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Abstract In this paper, we introduced a new subclass Sg (v, A) of bi-univalent functions

with m-fold symmetry in the open unit disk A. Further, we investigated a,, to obtain bounds for
the initial coefficients of functions which belongs to this subclass.

1 Introduction

An analytic function ¢ in domain D of the extended complex plane C is univalent, if £(z1) #
&(z2) whenever z1 # 2, 21, 22 € D. Suppose A be the class containing a function £(z) which is
analytic in the open unit disk A = {z : 2 € C, and, |z| < 1} and satisfies the following normal-
ization conditions:

and is given by:
£(2) = 2+ I ap2". (1.1)

Suppose S is the subclass of A, containing functions that possess the property of univalence in
the open unit disk A. According to the Koebe’s theorem (see [1]), every univalent function has
its inverse.

Suppose an analytic function & € A with the property that £ and ¢! both are univalent in A, then
£ is called bi-univalent in A.

The class of bi-univalent functions is denoted by Y, which is defined in equation (1.1). This
class of bi-univalent functions was investigated by Lewin [2]. He proved |a;| < 1.51 for bi-
univalent functions. In this progress, Brannan and Clunie [3] gave conjecture |ay| < v/2. And
it is seen that in recent years, many researchers showed their interest in investigating subclass of
bi-univalent functions and obtained results on the initial coefficient bounds (see [4,5,6,7,8,9]).

If a rotation of domain M about the origin through an angle % carries M on itself, then it is
called the m-fold symmetric domain. Thus, an analytic function £(z) in the open unit disk A is

called m-fold symmetric for m € N, if it satisfies the given below equation:
¢ ( 27, z) — e ().

Let us define the class of m-fold symmetric univalent functions by S,,,. A function £ € S,, is
given as follows:

£(2) =2+ 22 jamp1 2™, (z€AmeN). (1.2)

Every function ¢ € S has the function, d(z) = /£(2™), (z € A, m € N), which is univalent
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along with the property of mapping the unit disk A into a region with m-fold symmetry.

Initially, Srivastava et al. [10] described m-fold symmetric bi-univalent functions and have
shown that for each m € N, there is a function £ € ), that gives the m-fold symmetric bi-
univalent function. Also, they gave the series expansion for £~!, (¢ is given by equation (1.2)),
which is as follows:

n (w) = f_l (U}) =w — Clm+1wm+1 + [(m+ 1) a‘%thl _ a2m+1] w2m+l

— [% (m+1)Bm+2)a* i1 — Bm+2)ami1aams1 + a3m+1] wdimt

(1.3)

where p = ¢!, The subclass of m-fold symmetric bi-univalent functions in the open unit disk A
is given by > .

We study the recent works of mathematicians such as A. Zireh et al. [11], H. M. Srivastava et al.
[12,13], and S. S. Eker [14], etc., to give the results of our paper.
In this research work, we introduce a new subclass Sg’;l (7, A) containing bi-univalent functions

with the property that & and £~ are m-fold symmetric. We also try to provide results on initial
coefficient bounds.The purpose of this paper is to provide a formula of the upper bounds for ini-
tial coefficients |a,+1] and |az,,+1| of the functions in this new subclass S%l (7, A). Our results

are motivated by the latest works of the researchers.

Definition 1.1: Suppose the functions d, [ : A — C are analytic and
d(2) =1+ dpz™ + dpm 2™ + d3 2™ + ..., (1.4)
L(w) = 14 Lpw™ + by w?™ + L™ + .. (1.5)

such that min {Re (d (z)),Re (1 (2))} > 0(z € A).

Let v € C\{0} and A > 1. A function £ given by equation (1.2) is said to be in subclass
Sg (v, N), if it satisfies the following conditions:

L[ 28 (2) +A2%¢" (2)
1+W[(1_>\)§(z)+)\z£/(2)—1]ed(A),(zeA) (1.6)

and

1wy (w)+ dwy” (w)
by {u =)0 (w) + dwn (w

)1] el(A), (weA) 1.7)
where 7 is given by equation (1.3).

2 Coefficient estimates for class S%lm (v, A)

Now, we find the bounds for the coefficients |a,,1| and |az,,+1]| of the subclass Sg (v, A).

Theorem 2.1: Let the function £(z) given by equation (1.2) be in the class ng (v, A), with

v € C\ {0} and A > 1. Then, "

omn] < i J AP ([ ©)F + 1) ©)) (e @)+ o ©)]
m+1] = 2m2(m!)2(1 + )\m)Z 2m (2m!) ‘(m + 1)(1+2xm) — (1 + )\m)2’
2.1
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" (2 0f +kof)
[y (m1) (] (0) ] +]1™)(0) [71(]d®™ (0)|+]1>™) (0)])
|a2m+1§mln{ 4m2 (m)2 (14 Am)? dm(2mD)(2Am+1D)]
Il [2(m+1)(1+2XAm) — (14+Xm)?| |[d®™ (0)|+(1+mA)? 1™ (0)]
4m(2m!) (1422m)| (m+1) (14+23m) — (1+Am)?| :

