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Abstract: In this manuscript, using (H — n)— accretive mappings we study the existence of
common solution of a system of generalized mixed variational-like inclusion problems and the
set of fixed point problems in g-uniformly smooth Banach spaces. The method used in this paper
can be considered as an extension of methods for studying the existence of common solution for
various classes of variational inclusions considered and studied by many authors in g-uniformly
smooth Banach spaces.

1. Introduction

A widely studied problem known as variational inclusion problem have many applications in
the fields of optimization and control, economics and transportation equilibrium, engineering
sciences, etc. Several researchers used different approaches to develop iterative algorithms for
solving various classes of variational inequality and variational inclusion problems. For details,
we refer,[7,11,13] and the references therein.

Equally important for the variational inequalities and variational inclusion problems, we also
have the problem of finding the fixed points of the nonlinear mappings, which is a subject of
current interest. In this direction, several authors have introduced some iterative schemes for
finding a common element of a set of the solutions of the variational problems and a set of the
fixed points of nonlinear mappings, see [4,9,12] and the references therein.

Motivated and inspired by the above works and by the ongoing research in this direction, in this
paper, we introduce and study a system of generalized mixed variational-like inclusion problems
and the set of fixed point problems in ¢g-uniformly smooth Banach spaces.

2. Resolvent Operator and Formulation of Problem
We need the following definitions and results from the literature.

Let X be a real Banach space equipped with norm ||.|| and X* be the topological dual space of
X. Let < .,. > be the dual pair between X and X* and 2% be the power set of X.

Definition 0.1. Definition 2.1[13]. For ¢ > 1, amapping J, : X — 2% " is said to be generalized
duality mapping, if it is defined by
Jo(z) ={f € X"t {z, f) = |l2l|% Iz~ = || f]}}, Yz e X.

In particular, J; is the usual normalized duality mapping on X. It is well known (see, e.g., [13])
that
Jy(z) = [l2]|*72 Da(x), Va(#£0) € X.

Note that if X = H, a real Hilbert space, then J, becomes the identity mapping on X.
Definition 0.2. Definition 2.2[13]. A Banach space X is said to be smooth if, for every z € X

with ||z|| = 1, there exists a unique f € X* such that || f|| = f(z) = 1.
The modulus of smoothness of X is the function px : [0,00) — [0, 00), defined by

x+yl + |z —
pxo) =sup{ XAy = 1t = |
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Definition 0.3. Definition 2.3[13]. A Banach space X is said to be

(i) uniformly smooth if lim px(o) _ 0,
o—0 g

(ii) g-uniformly smooth, for ¢ > 1, if there exists a constant ¢ > 0 such that px (o) < co?, o €
[0, 00).

It is well known (see,e.g.,[14]) that

g—uniformlysmooth, if 1 < ¢ <2,
Ly(orl,)is
2—uniformlysmooth, if ¢ > 2.

Note that if X is uniformly smooth, J, becomes single-valued. In the study of characteristic
inequalities in g-uniformly smooth Banach spaces, Xu [13] established the following lemma.

Lemma 0.4. Lemma 2.4[13]. Let ¢ > 1 be a real number and let X be a smooth Banach space.
Then the following statements are equivalent:
(i) X is q-uniformly smooth.

(ii) There is a constant cq > 0 such that for every x,y € X, the following inequality holds

2+ yll” < |zl + gy, Jo(2)) + cqllyll*.
Definition 0.5. Definition 2.5. Let X be a g-uniformly smooth Banach space. Let H : X — X,

n: X x X — X be single-valued mappings and M : X x X — 2% be multi-valued mapping.
Then

(i) H is said to be n-accretive, if
<Hx - Hy,Jq(n(x,y))> >0, Vo,y € X.

(i) H is said to be strictly n-accretive, if H is n-accretive and equality holds if and only if
T =Y.

