a; + b; is an idempotent. So d(x,y)=maz 1;1-5 k{d(a;, b;)} and d(a;, b;) is the distance between a;

P’
2

Li
and b; in the component graph G 14(Z,. ). Now, d(0 2L or d(0,

B ) = py — 1is the length of

the longest path in the idempotent graph of sz_i. Thus, diam G 4(Z,,)= max{pll‘, ceny pfj} —1.0

2= ifmax{pll‘,...,pﬁf} =2

1 1
maz{p,...p;F}—1
2

Proposition 3.4. Radius of Grq4(Z,) =
, otherwise.

Proof. If max {p!', ..., p}¥} = 2/, then the vertex with its i" coordinate 2~2 or 2! — 2!~ for

some 7 has the least eccentricity. In this case, the least eccentricity is 2! ~!. If max {plll s pﬁj} is
L .

a power of odd prime, say pﬁi, then a vertex having one of its coordinate pif — (%) will have

Ly _
the least eccentricity among all other vertices. In this case, the least eccentricity is 2 5 Lo

In the next four propositions, we find the independence number of G4(Z,,) for n=2p"*, n=pFq',
where p* < ¢! and p, q # 2, n=2*p!, k # 1 and n=T1}_,p}", i > 3.

Proposition 3.5. If R = Zy,«, then a(G14(Zy,+)) = p* — 1.

Proof. Let A={(0,0), (0, pF—1), (0, p¥~2), ..., (0, pF—E51), (1,pF—1), (1,p*=2), ..., (1, B2 4

1)}. Then in A non-zero vertices are non idempotent, (p* — %) + (# +1)=p* + 2 and
no pair of vertices within this set is adjacent. Hence, A is an independent set. Next, if we ad-
join any idempotent element to A, then it will be adjacent to (0,0). Let z € Z; x Z,. \ {A}

be a non idempotent element. If = (a,b) or (1,p* — #) where 1 < b < pF — (L;l)

Jy = (0,p* —b) ory = (1,p* — b) an element in A such that = + y is an idempotent. Now, |A|=

k k
Pz-&-l_i_(pz-&-l)_z:pk_l.

Let B be any independent set of cardinality |A| + 1. Then for every y € B, y = (a,b), where
ac{0,1}andb e {0,1,...p" — 1}.Ifb e {1,2, ..., 21}, then | Bj= 551 x 2 = pk — 1, which
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is a contradiction. Otherwise if b € {0,p* — 1, ... +l} then | B|= 25— +] x2— 2 pF —1, which
is again a contradiction. Hence, the independence number a(G Id(ZZp ) =pF—1.0

Proposition 3.6. If R = Z,.i, then o(Gra(Z,yy)) = L0242 \where p* < ¢ and p, g # 2.

Proof. We consider the subsets A={(0,¢' — 1), (0,¢' —2), ..., (0, qu +1),(1,¢" = 1),(1,¢" -

Z)a---a(L#_Fl)w-w(pk_17ql_1)7(pk_1aql_2) (p _1 q+1+1)} B= {( ’ ) (
1,0),(&4,0),...,(#,0)}andC:{(o,%),(pk_1,%“),(19'«_2,‘17“),... (25, ;1)}
of V(Grq(Zyrq)). Then, we claim that A U B U C' is an independent set of V(G rq(Zyxqt))-

Suppose = = (a,b) € A, where a € Z,, b € Z, and % <b< ¢ Foranyy = (a,b)) € A,

x is not adjacent to y, as b+ b; Z 0 or 1 (mod ql). Also, no vertex of the set A is adjacent to
a vertex of B. Let z = (a,b) € Aand y = (a;,b;) € C. Thenb+b; = # + (% +1) >
¢+ 14122 (mod q¢') shows that no vertex of A is adjacent to any vertex of C. Next, the
set B is independent as for any x = (a,b) € B, a belongs to the set of non adjacent vertices of
the idempotent graph of Z,. and b = 0. Similarly, = (a,b) € B is not adjacent to a vertex
y = (ay,b;)in C,as b+ b; 2 0or 1 (mod ¢'). For any z = (a,b) € C, a belongs to the set of
non adjacent vertices of the idempotent graph of Z,« and so C'is an independent set.