Furthermore, for any p € C,

\'y\z|m+l—2m(|d(’")(0)|2+|l(’")(0)|2) Iv1( 4™ (0) ]+ |12 (0)])

_ 2
|a2m+1 Ha m+1| < min 4m2 (m)2 (14 Am)? 4m(2m!)(1+2xm) )
1l | 1204223m) (me1 =) = (13m)* || d®™) (0) [+ [(1+m ) +2 | ul (1+22m) || 12 (0)|

4m 2m!)(14+22xm) ‘ m+1)(14+22Am) —(14+Am)? | ’

Proof: First we write the equations (1.6) and (1.7) in equivalent forms,

>

Zf/( )—i—)\ZZ{” (Z)
(1-A) € (z) +Az€’ (2)
1 7 (w) + Aw?n” (w) Y
= et RG]

2] 1| =ac.

respectively, here d and [ follows the argument of Definition 1.1.

2.2)

(2.3)

(2.4)

(2.5)

Now, using equations (1.4) and (1.5) in equations (2.4) and (2.5) respectively, and comparing

the coefficients, we get:

2|3

(14 2Am) ams1 = dpm,

1
; {Zm(l +22m) agms1 — m(1l + )\m) a m+1] = dom,

—m (1 + Am)
Y

A1 = b,

and

% [{ 2m (m + 1) (1 + 2xm) — m(1 + )\m)z} it —2m (1 4+ 22m) azw} = by

From equations (2.6) and (2.8), we obtain:

dm = _lmv

and
2m?

S (L am) gy = d2, + 12,
Also, by adding equations (2.7) and (2.9), we obtain:

2
Tm [(m+ 1) (1+2xm) — (1+ Am) ]a mit = dam + lom,

By using equations (2.11) and (2.12), we get:
2 V(dh + 1)

" m+1 )
T 2m2(1+ am)?

and

(2.6)

2.7)

(2.8)

2.9)

(2.10)

@2.11)

(2.12)

(2.13)
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Y (dZ'rn + lZ'm)
2m [(m+ 1) (1+2xm) — (1+ Am)z}

2 _
4 m+1 =

Taking absolute values in equations (2.13) and (2.14), we get:

A7 (Ja™ ©) + [t (o))
2m2(m!)*(1 + Am)?

|am+1|2 S

)

and
Y] ([d@™ (0)] + 1% (0)])

2m(2m!) ‘(m F1)(1+2mA) — (1+ mA)"‘]’

2
|am+l | S

respectively, Hence, we obtain the result of inequality (2.1).

Now, to obtain the bound of a;,,+1, we subtract equation (2.9) from (2.7),

4m (142 m) 2m(m+1)(1+2xm) ,

A2m+1 — 4 " m+1 = d2m - lZm'

v
Using equation (2.13) in equation(2.15), we get:

Y (m+1)(d2, +12) v (dom — lom)
4m2(1 + Am)* 4m (14 2xm)’

A2m+1 =

On taking absolute values, we get:

A (m+ 1) (™ O + 1O )y (a@m)(0)] + 127 (0)])

st <
lazm+1] < 2 (m02 (1 + ) 4m (1 + 2 m) (2m!)

2
m+1

v (m + 1) (dZm + lZm) + Y (dZm - lZm)
4m[(m+1)(1+2)\m)—(1+m)\)2} 4m (1+2xm)’

Now by putting the value of a from equation (2.14) in equation(2.15), we get:

A2m+1 =

or

A2m+1 = %

(1+2xm) {(m + 1) (142x3m] — (14 m)\)z}
Taking absolute value of the above equation, we get:

|a2m+1 | S
| |:|2(m+1)(1+2)\m)(1+)\m)2|d(2m>(0)+(l+m/\)2l(2m)(0):|

4m(2m!) (142xm) [{ (m+1)(14+2xm) — (1+mA)? }|

Equations (2.17) and (2.19) together give the desired inequality (2.2).
In the end, for any by using equations (2.13) and (2.16), we get:

o Fmi(d ) 4 W dam—lom) 7 (dy L)
Qom+1 — HQyy 1 = 4m2(1+mA)? 4m(14+2xm)  2m2(1+im)?’

or

202 P2
oot — a2 = LTV (Bt ) (o —Lo)
2m+1 — R, 1 4m2(1+xm)> 4m(14+2Am) *

y [{2 (m+ 1) (1 +2xm) — (14 Am)*}dam + (1 + Am)%m] |

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Taking absolute values of the above equation:

‘a2m+1 - Ma2m+1‘
me1=2pl |y (| (0)+
4m2(1+km) (m!)?
|,Y|(‘d21n |+|l2m (O)l)
4m(14+22m)(2m!)