(iii) H is said to be k-strongly n-accretive if there exists a constant k£ > 0 such that
<Hx — Hy, Jq(n(xvy))> > kllz —yl|?, Va,y € X.
(iv) n is said to be 7-Lipschitz continuous, if there exists a constant 7 > 0 such that
In(z y)ll < 7llz —yll, Vo,yeX.
(v) M is said to be n-accretive in the first argument if

<u - v,Jq(n(sc,y))> >0, Vo,y € X, Yu e M(z,t),v € M(y,t), for each fixed t € X.

(vi) M is said to be strictly n-accretive, if M is n-accretive in the first argument and equality
holds if and only if x = y.

Definition 0.6. Definition 2.6. Let X be a g-uniformly smooth Banach space. Let T : X — X,
N,n: X x X — X be single-valued mappings and S;,S5> : X — X be nonlinear mappings.
Then

(1) T is said to be p-n-cocoercive if there exists a constant i > 0 such that

(Tw =Ty, Jy(n(2,))) = llTw = Ty|?", ¥a.y € X.
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(ii) N is said to be (r, d)-mixed Lipschitz continuous if there exist constants » > 0, > 0 such
that
IN(z,2) = N(y. )| < rlle =yl +6llz = tl|, Va,y,z,t€X.

>iii) 51,5, is said to be mj, my-Lipschitz continous, respectively, if there exists a constant
my, my > 0 such that

[S1(x1) = Si(x2) || < mulzy — 22|, Vaoi,z2 € X.

192(y1) = S2(2)[| < mallyr — well, Vyr,y2 € X.
We denote by K (Si, S2) the set of fixed points of Sj, S» such that K (S}, 5,) = {(z,y) €
XxX:S(z)=2,%y) =y}

Throughout the rest of the paper unless otherwise stated, we assume X to be g-uniformly smooth
Banach space.

Definition 0.7. Definition 2.7. Let H : X — X,n: X x X — X be single-valued mappings,
M : X x X — 2% be a multi-valued mapping, then M is said to be (H — n)—accretive mapping
if for each fixed ¢t € X, M(.,t) is n-accretive in the first argument and (H + AM (.,t))X = X,
YA > 0.

Lemma 0.8. Lemma 2.8[6]. Let {¢"™}, {v™} and {c™} be nonnegative sequences satisfying

<n+1 S (1 _wn)cn +wnyn + cn7 Vn, Z 07

where {w"}>°, C [0,1], > w™ =400, lim v =0and )  ¢" < co. Then lim (" =0.

Definition 0.9. Definition 2.9. The Hausdorff metric D(-,-) on C'B(X), is defined by

D(B,P) = max{sup inf d(u,v), sup inf d(u,v)} , B,P € CB(X),
ueBVEP vep u€B

where d(, -) is the induced metric on X and CB(X) denotes the family of all nonempty closed
and bounded subsets of X.

Definition 0.10. Definition 2.10[3]. A set-valued mapping P : X — CB(X) is said to be
~-D-Lipschitz continuous, if there exists a constant v > 0 such that

D(P(z), P(y)) < vl —yll, Yo,y € X.

Theorem 0.11. Theorem 2.11(Nadler [8]). Let P : X — CB(X) be a set-valued mapping on
X and (X, d) be a complete metric space. Then:
(i) For any given u > 0 and for any given z,y € X and u € P(z), there exists v € P(y) such
that
d(u,0) < (1+wD(P(), Py))

(ii) If P : X — C(X), then (i) holds for . = 0, (where C(X) denotes the family of all nonempty
compact subsets of X ).

Theorem 0.12. Theorem 2.12. Let H : X — X, n: X x X — X be single-valued mappings.
Let H : X — X be k-strongly n-accretive, M : X x X — 2% be (H — n)—accretive mapping.