Lastly, we prove that AU BUC is the maximum independent set. Suppose (x1,y1) € V(Zyrqt) \
{AuBUCY}. If (z1,y1) is an idempotent element, then (z1,y1) ~ (0,0). Now, we as-
sume that (z1,%;) is a non idempotent element with at least one of z; or y; > 1. If y; > 1,

then 1 < y < . When 1 < T 4413 a vertex (1 — 21,q' — y1) in A such that

(ziy) ~ (1= 21,4 —y). Iy = 5= +1 , then (21, y1) ~ (1 —21,51), where (1 — a2y, y1) € C.
When z; > 1 and y; = 0, the vertex (1 — 21,0) € B is such that (zy,y;) ~ (1 — 21,0). If
x1 > 1 and y; = 1, then the vertex (1 —azl,ql — 1) € Aissuch that (z1,y1) ~ (1 —z1,¢" — 1).

So,|[AUBUC| = ((IZTH —2)ph + (B Sl )2= W Let D be any independent set of car-
dinality [AU BU C| + 1. Then for every y € D, y = (a,b), where a € Z,. and b € Z,. If

l l L_1)pk . . o . .
be{l2,..,41 _1} then |D|= —_] x pk < W which is a contradiction. Otherwise, if

be{0,d—1,..,14 +1} then |D| (4= S gy (25 +l)2 = %, which is again a

k
contradiction. Hence, the independence number a(Grq(Zyk 1)) = W. ml

Proposition 3.7. If R = Zyk i, k # 1, then

2Pt —1), dif 2k < pl
M@A%wD:{wmmﬂ

> , if pt <2k,

Proof. Case 1. If 2¥ < p!, we consider three subsets A, B and C of the set of vertices,
1 l
where A:{(07pl—l),(O,pl—2)7...,(0,plTH—|—l),(1,pl—1),(Lpl—Z),...,(l, P, (28—
Lp' =1, (2" = 1p =2),, 28 = 1 B2 + D
1 l
B={(1,0),(2,0),(3,0), . L@L0)) C={(1, B, (2,25, (3, 25,
(2k=1,21)}. Then we claim that A U B U C is an independent set of V(Gra(Zy. x Z,)).

Suppose = = (a,b) € A, where a € Zy, b € Z, and # < b < pl. Forany y = (a1,b;) € A,
x is not adjacent to y as b + b; 2 0 or 1 (mod p'). Also, no vertex of the set A is adjacent to

any vertex of B. Letz = (a,b) € Aandy = (a1,b;) € C. Thenb+ b = # + (# +1) >
p' + 1+ 1222 (mod p'), showing that no vertex of A is adjacent to any vertex of C. Next, the
set B is independent as for any x = (a,b) € B, a belongs to the set of non adjacent vertices of
the idempotent graph of Z,. and b = 0. Similarly, z = (a,b) € B is not adjacent to a vertex
y = (ar,b)in C asb+b; 2 0or 1 (mod p'). For any x = (a,b) € C, a belongs to the set of
non adjacent vertices of the idempotent graph of Z,., which shows that the set C'is independent.
Next, we prove that AU B U C'is the maximum independent set. Suppose (z1,41) € V(Zak ) \
{AUBUCY. If (x1,y1) is an idempotent element, then (z1,y1) = (0,0) or (0,1) or (1,1). If
(x1,y1) = (0,0) or (0, 1), then (z1,y1) ~ (1,0)in B.If (x1, ;) = (1,1), then (1,1) ~ (0,p'—1)
in A. Now, suppose (x1,y;) is a non idempotent element with at least one of z; or y; > 1. If
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yl>1thenl<y]<p+ When1<y1<p+ Ja vertex (1 — z1,p! — y1) in A such that

(1, 1) ~ (1*1’1713*yl)-lfyl:p+ then(xlayl) (1 —zy,y1), where (1 —z1,y1) € C.

