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Abstract In this paper, we introduce the concepts of transformed functions and g-difference inverse
transforms. Then, we apply them to solve some partial ¢-difference equations. Finally, we provide four
examples to show how we can benefit from the obtained results.

1 Introduction

The subject of q-calculus started in the nineteenth century in intense works by Jackson [20], Carmichael
[11], Mason [23], Trjitzinsky [29], Adams [1], Mason [23], and Trjitzinsky [29]. Recently, g-calculus
has been a goal of some recent studies such as [4, 7, 9].

The g-difference has a lot of applications in different fields of mathematics such as number theory,
statistical physics [24], fractal geometry [14],[15], quantum mechanics, orthogonal polynomials [19]
and other sciences including theory of relativity [5], mechanics and quantum theory.

In the last years, partial g-difference equations are generally studied by various methods of separa-
tion of variables, by the techniques of Lie symmetry, using g-integral transforms [3, 16, 17, 10, 22].

In this paper, we explain the solution of the partial g-difference equations using reduced transfor-
mation method.

First, let us recall some basic concepts of g-calculus mentioned in ([5, 6, 26, 12, 13, 18, 20, 21, 28]).

The shifted factorial (r),, is defined by:

(r;q)o =

(ra)n = (A=r)(1=g)(1=¢r)(1=¢r)..(1-¢"'r)

-1

= (1-q¢"r), mneNO0<qg<l,andrcC.
0

k=

S I N S—

A complex number r is defined by:

Mg = 1+g+a+..+q""
1—q"
= C—-{1} C
i qe€ {1}; re

and the factorial function is

[rlg! = [1q[214[3]g--[r]q

= J[Kle a#1: keN, 0<q<l

The g-binomial coefficient { rk } is defined by:
a

|
[ " 1 N e
) !
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The function (f 4 g)™ is defined as:

L= , 0 1
e g R <lql <
The functions e}, and e, satisfy
efl eq__tl =1
The g-derivative D, f is defined as
D, = =0 g <jq <
Do(fg)(t) = f(qt)Dag(t) + g(t) Do f(t)
= 9(qt) Dy f(t) + f(t) Dyg(t)
and

9 9(at)g(t)
The partial g-derivative of the function f(¢1, ¢y, ..., t,) to a variable ¢; is defined by

Do f (1) (eqif)(E) — F(1)
or; (g — 1)t A0 O<a<,

) . 04
[Dq7tif(t)]t,i:0 = |:(3C§E£>:| 420 - tlilao (;; E)’

Dq,ti f(t) =

where

(Eqﬂ'f)( t ) = f(t1,t2,... tl,...,tn).

Remark 1.1. 1) If f(¢;,¢,) is a function of two variables then

{ Dq,tlf(tl tZ)

t1t)— f(t1,t
(tlth) q]qil)ft(]lﬁa tl#oa 0<q<17

[ij@hhHMOZ{%mﬂhJﬁL: = lim; o 2]
and ) . ‘
DQ,tzf(t t ) = (‘)qz.f(tlatZ) = %W? tz ?é Oa 0< q< 17
15) . Oq f(t1,t2
Dy (1,)], o = [ F(tn )] =iy 252
also
H? 0, 04
D ti,t) = 1 t,t) = —— | =L f(t;,t
q’tl,tzf( 1 2) 8qt28qt1f( 1s 2) 5’qt2 |:8 t ( 1, 2):|
_ 9y [f(qtl,tz)—f(tl,tz)}
aqtz (q— 1)t1
flatiata)—flatita) _ f(tiata)=f(ti,ta)
_ (a=Dti (=Dt
(¢— 1y
_ flatigta) — f(t,gt2) — fati ta) + f(t1, 1)
(q—1)%t1t2
2

= aq?gqtzf(tlab) =Dyt f(t1,t2), t1 #0, t2 #0,
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then
2 2
t ) t )_f(tlvth)_f(q17t2)+f(tl7t2) a
_J pgy ¢ :f(CI1QZ _ q tt).
8qt16qt2f( ! 2) (q — 1)2t1t2 8qt28qt1 f( ! 2)