If the following inequality : <u - v,Jq(n(az,y))> > 0, holds ¥(y,v) € Graph (M(.,t)), then
(z,u) € Graph(M(.,t)), where Graph (M(.,t)) := {(z,u) € X x X : u € M(x,t)}.
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Theorem 0.13. Theorem 2.13. Let H : X — X, n: X x X — X be single-valued mappings.
Let H : X — X be k-strongly n-accretive, M : X x X — 2% be (H — n)—accretive mappings.
Then the mapping (H + AM (., t))~! is single-valued, ¥ \ > 0.

Definition 0.14. Definition 2.14. Let H : X — X, n: X x X — X be single-valued mappings.
Let H : X — X be k-strongly n-accretive, M : X x X — 2% be (H — n)—accretive mappings.
Then for each fixed ¢ € X, the resolvent operator Rﬁf D X — X is defined by

Ryl o a(@) = (H+AM(. 1)~ (2), Vo€ X. 2.1)

Now, we prove the following result which guarentees the Lipschitz continuity of the resolvent
operator RZ\HM77 DA
Theorem 0.15. Theorem 2.15. Let H : X — X be k-strongly n-accretive andn: X x X — X
be T-Lipschitz continuous. Let M : X x X — 2% be (H —n)—accretive mappings. Then for each
fixed t € X, the resolvent operator Rf{(" O X — X is Lipschitz continuous with constant L,
that is,

a1

”RII\:/II,XJ),)\(I) - RHJ? (y)” S LHI - yHa vx7y € Xv where L := (22)

M(.t),\

Definition 0.16. Definition 2.16. Let H : X — X,n: X x X — X be single-valued mappings,
let {M"}, M™ : X — 2% be a sequence of (H — n)—accretive mappings. A sequence {M"},,>¢

is said to be graph convergent to M, denoted by M n_95 M, if for each (x,u) € graph(M), there
is a sequence {(z"™,u™)},>0 C graph(M™) such that 2" — z,u™ — u as n — oo.

Lemma 0.17. Lemma 2.17. Let H : X — X be k-strongly n-accretive and s-Lipschitz con-
tinuous, n : X x X — X be 7-Lipschitz continuous and {M"},M™ : X x X — 2% be

a sequence of (H — n)—accretive mappings forn = 0,1,2,.... If M”(.,t”)iM(.,t) then

. H, _pH,
Jim. Ryl A (u) = RMZ?JM(U), Vu e X.

Proof. Proof. Since (H + AM(.,1))(X) =X, Vz € X.
Hence there exists (z,u) € graph(M(.,t)) such that z = H(z) + Au.
Since M™(.,t") — M(.,t), therefore there exists {z",u"} C graph(M"(.,t™)) such that
" — x,u™ — uasn — oo.
Let 2" = H(2™) + Au™ and noting that

Rf/[’(ﬁ}t%)\(H(:ﬁ) +Au) =2z, and Rf/[’:,’(.ﬂ)))\(H(x") + ") = 2™,

Using Lipschitz continuity of RAHﬂ" 1y.a» We have

[ ()= B 1)

IN

[LNEO B NG PN EO B NGl

N H @) 1 ") — (H(e) + )]

_ n __
= Jon—al +
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Tq_l n n
2" = ]| + ——{l|H (") = H(@)|| + Allu" —ul]}

<
< o = all+ T {sla” — o + Allu” — ul}
—> 0Oasn — oo.
This completes the proof. O

Now, we formulate our main problem.

Foreach i = 1,2,j € {1,2} \ 4, let X; be a ¢;-uniformly smooth Banach space with norm
I.lli. Let T5, f; + X; — Xi,pi, N; @ X; x X; — X; be single-valued mappings, M; : X; x
X; — 2%i be (H; — n;)— accretive mappings. Let B;, P;,G; : X; — C(X;) be set-valued
mappings. We consider the following system of generalized mixed variational-like inclusion
problems (SGMVLIP) Find (aci, Ujy Vs ti) where z; € X, u; € Bi(xi), v; € Pi(:ni), t; € Gz(l‘l)
such that
0ely (fl(iﬂl) +p1($1,$2)) + A (Nl(ul»UZ) + Ml(xlatl)>a
(2.3)