When z; > 1 and y; = 0, then (1 — 331,0) € B is such that (z1,y1) ~ (1 — 21,0). Iif 21 > 1
and y; = 1, then the vertex (1 — xy,p! — 1) € Ais such that (z1,y;) ~ (1 — z1,p' — 1). We
have |[AUBUC| = (# —2)2k + (%)2= 2F=1(p! — 1). Let D be any independent set of
cardinality [A U B U C| + 1. Then for every y € D, y = (a,b), where a € Zyr and b € Z,,. If
be{1,2,.., plT_l} then |D|= pl—_l x 2k = 2k=1(pl — 1), which is a contradiction. Otherwise,
ifbe {0,p—1,..,2 +1} then |D| (= S gyok 4 (%)2= 2k=1(p! — 1), which is again a
contradiction. Hence, the independence number a(G4(Zyr,)) = 2771 (p! — 1), when 2% < p.
Case 2. If p! < 2%, we consider the set A={(0, 1), (1,1),..., (p' — 1,1),(0,2),(1,2),

(01 =1,2), 0y (0,251 1), (1,251 = 1), ..., (p' — 1, 2*=1 — 1)} and the set B={(0, 2"~ 1), (p' —
1,2k (pt — 2,2F71) ., (#,2’“_])}. We claim that A U B is an independent subset of
V(Gra(Zy x Zyv)). Suppose z = (a,b) € A, where a € Zyi, b € Zyw and 1 < b < 2¥~!. For
any y = (a1,b1) € A, z is not adjacent to y as b + by 2 0 or 1 (mod 2%). Also, no vertex of
the set A is adjacent to a vertex of B because for any z = (a,b) € Aand y = (a1,b) € B,
b+ b; < 2F. Next, the set B is independent as for any z = (a,b) € B, a belongs to the set of
non adjacent vertices of the idempotent graph of Z,: and b = 2k=1 which shows that z is not
adjacent to any element of B. So, A U B is an independent set.

Now, we prove that AU B is the maximum independent set. Suppose (z1,41) € V(Zyi2r) \ {AU
B}. If (x1,v1) is an idempotent element, then (z1,y;) = (0,0) or (1,0) and (z1,y1) ~ (0,1)
in A. Now, suppose (x1,y;) is a non idempotent element with at least one of x; or y; > 1.
Ify; > 1, then 1 < y; < 281 When 1 < y; < 2871, F a vertex (1 — z1,2% — y;) in
A such that (xl,yl) ~ (1 - x1,2 - y1) Ify, = %, then (xl,yl) ~ (1 — xl,yl), where
(1—z1,y1) € B.Whenz; > landy; =0,3 (1 —xzy,1) € Aissuch that (z1,y1) ~ (1 —z1,1).
Here, [AU B| = (2! — 1)p' + (#)zw. Let D be any independent set of cardinal-
ity [AU B| + 1. Then for every y € D, y = (a,b), where a € Z, and b € Zy.. If b €
{1,2,...,25=1= 1}, then | D|= 22 2U%L which i a contradiction. If b € {0,2%—1, ...,25=14+1},

then |D| = (2! — 1)p' + (%“)_w which is again a contradiction. Hence, the indepen-

Link
dence number a(Gr4(Z,o1)) = %_ O

2

Proposition 3.8. If R L, wheren =TIF_ pl" | i > 3 and p|* < p}°
then a(Grq(Zy)) = Z |S3].
i=1

<L < PRk,

Proof. Let R = Z,,, where n = II}_,pl", i > 3 and p}" < py* < ... < p}* and py = 2.
Case 1. We consider the following independent sets consisting of the elements having entry

a; € Z,! and entry by _; = Lzﬂ orOforalli, 1 <i<k-1:

