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Abstract In this paper, we introduce the concepts of transformed functions and q-difference inverse
transforms. Then, we apply them to solve some partial q-difference equations. Finally, we provide four
examples to show how we can benefit from the obtained results.

1 Introduction

The subject of q-calculus started in the nineteenth century in intense works by Jackson [20], Carmichael
[11], Mason [23], Trjitzinsky [29], Adams [1], Mason [23], and Trjitzinsky [29]. Recently, q-calculus
has been a goal of some recent studies such as [4, 7, 9].

The q-difference has a lot of applications in different fields of mathematics such as number theory,
statistical physics [24], fractal geometry [14],[15], quantum mechanics, orthogonal polynomials [19]
and other sciences including theory of relativity [5], mechanics and quantum theory.

In the last years, partial q-difference equations are generally studied by various methods of separa-
tion of variables, by the techniques of Lie symmetry, using q-integral transforms [3, 16, 17, 10, 22].

In this paper, we explain the solution of the partial q-difference equations using reduced transfor-
mation method.

First, let us recall some basic concepts of q-calculus mentioned in ([5, 6, 26, 12, 13, 18, 20, 21, 28]).
The shifted factorial (r)n is defined by:

(r; q)0 = 1,

(r; q)n = (1− r)(1− qr)(1− q2r)(1− q3r)...(1− qn−1r)

=
n−1∏
k=0

(1− qkr), n ∈ N, 0 < q < 1, and r ∈ C.

A complex number r is defined by:

[r]q = 1 + q + q2 + ...+ qr−1

=
1− qr

1− q
, q ∈ C− {1}; r ∈ C

and the factorial function is

[r]q! = [1]q[2]q[3]q...[r]q

=
r∏
k=1

[k]q, q 6= 1; k ∈ N, 0 ≤ q ≤ 1.

The q-binomial coefficient
[
rk
]
q

is defined by:

[
r

k

]
q

=
[r]q!

[r]q![r − k]q!
, r = 0, 1, 2, ...k.
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The function (f + g)n is defined as:

(f + g)nq =
n∑
k=0

[
n

r

]
q

qk(k−1)/2fn−kgk, n ∈ N.

The exponential function is defined as:

etq =
∞∑
k=0

tk

[k]q!
, 0 < |q| < 1 .

The functions etq and e−t
q−1 satisfy:

etq e
−t
q−1 = 1.

The q-derivative Dqf is defined as:

Dqf(t) =
f(qt)− f(t)

qt− t
, 0 < |q| < 1,

Dq(fg)(t) = f(qt)Dqg(t) + g(t)Dqf(t)

= g(qt)Dqf(t) + f(t)Dqg(t).

and

Dq(
f

g
)(t) =

g(t)Dqf(t)− f(t)Dqg(t)

g(qt)g(t)
.

The partial q-derivative of the function f(t1, t2, ..., tn) to a variable ti is defined by
Dq,tif(t) =

∂qf(~t)

∂xi
=

(εq,if)(~t)− f(~t)
(q − 1)ti

; t 6= 0, 0 < q < 1,

[Dq,tif(t)]ti=0 =

[
∂qf(~t)

∂ti

]
ti=0

= lim
ti→0

∂qf(~t)

∂ti
,

where
(εq,if)(

−→
t ) = f(t1, t2, ..., qti, ..., tn).

Remark 1.1. I) If f(t1, t2) is a function of two variables then Dq,t1f(t1, t2) =
∂q
∂qt1

f(t1, t2) =
f(qt1,t2)−f(t1,t2)

(q−1) t1
, t1 6= 0, 0 < q < 1,

[Dq,t1f(t1, t2)]t1=0 =
[
∂q
∂qt1

f(t1, t2)
]
t1=0

= limt1→0
∂qf(t1,t2)

∂t1
.

and  Dq,t2f(t1, t2) =
∂q
∂qt2

f(t1, t2) =
f(t1,qt2)−f(t1,t2)