0T (fz(dfz) +p2($2,$1)) + X\ (Nz(uz,vl) + Mz(ﬁcz,tz))

Special Cases:

L If in problem (2.3), 177 = 1> = I, (an identity mapping), then problem (2.3) reduces to the
following problem: Find (z;, u;, v;, t;) such that

0 € fi(z1) +pi(zr,22) + A (Nl(ul,vz) + M1($17t1)>7
(2.4)
0 € fa(x2) + pa(w2,21) + N2 (NZ(U%UI) + M2(3727t2))7
which is an important generalization of the problem considered and studied by Peng and Zhu
[10].
IL. If in problem (2.3) X; = H; (areal Hilbert space), 71 = T = 0,(a zero mapping), \; = A\ =
1, then problem (2.3) reduces to the following problem: Find (z;, u;, v;,t;) such that
0e NI(UI,UZ) + Ml(l.htl)?
(2.5)
0 € Na(ua,v1) + Ma(22,t2).

This type of problem has been considered and studied by Zeng et al. [15].

We remark that for appropriate and suitable choices of the above defined mappings, SGMVLIP
(2.3) includes a number of variational and variational-like inclusions as special cases, see for
example [1,2,5] and the related references cited therein.

3. Iterative Algorithm

First, we give the following technical lemma:

Lemma 0.18. Lemma 3.1. Let X; be a real q;-uniformly smooth Banach space. Let T;, f; :
X; — Xi,pi, Ny © X; x X; = X; be single-valued mappings, M; : X; x X; — 2Xi pe
(H; — n;)— accretive mappings. Then (x;,u;, v, t;) is a solution of SGMVLIP (2.3) where x; €
Xi,ui S Bi(mi),vi S Pi(.’lﬁi),ti S Gi(xi) ifand Ol’lly lf

T = Rfjl’(q?jtlml [H1 (x1) = Th (fl (z1) +p1 ($1,ﬂ?2)> — AV (U17U2)]7

Ty = Rﬁé’{_]zz)’,\z [Hz(xz) -1 (f2($2) +p2($2,$1)) - >\2N2(U27U1)}-
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Hy, — Hj .7
where RMI{(TM),M = (Hi+MM;(.,t))7Y RMZZ(_I,ZM,A2 =

operators.

(Hy+ M Ms(.,t2)) ! are the resolvent

Notation 3.2. For A € X; x X,, the symbol A N K(S;,5;) # 0 means that there exists
(z1,72) € X1 x Xy such that (z1,22) € Aand {z1, 22} C K(S1,S5,), where Sy, S, are Lipschitz
continuous.

Now, we suggest the following Remark for finding a common element of two different sets

namely, the set of solutions of the system of generalized mixed variational-like inclusion prob-
lems and the set of fixed points of Lipschitz mappings S|, S,.

Remark 0.19. Remark 3.3. If (z;,2,) € SGMVLIP (2.3) and {z;,22} C K(S51,5,), then it
follows from Lemma 3.1 that

ry = Si(w) = SI{RJ\HA’&I),,\I [Hl(fl) =T (fl (1) +p1(9€1,$2)) - )\1N1(U1,U2)} }, A1 >0,

Ty = Sz(xz) = SZ{RJEZZ’(TZQ),)\Z [Hz(.%‘z) -1 (fz(wz) +p2(l’2, 331)) - )\2N2(U27’U1)} }, Ay > 0.

Lemma 3.1 and Remark 3.3 are very important from the numerical point of view as it along with
Nadler [8] allows us to suggest the following iterative algorithm for finding the approximate
solution of SGMVLIP (2.3).

