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Abstract This paper aims to establish some results on the structure of fixed point sets for
mappings in the 2-inner product spaces. To this end, we employ some well-known techniques of
2-inner product spaces.

1 Introduction and Preliminaries

The concept of 2-metric spaces, linear 2-normed spaces, and 2-inner product spaces, introduced
by Géhler [4]. After that, several authors like White [11], Lewandowska [8, 9], Freese [3], and
Diminnie [2], worked on possible applications of Metric Geometry, Functional Analysis, and
Topology in these settings. Some other related results are also discussed in [1, 5, 7, 10].

Let 2 be a linear space of dimension greater than 1 over the field K = R of real numbers,
or the field K = C of complex numbers. Suppose that (-, -|-) is a K -valued function defined on
X x & x X satisfying the following conditions:

(1) (z,z|z) > 0and (z,z|z) = 0 if and only if = and z are linearly dependent;
(12) (z,z|z) = (z, z|z);
(13) (y,2[z) = (z,y[2):
(I4) {az,y|z) = a{x,y|z) for any scalar a € K
(5) (= +2',yl2) = (2,ylz) + {2, y|2).

(-,]) is called a 2-inner product on 2" and (%2, (-,-|-)) is called a 2-inner product space (or 2-
pre-Hilbert space). Some basic properties of 2-inner product (-, -|-) can be immediately obtained
as follows:

(P1) (0,yl2) = (x,0]2) = (z,y/0) = 0;
(P2) (z,aylz) = a(z,yl2);
(P3) (z,ylaz) = |af* (z,y|z), forall z,y,z € 2 and o € K.

By the above properties, we can prove the Cauchy-Schwarz inequality

(2, y12)* < (@, 2]2) (y,yl2) -

The most standard example for a linear 2-inner product (-, -|-) is defined on 2" by

(@.3]2) 1= de [Ew <w,z>]

z,y)  (2,2)

for all z,y,z € 2. In [2], it is shown that, in any given 2-inner product space (2, (-,-|-)), we
can define a function
2, 2| = V/(z, z[2) (1.1)

forall x,z € Z . It is easy to see that this function satisfies the following conditions:
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(N1) |jz,y|| = 0if and only if = and y are linearly dependent;
(N2) |z, yl| = lly, «[;
(N3) ||z, y|| = |a| ||z, y| for any real number «;

(N4) |z, y + 2| < [, yll + [|, z]].

Any function ||-,-|| defined on 2" x 2" and satisfying the above conditions is called a 2-norm
on 2 and (2, ||-,-||) is called linear 2-normed space. Some of the fundamental properties of
2-norms are that they are non-negative and ||z, y + az|| = ||z, y|| forallz,y € 2 and all « € R.

Whenever a 2-inner product space (2, (-, -|-)) is given, we consider it as a linear 2-normed sapce
(Z, |, -|l) with the 2-norm defined by (1.1).
An operator A € B (£") is said to be bounded, if there exists // > 0 such that

[Az, y|| < M|z, y],

for every x € 2.
The norm of the b-operator is defined by

[All, = sup {[| Az, b]| : [, b]] = 1}. (1.2)
where b is fix element in 2. It is easy to check that (1.2) is equivalent with

sup {|(Az, y[b)| : [z, 0] = [ly, bl =1} .

Let (2, (-,-|-)) be a 2-inner product space, and z € 2. A sequence {z,,z} in Z is a
z-Cauchy sequence if

Ve>03dN >0, stVm,n>NO0<|zym—xn, 2] <e.

Meanwhile, 2" is called z-Hilbert if every z-Cauchy sequence is converges in the semi normed
('%7 ||7ZH)

2 Main Results

Let C be a non empty closed convex subset of a 2-inner product space. A mapping A : C — C
is called non spreading if

2 2 2
2| Az — Ay, z||” < [[Az — y, 2[|” + [[Ay — z, 2|

forall z,y € C.
We say A : C — C'is an asymptotic non-spreading mapping if there exists two functions
a:C —[0,2)and 3: C — [0,k], k < 2, such that

(a) 2| Az — Ay, z||* < a(z) || Az — y, 2| + B (z) || Ay — x, z||*, for all , y, z € C.
(b) 0 <a(z)+p(zx) <2 forallz e C.
It is necessary to remark that
(@) f a(x) = B (z) = 1, forall z € C, then A is a non-spreading mapping.
(b) If a(z) = § and B (2) = % forall z € C, then A is a AJ-2 mapping.