St ={(a1,az,...,ax_1,1),(ar,az, ..., ap_1,2), ... (ahaz, ooy A1, PRET ! — 1)},
S, = {(al,anz, ...,pzk:l' -1 pzrl), (a1, az, .. ,pk =2 l), s

(ar, o, B ey,

SS = {(alvab' 7pk 2 _1 bk lvpzkil)a(a17a23"'ap25722 _27bkflvpztlC 1)7

(al,az,...,p’“ 2_+ +1 bk 1,P m‘ 1)},

ceey

-1

Sl = {(CL],CLQ,. 7pkk( ) 7~'~7bk—2abk—]apzk_])7 (a]aa27 . 7pkk(l l)) - 27"'7

pkk = 1)+1

bkfz’bk717pzk71)?""(a1?a27~"7#+1 bk; Zabk 17pkk 1)}»

Sk = {(p?l — 1;b27 -..7bk737bk:—2,bk71’pz‘k*1)7 (p’;ll _ 27b27 .-.7bk,37bk727bk71,
'Vl]

pzk 1)’-.., <L2+l + 17b27 -~-7bk?—3,bk 27bk lvp"]zkil)},

Sk-H = {(b]’b27"'7bk—3abk—2,bk_1,pzk ])}
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k+1
Now, we claim that | | S, is an independent subset of V (G14(Z,,)). Suppose z = (z1, 22, ..., Tk)
i=1
' k+1 .
and y = (y1, 2, ..., y) are any two distinct elements of | | S;. If x oryy, € {1,2,...,p* —1},
i=1
then x is not adjacent to y as these vertices are non adjacent in the idempotent graph G [d(Zp:'k ).

Nj—

Otherwise, if z, = y; = p,*~ ', then we check the preceding component. If z;_; or yi_1 €

{pzk -1 pk’ﬁl —2,..., 25— + 1}, then z is not adjacent to y as these vertices are not

1
adjacent in the idempotent graph G Id(an;H) Otherwise, if z_1 or yi_ € {17’“'71,0} and
k—1

Tkp—1 7 Yr—1, then x is not adjacent to y and if x| = yi_1, then we consider x;_3. We repeat
the process when the components are equal to the end vertices of their corresponding line graphs.

Finally if z; ory; € {p}"—1,p}"'-2,..., %

"
non adjacent in the idempotent graph G [d(Zp;n ). Otherwise if z; ory; € {p ! 2“ ,0} and xy # vy,
then z is not adjacent to y and if x; = ¥, then we get x = y, which is a contradiction. There-

k+1 kt1
fore, |_| S; is an independent set and | |_| S| = Z |S;|, where |S;| = ((—) — DITEppiar,
i=1 i=1
Y Y k—i Mk—j—(i-1) |, 5i-2 — k-1
|S;| = ((f)—Z)HJ D k J (i )><2 foralli, 2 <i < kand |Sp | =281
Let x = (z1,22, ..., %) € Zn, \{|_| Sit. If € {0,pp* — 1,pp% —2,.. ,pZ’“_]—O-Z}, then the

vertex (1 — z1,1 — zp,...,1 — xk) € S| is adjacent to z. If x = pzr + 1, then the vertex
le*l

(I =z, 1 —ay,...,pp* —x) € Sy is adjacent to x. If z, = p* ", then the following cases arise;

g1
Subcase 1: If 1 € {1,2, ..., 1?’“%“—2}, then z is adjacent to the vertex (1 -z, 1 — 27, ..., 1—
xk,l,x;ﬂ) S 52.

R L
Subcase 2: If . = p"% — 1, then z is adjacent to the vertex (1 — zy, 1 — 22, ..., p "] —
Tp-1,7x) € Sa.