(q−1) t2
, t2 6= 0, 0 < q < 1,

[Dq,t2f(t1, t2)]t2=0 =
[
∂q
∂qt2

f(t1, t2)
]
t2=0

= limt2→0
∂qf(t1,t2)

∂t2
.

also

Dq,t1,t2f(t1, t2) =
∂2
q

∂qt2∂qt1
f(t1, t2) =

∂q
∂qt2

[
∂q
∂qt1

f(t1, t2)

]
=

∂q
∂qt2

[
f(qt1, t2)− f(t1, t2)

(q − 1)t1

]

=

f(qt1,qt2)−f(qt1,t2)
(q−1)t1

− f(t1,qt2)−f(t1,t2)
(q−1)t1

(q − 1)y

=
f(qt1, qt2)− f(t1, qt2)− f(qt1, t2) + f(t1, t2)

(q − 1)2t1t2

=
∂2
q

∂qt1∂qt2
f(t1, t2) = Dq,t2,t1f(t1, t2), t1 6= 0, t2 6= 0,
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then

∂2
q

∂qt1∂qt2
f(t1, t2) =

f(qt1, qt2)− f(t1, qt2)− f(q1, t2) + f(t1, t2)

(q − 1)2t1t2
=

∂2
q

∂qt2∂qt1
f(t1, t2).

For example let f(t1, t2) = t21t
3
2, then

Dq,t1f(t1, t2) =
∂q
∂qt1

f(t1, t2) =
∂q
∂qt1

(t21t
3
2) =

(qt1)2t32 − t21t32
(q − 1)t1

=
(q2 − 1)t21t

3
2

(q − 1)t1
= (1 + q)t1t

3
2 = [2]qt1t32,

Dq,t2f(t1, t2) =
∂q
∂qt2

f(t1, t2) =
∂q
∂qt2

(t21t
2
2) =

t21(qt2)
3 − t21t22

(q − 1)t2

=
(q3 − 1)t21t

3
2

(q − 1)t2
= (1 + q + q2)t21t

2
2 = [3]qt21t

2
2,

∂2
q

∂qt2∂qt1
f(t1, t2) =

∂2
q

∂qt2∂qt1
(t21t

3
2) =

(qt1)2(qt2)3 − t21(qt2)3 − (qt1)2t32 + t21t
3
2

(q − 1)2t1t2

=
(q5 − q3 − q2 + 1)t1t22

(q − 1)2 = (1 + 2q + 2q2 + q3)t1t
2
2

= (1 + q)(1 + q + q2)t1t
2
2 = [2]q[3]qt1t22 =

∂2
q

∂qt1∂qt2
f(t1, t2).

The formula of q-Leibniz is given as follows.

Ds
q(f(z)g(z) =

∂sq
∂qzs

(f(z)g(z)) =
s∑
r=0

(
s

r

)
q

∂rq
∂qzr

f(zqs−r)
∂s−rq

∂qts−r
g(z) (1.1)

2 Reducing the q-Differential transform method

In this section, we define transformed function and q-difference inverse transform. Then, we present
a new technique to solve partial q-difference equations. Illustrative examples are given to clarify the
obtained results.

Definition 2.1. Suppose that all q-differentials ofw(x, y) exist in some neighborhood of y = λ, then

Wn(x) =
1

[n]q!

[
∂nq
∂qtn

w(x, y)

]
y=λ

, (2.1)

where Wn(x) is the transformed function.

Definition 2.2. The q-difference inverse transform of Wn(x) is defined as follows:

w(x, y) =
∞∑
n=0

Wn(x)(y − λ)(n), (2.2)

The following formula is inferred by substituting (2.1) to (2.2):

w(x, y) =
∞∑
n=0

1
[n]q!

[
∂nq
∂qyn

w(x, y)

]
y=λ

(y − λ)(n). (2.3)

In the following results, we investigate the the properties of some transformations.
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Theorem 2.3. (i) If u(x, y) = αv(x, y)± w(x, y), then Un(x) = αVn(x)± βWn(x).