Let 2 be a real 2-inner product space and let C' be a non empty subset of 2. A mapping
A:C — Z is called symmetric generalized hybrid if there exist «, 3,7, 6 € R such that

alldz - Ay, 2l + 8 (lle = Ay, 21 + Az =y, 2I) +3llz =y, 2IP
+6 (le = A, 2> + lly - Ay, 2I”) <0

forall z,y,z € 2. Such mapping A is also called («, 3,7, §)- symmetric generalized hybrid.
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Theorem 2.1. Let C be a non-empty closed convex subset of a 2-inner product space Z~ x Z .
Let o, B be the same as in the above. Then A : C — C' is an asymptotic non spreading mapping

if

|4z — Ay, ||
a(@)—B), e
< W\\Aw 2|
a(@) ||z —y, 2| 2(Az —z,a(z) (v — y) + B (z) (Ay — @) |2)
2 - f(x) 2—p(z) '

Proof. We have that for z,y,z € C
2| Az — Ay, 2| < a (@) | Az =y, 2|* + B () [| Ay — , 2|®
=a(x)||Az — =z, 2| + 2a (z) (Az — z,z — y|2)
+a(@) |z —y,2* + 8 (x) | Ay — Az, 2|
+28(x) (Ay — Az, Az — z|2) + B (z) || Az — =, 2|
= (a(2) + 6 (@) | Az — . 2|* + B (2) | Ay — Az, 2|
+a(z) ||z —y, 2> +2a (z) (Az — 2,2 — y|2)
+28(z) (Ay — x + x — Az, Az — z|2)
= (a(z) = B(2)) | Az — z,2|* + B () | Ay - Az, 2|
+a (@) ||z =y, 2l + (Ax — 7,20 (z) (¢ — y)
and this implies that desired result. O

Theorem 2.2. Let 27 x 2" be a real 2-inner product space, let C be a nonempty closed convex
subset of 2" and let A be an («, 3,7, )-symmetric generalized hybrid mapping from C into itself
such that the conditions

(i) a+26+~v>0

(ii) a+B+6>0
(iii) 6 >0
holds. Then A has a fixed point if and only if there exists y € C such that {A™y : n € {0,1,...}}

is bounded. In particular, a fixed point of A is unique in the case of a + 25 4+~ > 0 on the
condition.

Proof. Assume that A has a fixed point y. Then {A™y: n€{0,1,...}} = {y} and hence
{A"y: n€{0,1,...}} is bounded. Conversely, suppose that there exists y € C such that
{A"y: ne{0,1,...}} is bounded. Since A is an («, 3,7, d)-symmetric generalized hybrid
mapping of C'into itself, we have that

aHAm—A"“y,z

P8 (|l = A2+ Aw - A7y, 2))
+9lle - A"y, 2| + 5 (|lo - Az, 2
+HA”y — A"Hy,zuz) <0

foralln € NU {0} and = € C. Since {A™y} is bounded, we can apply Banach limit y to both
sides of the inequality. Since y,, || Az — A"y, z||* = fin || Az — A"y, sz and pi,, ||z — A"y, ZHZ =
fin|lz — A"y, z||*, we have that

(a+ B) | Az — A"y, 2[* + (B + ) pallz — Ay, 2|
+4 (||x — Az, 2| + [in|| A"y — A"y, z||2) <0.



912 Hassan Ranjbar and Asadollah Niknam

Furthermore, since
oAz — Ay, 2| = [|Az — z, 2||* + 24 (Az —z,x — A", 2)
+ pnllz — A"z, 2|
we have that
(a4 B+6)[|Az — 2, 2|]* + 2 (a + B) pn (Az — 2, — A"[2)
+ (@428 +7) pn|lz — A%y, ZH2 + 5,u,,LHA"a: — Aty sz <0.
From (i) and (iii) we have
(a+B+0) Az — 2, 2> + 2 (a + B) pn (Ax — z, 2 — A", 2) < 0. (2.1)
Since there exists p € £ such that
pin (w, A"y, z) = (w,p, 2)
for all w € 2°. We have from (2.1) that
(a+ B +9) ||Ax—x,z|\2+2(a+ﬂ),un (Az —z,x —p,2) <0. (2.2)
Since C'is closed and convex, we have that
peco{A"r: neN} cC.
Putting x = p we obtain from (2.2) that
(B +8) [ Ap —p, 2|* < 0. (2.3)

We have from (ii) that || Ap — p, b||2 < 0. This implies that p is a fixed point in A.
New suppose that o + 25 + v > 0. Let p; and p, be fixed points of A. Then we have that

allAp — Ay, z||* + 8 (le — Apa, 2| + || Aps —pz,ZHZ)
2 2
+llpr = p2 21 + 8 (IIp1 = Apr, 2

+lp2 — Apz,zllz) <0

and hence (« + 28 + ) ||p1 — p2, ZHZ < 0. We have from a+25+~ > 0 that p; = p,. Therefore
a fixed point of A is unique. This completes the proof. O

Corollary 2.3. Let & x Z be a real 2-inner product space, let C be a nonempty closed convex
subset of 2" and let A be an («, 3,7, §)-symmetric generalized hybrid mapping from C into itself
such that the conditions

(i) a+28+~>0
(i) a+B+5>0
(i) 6 >0

holds. Then A has a fixed. In particular, a fixed point of A is unique in the case of a+28+~ > 0
on the condition.