Algorithm 0.20. Iterative Algorithm 3.4. For each i = 1,2, given (29, u0,v?,¢?) where 29 €
X, u? € Bi(a9),0? € Py(29) and t) € G;(2?) such that B;, P;, G, : X; — C(X;), compute the
sequences {7}, {ul}, {v!'}, {tI'} defined by the iterative schemes:

it = (1=amat +ar${ BT | (@) =T (A +pi(af,o8)) = AN (uf,03) | |

w5 = S R ) [Ha(a8) = T (1203) + pa(at at) ) = deNa(ug, o) }
u € Bila?) : [l — ufl| < D(Bi(w} ™), Bilal))
(a7 : ot = of || < D(P(a*), Pi(at))

?

’U?E.Pi

ti € Gia}) : |lt7* — 17| < D(Gi(a7™"), Gi(a}))

1
where M : X; x X; — 2% are (H; — n;)—accretive mappings for i € {1,2},n = 0,1,2, ...,
and
Ryl iy sy = (HiAMMP ()™ RET = (Ha+ 20 MP (L 85)) 7,

and o be a sequence of real numbers such that o” € [0, 1] and }_ o™ = +oc.

n=0

4. Existence of Solution and Convergence Analysis

Now, we prove the existence of common element of solutions of SGMVLIP (2.3) and the set of
fixed points of Lipschitz mappings S; and 5;.

Theorem 0.21. Theorem 4.1. Let X; be a real q;-uniformly smooth Banach space. Suppose for
eachi =1,2,5 € {1,2}\ 4, H; : X; — X; be k;-strongly-n;-accretive, n; : X; x X; — X; be
T;-Lipschitz continuous, H;, S;,T; : X; — X; be Lipschitz continuous with constants s;, m;,;,
respectively. Let N; : X; x X; — X; be (r;,0;)-mixed Lipschitz continuous, p; : X; x X; —
X; be &;-Lipschitz continuous in the second argument. Suppose, M : X; x X; — 2%t be
(H; — n;)—accretive mappings such that M (., xf)iMz(, x;) as n — oo. Further, suppose
HiaThfi DX, — Xupz 1 X X Xj — X; be such that |:H,L() — Tz(fl() "f‘pz(,l"?))} be
w; — m;— cocoercive. Let B;, P;,G; : X; — C(X;) be set-valued mappings such that B; is
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L g, —D—Lipschitz continuous, P; is L p, —'D—Lipschitz continuous and G; is Lg, —D—Lipschitz
continuous. In addition, if
} 0’

{1 — m2L2
75,
+ my L

0<miL;

r + A2 Lp,

2

T+ AiriLp, mé1 + AMéi1Lp,

pni'

moLy [7252 + >\252LP,}

><< ) <1,
{1 —mals + )\ZTZLBZ }

l‘z

qi—1

where L; := . Then the sequences {x'},{ul}, {vl}, {t"'} generated by Iterative Algo-

rithm 3.4 convergles strongly to x;,u;,v;,t; a solution of SGMVLIP (2.3) where x; € X;,u; €
Bi(z;),v; € Pi(x;),t; € Gi(w;) such that (z1,z,) € SGMVLIP (2.3) and {x,x2} C K(S1,5,).

Proof. Proof. From Lemma 3.1, we have

T = Rﬁfll’(?,ltl)m [Hl (z1) —Th (fl (z1) +p1 (xl,I2)> - AN (UMUZ)]-

Therefore, from Lemma 3.1, Iterative Algorithm 3.4 and fixed point property of S, it follows

that
[l
= H(l — o)l + oc”S1{Rf}ﬁ7<“ ) [Hl(l"?) -1 (fl (@7) +p1 (55?733?)) — ANy (“?avf)n
—(1—a™)z — a"Sl{Rﬁ‘l’(.’jtl)’Al {Hl(‘rl) -1 (fl(ivl) +P1($179€2)) - )\INI(UlaUZ)} }Hl
< (I-a)|at =z

o [REET [ @) = Ty (A + i (et a8)) = AN o)