For example let f(t1,t,) = tit3, then

0 ) (qt)*t3 — 383
D tty) = —f(t),th) = —(313) = ——2_12

q7tlf( s 2) aqtlf( 1y 2) 8qt1(12) (q_l)tl

(¢ - Dty 3 3
(q—l)t1 ( +q)12 []q127

) ) t2(qtr)? — 313
D tity) = = f(t),ty) = —(313) = =12

lLtzf( 1y 2) aqtzf( 15 2) 8qt2( 1 2) (q—l)tz

_ (@ -Dtig 23,22 _ 2,2

= -6 (1+q+q)tity = [3lgtit3,

5 flt ) = 85 (t2t3) _ (qtl)z(qt2)3 - t%(th)S - (qtl)zt% + t%t%
8qt23qt] ’ 6qt28qt1 172 (q - l)ztltz
5 _ 3 _ 2 1 t t2
_ =g =g hs M _ (1 420+ 27 + @)l
(¢—1)
32
= (1 +9(+a+ )t = 2e3leh13 = 5———f(t, 1),
1t104t2
The formula of q-Leibniz is given as follows.
as S s 87‘ as—r
Ds — q — q s—r q 1.1
EIate) = 5 L) = 3 ( : ) G ) A
= q

2 Reducing the g-Differential transform method

In this section, we define transformed function and g-difference inverse transform. Then, we present
a new technique to solve partial g-difference equations. Illustrative examples are given to clarify the
obtained results.

Definition 2.1. Suppose that all g-differentials ofw(z, y) exist in some neighborhood of y = ), then

1 ay

where W,, () is the transformed function.

Definition 2.2. The g-difference inverse transform of W, (z) is defined as follows:
wiw,y) =Y W)y =), 22)
n=0

The following formula is inferred by substituting (2.1) to (2.2):

we9) =3 o e -0 3

n=0

In the following results, we investigate the the properties of some transformations.
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Theorem 2.3. (i) Ifu(z,y) = av(z,y) £ w(z,y), then U, () = oV, (z) £ W, (2).

(i) Ifu(z,y) = v(z,y)w(x,y), then U,(x) = Zn: Vo m (@)W (2).

Proof. Let A = 01in (2.3), then "
I) By definition (2), we have
Up(z) = [nL! _aqgn u(a; y)] o
= G L v e
- )] 2w,

_ o) {8‘7 v(x)] +a [afilw(x;y)}

[nlg! L Ogy™ y=0 [n]g!

= aV,(z) £ W, (z).

y=0

To prove(ii), we will use q-Leibniz formula.

Un(o) = py s o)l g = 1 Dy o) o)l

n .
l 1 [Dy o (x, yqg™) DY w(z, y)]yzo
q

n—m

= Z [n_m]ly[m]y [Z (=D)"(1—q)" [ n;m ] q%T_”yT (Dg;m+rv(iv,y)) Dgfyw(:c,y)] ,
" b ! y=0

at (y = 0) all the limits of the inner series vanish, except for (r = 0) then, we have

Un(z) = Z[nm]lql[m]q![D‘?’;mv(x’y)D‘T-’/w(m’y)]y—O

- f:o <[n_1m]q| [ngymv(x,y)]y()) ([ml}q, [Dé’fyw(w,y)]yo>

Theorem 2.4. [ f u(z,y) = 2™y" then U,(z)=2™d(n—r),

I;n=
where, §(n —r) = »n=0,
0; n#0.
Proof. Let A = 01in (2.3). By definition (2) we have:
U,(z) = [ 1y, x,y)} = [q u(z;y)
SR TR TR W o R
™ [0g(y") }
= u(z;y)
[n]q' |: 8‘1yn y=0
™, n=r,
— M [T]q[r_l]tfl-v-];[r_”""l]qyr—n’ n<r,
0; n>r,

= z™6(n—r).
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O
Theorem 2.5. (i) If u(z,y) = %w(m,y) then Up(x) = %Wn(aﬁ).
(i) Ifu(x,y)= %w(m,y) then Up(z) = [m + 1]4[m + 2]4...[m + n]Wipin ().
Proof. Let A =0in (2.3).
(i): By definition (2), we have:
1 oy 1 ar o
Un(z) = quﬂy} = |: 1 iwxay :|
(=) [n]q! {aqtn (=.v) y=0 [n]q! qu"(aqx (=.9)) y=0
L To, % | -l %)
= —4 w(z,y = — ——w(z,y
[n]q! {&zx(aqyn (@) y=0 9gz | [n]q! Ogy™ (@) y=0
_ 9
= aquk(x).
(i1): By definition (2) we have:
1 or 1 ar o
U,(z :{qum,y} = [q qwx,y]
@) = i oY), = Bl B B Y],
1 8;L+77L :| [n+m]q! |: 1 ag+m :|
= ————w(z,y = w(xz,y
i g en)] = [
n+ml,!
B [[n]q!]qW"+m(z> = [n—i— 1]11[”+2]q---[”+m]an+m(I)-
O

In what follow, we construct some examples that illustrate how we can apply the methods investi-
gated in the previous three theorems.