(ii) If u(x, y) = v(x, y)w(x, y), then Un(x) =
n∑

m=0
Vn−m(x)Wm(x).

Proof. Let λ = 0 in (2.3), then
I) By definition (2), we have

Un(x) =
1

[n]q!

[
∂nq
∂qyn

u(x; y)
]
y=0

=
1

[n]q!

[
∂nq
∂qyn

(αv(x; y)± βw(x; y))
]
y=0

=
1

[n]q!

[
α
∂kq
∂qyk

v(x; y)

]
y=0

± 1
[n]q!

[
β
∂nq
∂qyn

w(x; y)
]
y=0

= α
1

[n]q!

[
∂nq
∂qyn

v(x)

]
y=0
± β 1

[n]q!

[
∂nq
∂qyn

w(x; y)
]
y=0

= αVn(x)± βWn(x).

To prove(ii), we will use q-Leibniz formula.

Un(x) =
1

[n]q!
∂nq
∂qyn

[v(x, y).w(x, y)]y=0 =
1

[n]q!
Dn
q,y [v(x, y).w(x, y)]y=0

=
1

[n]q!

n∑
m=0

[
n

m

]
q

[
Dn−m
q,y v(x, yqm)Dm

q,yw(x, y)
]
y=0

=
n∑

m=0

1
[n−m]q![m]q!

n−m∑
r=0

(−1)r(1− q)r
[
n−m
r

]
q

q
r
(
r−1)

yr
(
Dn−m+r
q,t v(x, y)

)
Dm
q,yw(x, y)


y=0

,

at (y = 0) all the limits of the inner series vanish, except for (r = 0) then, we have

Un(x) =
n∑

m=0

1
[n−m]q![m]q!

[
Dn−m
q,y v(x, y)Dm

q,yw(x, y)
]
y=0

=
n∑

m=0

(
1

[n−m]q!
[
Dn−m
q,y v(x, y)

]
y=0

)(
1

[m]q!
[
Dm
q,yw(x, y)

]
y=0

)

=
n∑

m=0

Vn−m(x)Wm(x).

Theorem 2.4. If u(x, y) = xmyr then Un(x) = xmδ(n− r),

where, δ(n− r) =

{
1; n = 0,
0; n 6= 0.

Proof. Let λ = 0 in (2.3). By definition (2) we have:

Un(x) =
1

[n]q!

[
∂nq
∂qyn

u(x; y)
]
y=0

=
1

[n]q!

[
∂nq (x

myr)

∂qyn
u(x; y)

]
y=0

=
xm

[n]q!

[
∂nq (y

r)

∂qyn
u(x; y)

]
y=0

=


xm, n = r ,

xm
[r]q [r−1]q...[r−n+1]q

[k]q
yr−n, n < r,

0; n > r,

= xmδ(n− r).



q-differential equations 941

Theorem 2.5. (i) If u(x, y) = ∂q
∂qx

w(x, y) then Un(x) =
∂q
∂qx

Wn(x).

(ii) If u(x, y) = ∂m
q

∂qxmw(x, y) then Un(x) = [m+ 1]q[m+ 2]q...[m+ n]qWm+n(x).

Proof. Let λ = 0 in (2.3).
(i): By definition (2), we have:

Un(x) =
1

[n]q!

[
∂nq
∂qtn

u(x, y)

]
y=0

=
1

[n]q!

[
∂nq
∂qyn

(
∂q
∂qx

w(x, y))

]
y=0

=
1

[n]q!

[
∂q
∂qx

(
∂nq
∂qyn

w(x, y))

]
y=0

=
∂q
∂qx

[
1

[n]q!
∂nq
∂qyn

w(x, y)

]
y=0

=
∂q
∂qx

Wk(x).

(ii): By definition (2) we have:

Un(x) =
1

[n]q!