~R ot [H1(x1) -1 (fl(xl) +p1(x17902)) B )\1N1(u1,vz)] Hl

IN

(I —a™)|2f — a1l
omm| | R o, (B (@) = T (A1) + 107 23)) = WM 03)
_Rﬁ,‘ﬂ?‘ )2 [H1(x1) - T (fl(xl) +p1(x1,x2)) — )\1N1(u1,v2)} Hl

+a” mlHRH“m (A7) {Hl(fﬁl) -1 (fl(xl) +p1($1,9€2)> - )\1N1(U17v2)]

_R;\q/[l]7(7.],lt,),/\] [Hl (xl) -1 (fl (xl) +p1($1,$2)> — M N (U1, Uz)} Hl (4.2)

Using Theorem 2.15, we have

R s, [ @) = T (fi@d) + palat ) = N o3)]
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—RJ\H/{l{’:(’.l,tr),Al {H] (x1) —Th (f1 (z1) —i—pl(:ﬂl,xz)) -\ N (ul,vz)} H]

< Laf[[Hiaf) =T (A +pilaf3)) =i o))
- {Hl(xl) -T (f1($1) +p1(961,$2)) - )\1N1(u1,v2)] H1
< L1H {Hl(x?) -1 (fl(x?) +P1($?a$§’))]

,{Hl(xl) -1 (fl(xl) +p1(x1,9c§)>} H]

Lt [Hi(@) = T (i) + pr (e, a3))]

—[H1(Jf1) -T (f1(l’1) +p1($1,302))} Hl
—i—Ll)\lHNl (o3 le(ul,vz)Hl. (4.3)
Since [Hl() T <f1 () + pi (,arg‘))} is 11 — my—cocoercive, we have

[ @) = 71 (A + it 29) |

q1—1

- {Hl(ml) -1 (f1($1) +p1($1,1’?))} Hl HWI(CU?JJI) 1

Y

<{H1(x?) -7 (fl(fﬂ?) +P1($?a$3))]

~[H1@) =T (A@) +pi(erap)) | T (m <x?,x1>)>

1

v

111 H {Hl (7)) =T (fl (2) +P1(T/?af€3))}

q1

_ {H1(ﬂr:1) -T (f1($1) +p1(x1,36?)” 1

This implies

w[[H1@D) =T (AGD) +piad )]

q1

_ {Hl(xl) -1 (f1(x1) +P1(‘E1’xg))} I

< |[men -n(nEn +pram)]

q1—1

- {H1(l‘1) =T (f1($1) +p1($1,$?))} Hl Hm(ﬂﬁ’f,xl)H

1
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—= H [Hl(;v’f) -1 (fl(x?) —I—pl(x?,xg))}

q—1

_ |:H1(I1) -1 (fl(m) +p1($1’“"?))} H

1

q—1 .
< |z} — @[

— [ =1 (A6 + it o) | = [Hie) =T (A + )] ||

T1
< ——ll=t — il (4.4)
1

Also, since 77 : X; — X is ;-Lipschitz continuous, p; : X; x X, — X is & -Lipschitz
continuous in the second argument, we have

H {Hl(fl) -1 (f1($1) +p1($17$?))} - {Hl(fl) -1 (fl(xl) +p1(3€1,l‘2))} H1

< HTI (fl(xl) +p1(£1,$3)> -1 (f1($1) +p1($1,’£2)> H1
< ’yall(iﬂlax?)—Pl(ﬂflawz)Hl
< néilla3 — w22 (4.5)

Again using (7, §;)-mixed Lipschitz continuity of Ny : X; x X, — Xj, Lp, and Lp, — D-
Lipschitz continuity of B and P; respectively, we have

| Wit o8) = Niunva)| < il =l 4 6 lfog = vl

<riLg, ||z} — 21| + 01 Lp, |23 — z2ll2- (4.6)
Using (4.3)-(4.6) in (4.2), we have
[