RS )
Subcase 3: If z;_; = 2=L"" or 0, then there exist (y1,¥2, ..., Yr—2, Tk_1, ) € S; for some 1,

2
2 < I < k+1, where yj_; can be obtained by carrying out the same procedure as in the subcases
1,2 and 3 for z_, forall 4, 1 <i < k — 2 such that (y1, 9, ..., ys—2, Tr—1, T ) Will be adjacent
to x.

k+1
Suppose A is another independent set of cardinality | |_| Si| + 1. Let z = (z1,2,...,x1) be

a vertex in A. If z, € {1,2,..,p* " — 1,pp* '}, then A = u S;. So, let zj, € {0,p}*

k+1
1,pp* —2,...,pp* ' + 1}. By following the same process of construction of | | S;, we get that

i=1
|A] = | |_| S;|, which shows that |A| # | |_| S;| + 1. Therefore, | |_| S;| is the independence

number of the idempotent graph of Z,, where n = Hk P, 1> 3, pl‘ < py? < ... < p.* and
e = 2.
Case 2. In the case when all ps are odd, by a similar construction as in case 1 we get |S;| =
n Th—(i=1) )
((B5) =2 B 180 = ((P=5) =)Lt ) < 2 oralli, 2 < < s,
here in this expression the term 2°~! appear for the end vertices of the line graph G [d(Zp"k— i)
k=g

7=1Pr—j—(i- )

forall ,0 < j <i— 1 and|Sk 1| = 2%, since all p.s are odd we consider both the end vertices

of the line graph Gr4(Z,: ).

Case 3. In the case when p;_; = 2 for some [ > 1, by a similar construction as in case 1 we
Mht+1—1 X

get |S;| = ((p"“%“) )M {pphimi7t x 207! for all 4, 1 < i < [, here in this expression

the term 2! appear for the end vertices of the line graph G 14(Z nH) forall j,0 < j < 1,

ng_y "e—(i— 1)+l

Sl = ((U55) = DI ey x 2L I8 = (5t — )l

i—2
JlkJ( ) x 2
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forall 4,1 +2 < i < k and |Sk1| = 2¥~! as we consider only one end vertex of the line graph
Gra(Z,—) and both the end vertices of the line graph G'14(Zj;;) for odd p;s. O
k—1

In the next three propositions, we exhibit the planar embedding and the Hamiltonian cycle of
Gra(Zy).

Proposition 3.9. G4(Z,,) is planar if and only if k < 2, where k is the number of distinct prime
divisors of n.

Proof. Suppose G4(Z,,) is planar. If possible, let k > 2. Then § > 7 > 5, so there does not
exist any vertex of degree less than 5. This contradicts our assumption. Hence, k£ < 2.
Conversely, let us assume that £ < 2.

Case 1. If % is an idempotent element, then 0 — 1 — (n — 1) =2 —(n —2) — ... = % — 0is
a cycle. Therefore, 0 will be adjacent to 7 and % + 1 which are consecutive in the cycle and
other vertices are adjacent to alternating pairs. The figure 1 shows the planar embedding of the
idempotent graph of the ring Z,,.

Figure 1. G;4(Z,,)

Case 2. If 5 or ”jl is not an idempotent element, then we draw the line graph 0 — 1 — (n —
1) =2 —(n—2) — ... — 5§ as directed by the arrow in the figure 2. The idempotents e and 1 — e
are adjacent in the path and will be adjacent to 0. Next, the vertex 1 will be adjacent to a vertex
next to 1 — e and a vertex before e in the path. We repeat this process of adding edges to the
vertices in the middle row till a vertex degree reaches 3 (marked black in the figure). Now, all
the vertices of the middle row will attain its maximum degree and new edges will be added to
the outer vertices. If the end vertex is adjacent to z and y, then 7 + x =ecand 7 +y =1 —e
which implies that z 4+ y = 1. Hence, the end vertex of the above line graph is of degree 3 and
will be adjacent to the consecutive vertex in the pathO — 1 — (n —1) =2 — (n—2) — ... — S as
shown by the dotted edges in the figure 2. The second last vertex is adjacent to the vertex next to
y in the path. Repeating this process we get the planar embedding for G;4(Z,,) as shown in the
figure 2. Similarly, we can draw the planar embedding of G4(Z,,) for odd n. O

Figure 2. G14(Z,)

Remark 3.10. G;4(Z,) have at least four vertices of odd degree and hence cannot have an
Eulerian trial.