Following theorem is the generalization of the Banach contraction principle in the 2-inner
product space, involving four rational square terms in the inequality.
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Theorem 2.4. Let A : 2" — 2 be a self mapping satisfying the following condition

e < ly = Ay, 2I* (1 + |}z — Az, 2|1*)
r — AY, =z S ag

L+ Jlz =y, 2l
o = Aw, 2l (1 + lly - Ay, 2I1)
+ az 3
L+ llz =g,z
o = Ay, 21 (14 ly — Az, 2|1)
+a3 )
1+ Hl‘ - y,ZH
ly = Az, 21 (14 o - Ay, 2I1)
JrCL4 )
L+ llz =y, 2]

2
+aslz -y, 2|

forall x,y,z € & and x # y, where ay,ay, a3, a4, as are non negative reals with a; + a; + a3z +
4ay + as < 1. Therefore, A has a unique fixed point in 2.

Proof. For some 2y € 2, we define a sequence {x,,} of iterates of A as follows

x) = Axg, 2z, Ty = Axy, 2, x3 = Ax2,2,. .., Tpyl = ATy, 2

forn € {0,1,...}.
Now, we show that {z,,, z} is a z-Cauchy sequence in 2" x 2 . For this, consider

”anrl - l'naz”z = HASCTL - A‘Tn—lasz'

Then by using the hypothesis, we have

2 2
a1 = Az, 2P (14 an — Aza, 21

|Zn+1 — -rnvsz S a 2
1+ ||xn - Z‘n_l,ZH

Hxn - AJL,“ZHZ (1 + Hxn—l - Axn—hZHZ)
+ as

1t |z = 21, 2]

o = Ay, 20> (14 n1 = Azg,2|)
+ a3

L+ |z = 2o, 2]

-t = Awn, 2l (1+ llzn = Az, 2]
+ a4

1+ (|2 — 21, 2|
+ as||@n — a0, 2|

Which implies that

(1 az — 2a3) |1 — @, 2]
-+ (1 —aly — (12) ||In+1 — Tn, ZHZHxn - xn_],Z”Z
< ((al +2a4 + as) + as||z, — xnfl,sz) 2 = 2, 2%

Resulting in

[2ns1 = 2, 2P < p(0) |20 — 20y, b
where 5
(a1 + 2a4 + as) + as||xn — xn_1, 2|

p(n)=
(1 —ax—2a4) + (1 —a; — ap) ||zn, — xn,l,sz
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forn € {0,1,...} . Clearly p (n) < 1, for all n as a; + a2 + a3 + 4as + as < 1. Repeating the
same argument, we find some S < 1, such that

2 2
[€n i1 = @, 2[|7 < A™[|21 — o, 2|

where A\ = S2. Letting n — oo, we obtain ||z,41 — 2, z|| — 0. It follows that {z,,, 2} is a
z-Cauchy sequence in 2. So by the completeness of 2~ there exists a point ;1 € 2 such that
ZTp — pasn — oo, Also {z,41,2} = {Ax,, 2z} is sub sequence of {z,,z} converges to the
same limit u. Since A is continuous, we obtain

n—oQ n—oo

Hence p is a fixed point of Z". New, we show the uniqueness of y. If A has another fixed point
~ and p # +, then

2 2
lp—p', 2" = [|Ap — Ap', 2|

b = Ap', 21 (1+ I = Ap, =)

< aj

T+ lp— 7/

Ip— Ap, 2 (14 Ip' = Ap', =)
+ap 3
T+ lp =72

Ip— Ap, 2l (1 + 11 = Ap, =)
+a3 B
L+ lp— 7.2

v = Ap 2l (1 + lIp - Ap', =)
+a4 5
L+ lp 7.2

2
+asllp—p', 2|

which in turn, implies that

2 2
lp =9, 21" < (a3 + aa +as) lp — ', 2"

This gives a contradiction, for az + a4 + as < 1. Thus p is a unique fixed pointof Ain Z". O
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