7
T T >\17"1LBI] [ — a1l

1

< (L =a"ap — il +ammiLy |

+a™mi Ly [7151 + >\161Lp2} |25 — 2]|2 + a™m by,
where

v (R [ @) = T (i) 4 pi(,22)) = NN (o e2)]

9

_Rffllf,ltl),xl [Hl (z1) =T (fl (z1) + 1 (3317952)) - AV (U17U2)} ‘

and b} — 0 as n — oo. Therefore, we have
n+l1
27 = 21l
r

a1
1

< (1—a")l\x?—x1lll+a”m1L1[ 1_,+)\1T1LBI}H$?—$1||1

+a"my Ly [’7151 +/\151Lp2} lz5 — x22. (47)
Again, using Lemma 3.1, Iterative Algorithm 3.4 and fixed point property of S,, we have

25 — 2|2
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— | { R [ = T2 (a8) + p2(a ) — NN, o)}

752{R5[227(7.7,2t2),)\2 [Hz(xz) -1 (fz(ﬂfz) +P2(1’27I1)) - AzNZ(UZaUI)} }H2

IN

ma|[REEE ) 3 [Fa(a8) = T (f2(03) + pa(ag, a7) ) = eNa(ug, o)
—RHf:LYZ )2 [H2(332) -1 (fz(iﬂz) +P2($2,$1)) - >\2N2(U27UI)} Hz

+m2HRH2”72t") [Hz(xz) -1 (fz(fz) +p2(x2,m1)) - )\zNz(uz,vl)}

_RILI\l/r1227(7.7.,2:s2),A2 [H2(I2) -1 (fz(fz) + pa(x2, 331)) — XN, (ug, 111)] H2 (4.8)

Now, using Theorem 2.15, we have
| B 00 [F2(03) = T (£2(03) + pa(a3.21) ) — Mol o7)]

*RJ\Hjﬂ?z ) {Hz(zz) -1 (fz(iliz) +p2($2,9€1)) - /\2N2(U2,U1)} H2

< Lol|[Ha(e3) - Ta(a(a3) + pa(ag.ap)) = MaNa(ug, o)
- [Hz(a?z) -1 (fz(wz) +P2($2,w1)) = N2 (ug, Ul)] Hz
< Lo [Ha(ep) - B £e3) + (a3, 27) )|

— {Hz(fﬂz) -1 <f2($2) +P2($2,$?))} H2
tLa|| [ Ha(a2) — To(fola2) + pa(an,a?) )]

- [H2(502) -1 (fz(xz) +Pz($2,f€1)>} Hz
+L2A2HN2(ug,v?) - Nz(uz,vl)Hz. (4.9)

Since [Hz() -1 ( L) +pa(., x?))] is o — mp—cocoercive, therefore following the same steps
as in (4.4), we have

|[Ha(e3) = To(£2(a3) + p2(a3.21) ) | = [Hala2) = T2 (falea) + palea. o)) ]|

.
< —ilag - o (4.10)
H2

Again, as T; : X; — X3 is y;-Lipschitz continuous, p; : X; x X| — X; is &-Lipschitz
continuous in the second argument, therefore proceeding as in (4.5), we have

H {Hz(irz) ) (fz(zz) +p2($2a$?))} - {Hz(zz) -1 (fz(l’z) +p2(I2’~T1))} H2

< n&ollzt — @i (4.11)

Now, using (r2,d,)-mixed Lipschitz continuity of N, : X, x X1 — X, Lp, and Lp, — D-
Lipschitz continuity of B, and P respectively, we have

| Moz o) = Moz, ) || < vaLmllad = alla + 2L o} — a1 (4.12)
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Using (4.9)-(4.12) in (4.8), we have