Example 2.6. Consider the equation

Lz, y) — —Lw(z,y) =0, 2.4
By (2,9) Dur? (2,9) (24)

With the initial condition
w(z;0) = g(z). (2.5)
Solution: Let A = 0. Then

82
n+ 1 Whii(z) = a—zzWH(z), n=20,1,2,.. (2.6)
q

using the initial condition (2.5), we get

Wo(z) = w(x,0) = g(z). (2.7)
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Now, substituting (2.7) into (2.6), we have

1 1

Wl(m) = m9($)2m9($)7

Wale) = i) = oele) = o)
W) = B]lq!go:)

Wn(l') = [,njq'g(x)a

then, the analytic solution of (2.4) gives

N S — Y
= Wale)y" = o g9(x) o g(x)ey,
n=0 n=0 n=0
if g(z) = €} then
w(z,y) = eged.
Example 2.7. Solve
aq 2 aq
—k =k — K
By (2,9) (z,y) + Dyt (z,y),
with
k(z;0) =1+ 2z.
Solution: Let A = 0. Then
[n_'_l n+l ZK'IL m m >+iKn(x y) n=20,1,2,..
8qx L ) ) ) ) )

m=0

using the initial condition (2.9), we have
Ko(z) =1+ 2z
Now, substituting (2.11) into (2.10), we obtain

K\ (z) = 42% + 42 + 3,

Ky(z) = ——(162° + 242% + 4(6 + q)= + 10),

1+¢q

(80 + 56q)x* + (160 + 16¢)2* + (16¢* + 72q)a® + (136 + 56¢)z + (53 + 13q)

o = T+ + 0+ )

now, the solution of (2.8) is

= Z Kn(2)y

n=0

= Ko(2) + Ki(2)y + Ka(2)y* + K3 (2)y’ + ...

1
=1+2z+ (42 + 4z +3)y + 17(16:c3 + 2427 + 4(6 + )z + 10)y?

(80+56q)x + (160 + 16q)z> + (16¢> + 72q)z> +(136+56q)x+(53+13q)y3+

(1+q¢)(1+q+¢)

(2.8)

(2.9)

(2.10)

2.11)



g-differential equations

943

Example 2.8. Consider
2

15)
q Y9q
— quzv(t’x) + Bt (tv(t,z)),

with the initial condition
v(t,0) = %

Solution: Let A = 0. Then

0? )
_ q 4q
[n + l]anJrl(t) = 8qm2 Vi (t) + Oyt (tVa(t)),

using the initial condition (2.13), we have
Vo(t) = t2.

Now, substituting (2.15) into (2.14), we obtain

Now, we obtain the series solution of (2.12) as

v(t,z) =Y V()"

n=0

=Vo(t) + Vi(t)z + Va(t)a* + V(1) + ... + Vi ()™ + ...

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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with the boundary conditions

v(z,0) = 0,

<
—
&

(=)
~—

Il

,a#0. 2.17)

where a # 0 is an integer.

Solution: Let A = 0. Then
9 Z (z,t) 3 (z,t)
) so(z,t) = v(x,t),

[n+1g[n + 2] Vasa(2) = =575 Va(2), (2.18)
using the boundary conditions (2.17), we have

Vo(z) = 0,

Vi(z) (2.19)

Now, substituting (2.19) into (2.18), we obtain
Va(z) =0, (2.20)

) = T GLEL T Bl

Va(z) =0,

a’ sin ax

Vi) =~

%n(x) = Oa

a®sinax

V2n+l($) = m~

Now, the solution of (2.16) is

v(x;t) = Z Vo (z)t"
n=0

:Vl(‘”)“r‘@(l‘)ts+V5(x)t5+...+V2n+1(x)t2"—‘ 4.

: : 3 g 2n—1 g

singaxr . asingax a’ sing ax a sing ax
= Mg v, | g3 a9ys 4 2 A ony1
a 3],! 5],! a’2n + 1],!
: e 2n+1 : :
sing ax a sing ax sinh, at
— q2 Z 2t — q - q ,a#0.
a 2a + 1],! a

n=0
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