[
∂nq
∂qyn

u(x, y)

]
y=0

=
1

[n]q!

[
∂nq
∂qyn

(
∂mq
∂qym

w(x, y))

]
y=0

=
1

[n]q!

[
∂n+mq

∂qyn+m
w(x, y)

]
y=0

=
[n+m]q!

[n]q!

[
1

[n+m]q!
∂n+mq

∂qtn+m
w(x, y)

]
y=0

=
[n+m]q!

[n]q!
Wn+m(x) = [n+ 1]q[n+ 2]q...[n+m]qWn+m(x).

In what follow, we construct some examples that illustrate how we can apply the methods investi-
gated in the previous three theorems.

Example 2.6. Consider the equation

∂q
∂qy

w(x, y)−
∂2
q

∂qy2w(x, y) = 0, (2.4)

With the initial condition

w(x; 0) = g(x). (2.5)

Solution: Let λ = 0. Then

∂q
∂qy

w(x, y)−
∂2
q

∂qy2w(x, y) = 0,

∂q
∂qy

w(x, y) =
∂2
q

∂qy2w(x, y),

[n+ 1]qWn+1(x) =
∂2
q

∂qy2Wn(x), n = 0, 1, 2, ... (2.6)

using the initial condition (2.5), we get

W0(x) = w(x, 0) = g(x). (2.7)
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Now, substituting (2.7) into (2.6), we have

W1(x) =
1
[1]q

g(x) =
1

[1]q!
g(x),

W2(x) =
1
[2]q

W1(x) =
1

[1]q[2]q
g(x) =

1
[2]q!

g(x),

W3(x) =
1

[3]q!
g(x)

...

Wn(x) =
1

[n]q!
g(x),

then, the analytic solution of (2.4) gives

w(x, y) =
∞∑
n=0

Wn(x)y
n =

∞∑
n=0

1
[n]q!

g(x)yn = g(x)
∞∑
n=0

yn

[n]q!
= g(x)eyq ,

if g(x) = exq then
w(x, y) = exqe

y
q .

Example 2.7. Solve
∂q
∂qy

k(x, y) = k2(x, y) +
∂q
∂qx

k(x, y), (2.8)

with
k(x; 0) = 1 + 2x. (2.9)

Solution: Let λ = 0. Then

[n+ 1]qKn+1(x) =
n∑

m=0

Kn−m(x)Km(x) +
∂q
∂qx

Kn(x, y), n = 0, 1, 2, ... (2.10)

using the initial condition (2.9), we have

K0(x) = 1 + 2x. (2.11)

Now, substituting (2.11) into (2.10), we obtain

K1(x) = 4x2 + 4x+ 3,

K2(x) =
1

1 + q
(16x3 + 24x2 + 4(6 + q)x+ 10),

K3(x) =
(80 + 56q)x4 + (160 + 16q)x3 + (16q2 + 72q)x2 + (136 + 56q)x+ (53 + 13q)

(1 + q)(1 + q + q2)

...

now, the solution of (2.8) is

k(x, y) =
∞∑
n=0

Kn(x)y
n

= K0(x) +K1(x)y +K2(x)y
2 +K3(x)y

3 + ...

= 1 + 2x+ (4x2 + 4x+ 3)y +
1

1 + q
(16x3 + 24x2 + 4(6 + q)x+ 10)y2

+
(80 + 56q)x4 + (160 + 16q)x3 + (16q2 + 72q)x2 + (136 + 56q)x+ (53 + 13q)

(1 + q)(1 + q + q2)
y3 + ...
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Example 2.8. Consider
∂q
∂qx

v(t, x) =
∂2
q

∂qx2 v(t, x) +
∂q
∂qt

(tv(t, x)), (2.12)

with the initial condition
v(t, 0) = t2. (2.13)

Solution: Let λ = 0. Then

[n+ 1]qVn+1(t) =
∂2
q

∂qx2Vn(t) +
∂q
∂qt

(tVn(t)), (2.14)

using the initial condition (2.13), we have

V0(t) = t2. (2.15)