03 = @2lls < maLa|— 5 + XoraL, |25 = w22
ur

+moLs {7252 + )\252LP1} |2} = z1|li + maby.
This implies

{1 - m2L2[ T+ >\2T2L37} }||$§L — a2llp <mals [7252 + )\252LP1} [z} — @11 + maby
Nz

or,
maLo {7252 + )\252LP1}

|25 — 222 < ( ) 2} — @11
{1 — m2L2|: + /\ZTZLBZ} }

Nz

ma

o (4.13)

+ /\ZTZLBZ} }) "

+<{1 - mszLuz
where,

by = HRHZ’mt") X [Hz(fz) —T2<f2($2) +p2($2,961)) - )\zNz(Uzvvl)}

)

_Rzlgfzzfz ) [HZ(CCZ) -1 (fz(ﬂﬁz) + pa (2, 332)) — M Ny (us, ul)] ‘

and by — 0asn — oo.
Using (4.13) in (4.7), we have

27! =il < (1= a")llaf =il + a"mia | g + ML [lof — a1l
1
mo Lo {7252 + >\252LPI}
+am Ly [7151 + >\151LP2} ( ) |2} — @11
{1 — m2L2 L}J + )\27’2L32:| }

2
et [%& ’ )\lélLPZ} ({1 —mply [M o + )\2T2L32:| }) "

2

< [1 —a”{l —mlLl[ +)\17"1LB]}
'
ma Lo {7252 + )\252LPI]
—my Ly [7151 + /\151LP2} ( ) H |2} — @1y
{1 — msz L}J + )\27’2L32:| }
2

ot {7161 ! )\lélLPZ] <{1 —maLy [H 3 + /\27‘2[432} }) "

2

<[l =a™(1=n)]|lz} — 21| + ™", (4.14)
where
maLs {7252 + )\252LP1}
h=mL, [ T+ >\17“1LB,} +miLy [7151 + /\161LP2} ( );

U] {1 7m2L2{ +/\2T2LB,}}

:“2
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mymy [’Ylfl + )\151LP2}
"= L1< 7 ) by.
{1 —mply [F + /\2T2L32} }

q2
2

Since h < 1 from assumption (4.1), therefore we can rewrite inequality (4.14) as

et =2 < [1 = a™(1 = h)][l2} = 2]l + o™ (1 = h)

= (4.15)

n

T—h

Cn—H S (1 _wn)cn _i_wnyn.

¢ = [lzy —ailh, v* =

and w™ = o™ (1 — h), then we have

Using Lemma 2.8, we have (" — 0 as n — oo and thus =" — x; as n — oo, and therefore from
(4.13) it follows that 5 — x, as n — oo. Since B; is L g, — D-Lipschitz continuous, it follows
from Iterative Algorithm 3.4 that

Jui = wills < D(Bi(7), Bi(xi))
< L[|z — xi]s-

This implies that
Uy — U; aS N — 00.

Further we claim that u; € B;(z;)
d(ug, Bi(zi)) < [[ug —wi'l]i + d(ug', Bi(w:))

< lwi —uf|li + D(Bi(2}), Bi(zi))

IN

lu; —u|li + Lp,

o — s

— 0Oasn — oo.

Since B;(z;) is compact, we have u; € B;(x;).

Similarly, we can prove that v; € P;(z;) and t; € G;(z;).

Thus the approximate solution (x7, u?, v, t*) generated by Iterative Algorithm 3.4 converges
strongly to (z;,u;,v;,t;) a solution of SGMVLIP (2.3) where z; € X;,u; € Bi(z;),v; €
Pi(z;),t; € Gi(x;) such that (z1,22) € SGMVLIP (2.3) and {z, 22} C K(Si,S2). This com-

pletes the proof. O

Conclusion 4.2. In the present study it has been concluded that the convergence criteria of an it-
erative algorithm helps to find the common solution of a system of generalized mixed variational-
like inclusion problems and fixed point problems of nonlinear Lipschitz mappings. Moreover, it
has been proved that the sequences generated by the iterative algorithm converge strongly to a
common element of the two systems.
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