+i )

(2.20)

Similarly, on repeating the above method, by using equation (2.14) in equation (2.18), we get:

W2mr1 — B i1
N {2(]+2>\7n)(7n+1—;4)—(]+)\m)2}d2m+{(1+)\m)2—2u(]+2)\'rn)}lzm
T Am (14+2am){ (m+1)(142xm) —(1+am)* } ’

thus

2
|a2m+1 — pa m+l|

< bl [2(14+22m) (m+1—p)— (14+Am)
— 4m

2 (0)+{ (14 Am)*+2| u] (1422m) }1 2™ (0) (2.21)
mY)(14+2xm)|(m+1)(14+22m) — (14 Am)?| ’

Inequalities (2.20) and (2.21) give the desired estimate ’a2m+l Y
equality (2.3). Hence proved the theorem.

, as asserted in in-

1 zm

Remark 2.1: If we take, d(z) = [(z) = (Hz ) 1+ p2™ + 2p?22™m 4+ 2p%2%m 4

0 < p < 1, in the subclass S (y,A) with v € C\ {0} and A > 1 in theorem (2.1), we get the
subsequent consequences.

Corollary 2.1: Let the function £(z) satisfy the equation (1.2) exists in the subclass Sg (7, N).
Then we obtain:

2p || 2||

‘am+l| S min ’
m (14 Am) m(m+1)(1+2)\m)—(1+/\m)2‘

and
‘a2m+1| <
in d PL(m+D]y ikl p2(m+1)|y|
min .
{2m2(1+km)2 + m(1+2Am)’ m‘ (m+1) (]+2)\m) (1+>\m)2|

Remark 2.2: If we take,

a(:)=1(:) = ()

=14pzm 4222 +2p33m 4+ ..., 0<p<

and v = A = 1 in Theorem 2.1, the class S (fy, A) reduces to class Sg’:l and we obtain the
following results. '

Corollary 2.2: Let the function £(z) which satisfy the equation (1.2), lies in the subclass Sg
Hence: "

. 2p P 2
< =
|am+‘|mm{m(1+m)’m m+1}’

and

+ -

2 2 2
) pP(m+1) P p
<
(a2m1] < min { 2m2(1+m)>  m(l+2m)" m?
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1—2zm

Remark 2.3: If we take, d (z) = [ (z) = (HZ’“ )p = 1™ 4 2p22m 23 L 0 <
p < landy = A = m = 1 in the Theorem 2.1, the class S;’:l reduces to class S;’:l and we
obtain the following results.

Corollary 2.3: Let the function £(z) given by equation (1.1) be in class Sg’:l. Then we obtain:

laz| < p, and, |as| < p*.

Remark 2.4: Now, taking d (z) =1(2) = 1 +2(1—¢q) 2™ +2(1 —q) 2*™ + 2(1 — q) 2>™ +
+++,0 < g < 1, in the subclass, S5 (7, A) with v € C\ {0} and A > 1 in theorem (2.1), we

deduce the subsequent consequences.

Corollary 2.4:Suppose the function £(z) defined in equation (1.2) exists in the subclass Sg’:lm (7, A).
Then we obtain:

i) 20=qg)|] 4(1-q)vl
|@m41] < min { m(1+Am)’ \/m(m+l)(l+2)\m)—(l+>\m)2| } )

and

) 204m) (1= |y (1-9)|v| (m+D)(1=qg)|v|
|a2m+1] < mm{ m2(1+Am)? + m(1+22m) " m|(m+1)(1422m) — (14+Am)? | } :

Remark 2.5: If we take

d(z) =1(2)
=142(1-¢q)2m+2(1—-q)2*"+...,0< g < 1,

and set ¥ = A = 1 in the theorem 2.1, then the class Sg’:l (v, M) reduces to the class Sg’:l and
deduce the following result.

Corollary 2.5: Suppose the function £(2) satisfying equation (1.2) exists in the subclass Sg’:l .Then
we obtain: "

2(1—gq) 4(1—q) }

< mi
|am+1|_mm{m<l+m)7 2 (m+ 1)

and

< mi
|a2m+1_mm{m2(1+m) m(142m)" m?

2(1 - q)° L+ (1-4q) (1—(1)}_

Remark 2.6: By putting,

d(z) =1(z)
=142(1-¢q) 2" +2(1-q)2*™+..., 0<qg<1,

v = A =1 and setting m = 1 in the theorem 2.1, the class S%’:l reduces to the class S%:l.

m

Corollary 2.6: Suppose the function £(z) satisfying equation (1.1) exists in the subclass Sg.
Then we deduce:
laz] < (1-9q),
and
las| < (1 —q).
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3 Conclusion

‘We have tried to obtain coefficient bounds for the new subclass S%l of bi-univalent functions,

where £(2) and £7!(2) both have the property of m-fold symmetry in the open unit disk A. Fur-
ther, we get some results by using specific values in our main theorem. In the future, we will try

to generalize the new subclass Sg’:l and will try to get upper bounds for the initial coefficients.

m

Also, we can find the logarithmic coefficients for this subclass Sg’:l .

m
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