Now, substituting (2.15) into (2.14), we obtain

V1(t) =
[2]q + [3]qt2

[1]q
=

[2]q + [3]qt2

[1]q!
,

V2(t) =
[2]q(1 + [3]q) + [3]2qt2

[1]q[2]q
=

[2]q(1 + [3]q) + [3]2qt2

[2]q!
,

V3(t) =
[2]q(1 + [3]q + [3]2q) + [3]3qt2

[1]q[2]q[3]q
=

[2]q(1 + [3]q + [3]2q) + [3]3qt2

[3]q!
,

Vn(t) =
[2]q(1 + [3]q + [3]2q + ...+ [3]k−1

q ) + [3]kq t2

[n]q!

=

(
[2]q

[3]q − 1
(
[3]nq − 1

)
+ [3]nq t

2
)

1
[n]q!

.

Now, we obtain the series solution of (2.12) as

v(t, x) =
∞∑
n=0

Vn(t)t
n

= V0(t) + V1(t)x+ V2(t)x
2 + V3(t)x

3 + ...+ Vn(t)x
n + ...

= t2 +
[2]q + [3]qt2

[1]q!
x+

[2]q(1 + [3]q) + [3]2qt2

[2]q!
x2 +

[2]q(1 + [3]q + [3]2q) + [3]3qt2

[3]q!
x3

+...+

(
[2]q

[3]q − 1
(
[3]nq − 1

)
+ [3]nq t

2
)

xn

[n]q!
+ ...

=
[2]q

[3]q − 1

( ∞∑
n=0

[3]nq xn

[n]q!
−
∞∑
k=0

xn

[n]q!

)
+ t2

∞∑
n=0

[3]nq xn

[n]q!

=
[2]q

[3]q − 1

( ∞∑
n=0

([3]qx)n

[n]q!
−
∞∑
n=0

xn

[n]q!

)
+ t2

∞∑
n=0

([3]qx)n

[n]q!

=
[2]q

[3]q − 1

(
e[3]qxq − exq

)
+ t2e[3]qxq .

Example 2.9. q-Laplace equation

∂2
q

∂qx2 v(x, t) +
∂2
q

∂qt2
v(x, t) = 0, (2.16)
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with the boundary conditions

v(x, 0) = 0,

∂q
∂qt

v(x, 0) =
sin ax
a

, a 6= 0. (2.17)

where a 6= 0 is an integer.
Solution: Let λ = 0. Then

∂2
q

∂qx2 v(x, t) = −
∂2
q

∂qt2
v(x, t),

[n+ 1]q[n+ 2]qVn+2(x) = −
∂2
q

∂qx2Vn(x), (2.18)

using the boundary conditions (2.17), we have

V0(x) = 0,

V1(x) =
sin ax
a

. (2.19)

Now, substituting (2.19) into (2.18), we obtain

V2(x) = 0, (2.20)

V3(x) = −
a sin ax
[2]q[3]q

= −a sin ax
[3]q!

,

V4(x) = 0,

V5(x) = −
a3 sin ax
[5]q!

,

...

V2n(x) = 0,

V2n+1(x) =
a2n−1 sin ax
[2n+ 1]q!

.

Now, the solution of (2.16) is

v(x; t) =
∞∑
n=0

Vn(x)t
n

= V1(x)t+ V3(x)t
3 + V5(x)t

5 + ...+ V2n+1(x)t
2n−1 + ...

=
sinq ax
a

t+
a sinq ax
[3]q!

t3 +
a3 sinq ax

[5]q!
t5 + ...+

a2n−1 sinq ax
a2[2n+ 1]q!

t2n+1 − ...

=
sinq ax
a2

∞∑
n=0

a2n+1

[2a+ 1]q!
t2n+1 =

sinq ax sinhq at
a2 , a 6= 0.
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