Proposition 3.11. If n = 2 (mod 4), then G14(Z,,) is a Hamiltonian graph.
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Proof. Let n = 4t +2 for some ¢t € N. Then 2(2t 4 1) | (2¢)(2t+ 1). Hence, % is an idempotent
element. Therefore, 0—1—(n—1)—2—(n — 2)...— % — 0 is a Hamiltonian cycle in G14(Zy). O

Proposition 3.12. [f n = 0 (mod 4), then G14(Z,,) is a Hamiltonian graph.

Proof. Let n = 2*m, where k > 2. Then Z,, = Zyr X Z,y, since gcd(Z’“ m) = 1. We know
G1a(Zyv)is aline graphand 0 — 1 — (m — 1) — 2 — (m — 2)... — 2 is a path in G14(Z,,).

(70— () (2 D) — () (2RI N e (g 2R
(P L0 N =11 (25 =128 =N N (2 = 1,2) o (2 =128 ) 7 (120

(mfl.,O)/’ /(mll,l) (mfl,Z‘kfl)\,‘ \(mll,z) . (m71,2’5—'+1)\ "\(mf'l,Zk_])
(1,04 (1,1 (1,2F—1) (12N o (1284 (1,257
(0,0)— 0,1) 7 (0,25 —1) —(0,2) ... K (0,2F7141) (0,281

Example: We know that Zey = Z15 X Zo2, Gra(Zy) is aline graph and 0 — 1 — 14 — 2 —
13—-3-12—-4—-11-5-10—6—-9—7—8is apathin Gr4(Z;s). So, the following diagram
depicts Hamiltonion cycle in Gr4(Zeo)-

,0)— (8,1) (83N +—(82)
(10N N0 (7.3)7 /(7,2)
9,07 (9:1) (93 N(9:2)
(6,0 N(6,1) (6,3) 7 (6:2)
(10,0), 7/ (10,1) (10,3)N\, ~(10,2)
G0N NG (5:3)7 (52)
(11,007 (11,1) (11,3)N\, N (11,2)

(#0N N4 (43) 7 /(42)
(12,007 (12,1) (12,3)N\ \(12,2)
GO NG (3,3)71 (3,2)
(13,007 /(13,1) (13,3)\ \(13,2)
20N N1 (23)71 «(22)
(14,00 7/ (14,1) (14,3)N\ N(14,2)
(Lo} N(L,1) (1,3), 7 4(1,2)
0,00— (0,1),7 ~(0,3) +—(0,2)

We end this article by proving that the clique number is equal to the chromatic number of
Gra(Zy).
Proposition 3.13. Let R = Z,,, where n = I1F_ p?. Then x(G14(Zy)) = w(Gra(Zy)) = k+ 1.

Mp— 1 7]

Proof. Without loss of generality we can assume that pkk > pl > e > p1 . We begin
by coloring the line graph of each component G Id(Z ;) in decreasmg order of p;'*. We assign
two colors to G Id(Z zk) and color the next Component by using one color from the preceding

component and another new color. Repeating this process we can color all the components with

k —+ 1 distinct colors. Suppose z = (ay,a,...,ax) and y = (b1, by, ..., bg) be any two adjacent

elements. If ay is adjacent to b in the component G M(szk ) we color the vertices by two colors
k

used in the component G M(szk ). Otherwise, if a;, = by, we check the preceding coordinate. If
k
ay—1 is adjacent to by_; in the component G Id(ZpL,H ) we color the vertices by two colors used
k—1
in the component G Id(Z zk l) Otherwise, if ay—; = bx_; we check the preceding coordinate

to assign the color and 1f the preceding coordinates are equal we repeat till the last component
GId(szl ). We see that this coloring is a proper k + 1 coloring of G4(Z,,). O
1
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