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Abstract For any two vertices: andv in a connected grapi = (V, E), thetriangle free
detour distance D f(u,v) is the length of a longest — v triangle free path irG. A u — v path
of lengthDa(u,v) is called au — v triangle free detour. A subsetl’ of a weak edge triangle
free detour basis' C V of G is a forcing weak edge triangle free detour subsetsfdr S is the
unique weak edge triangle free detour basis contaifiing he forcing weak edge triangle free
detour number of is fwdnaf(G) = min{ fwdna¢(S)}, where the minimum is taken over all
weak edge triangle free detour basem G. It is shown that for any two positive integerand
bwith 0 < a < b, there exists a connected gra@tsuch thatfwdna ;(G) = a, wdna(G) = b.

1 Introduction

By agraph G = (V, E), we mean a finite undirected connected simple graph. For basic defini-
tions and terminologies, we refer to Chartrand et al. [3].

The concept of geodetic number was introduced by Harary et al. [4]. For vedtimedy in
a connected grap8y, thedistance d(u, v) is the length of a shortest— v path inG. Au —v
path of lengthi(u, v) is called au — v geodesic. A setS C V is calledgeodetic set of G if every
vertex of G lies on a geodesic joining a pair of vertices$f The geodetic number ¢(G) of G
is the minimum order of its geodetic sets and any geodetic set of gtdgris called a geodetic
basis ofG. Let S be a geodetic basis 6f. A subsell” C S is called aorcing geodetic subset for
S if S is the unique geodetic basis containifig A forcing geodetic subset faf of minimum
cardinality is a minimum forcing geodetic subset%fTheforcing geodetic number f,(S) in G
is the cardinality of a minimum forcing geodetic subsefofTheforcing geodetic number of G
is f¢(G) = min{f,(S)}, where the minimum is taken over all geodetic baSés G.

The concept of detour number was introduced by Chartrand et al. [2]d&ber distance
D(u,v) is the length of alongest— v path inG. A v — v path of lengthD(u, v) is called au — v
detour. A setS C V is calleddetour set of G if every vertex ofG lies on a detour joining a pair
of vertices ofS. Thedetour number dn(G) of G is the minimum order of its detour sets and any
detour set of ordefn(G) is called a detour basis 6f. A subsetl’ C S is called &orcing subset
for S'if S is the unique detour basis containifigA forcing subset fotS of minimum cardinality
is a minimum forcing subset &f. Theforcing detour number f,4,(S) in G is the cardinality of
a minimum forcing subset of. Theforcing detour number of G is f4,(G) = min{fa.(S)},
where the minimum is taken over all detour baSeés G.

The concept of weak edge detour number was introduced by Santhakumaran and Athisayanathan
[6]. AsetS C V is called anwveak edge detour set of G if every edge of7 has both ends i§ or
it lies on a detour joining a pair of vertices 8f The weak edge detour number dn.,,(G) of G is
the minimum order of its weak edge detour sets and any weak edge detour set afror&)y
is aweak edge detour basis of G. Let S be a weak edge detour basis@f A subsetl’ C S is
called aforcing subset for S if S is the unique weak edge detour basis contairfing\ forcing
subset forS of minimum cardinality is a minimum forcing subset 8f Theforcing weak edge
detour number of G is fwdna ¢(G) = min{ fa.(S)}, where the minimum is taken over all weak
edge detour basesin G.

The concept of triangle free detour distance was introduced by Keerthi Asir and Athisayanathan
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[5]. A path P is called atriangle free path if no three vertices of” induces a triangle. Thii-
angle free detour distance D (u,v) is the length of a longest — v triangle free path irG. A
u — v path of lengthDa ¢(u, v) is called au — v triangle free detour. Thetriangle free detour
eccentricity e r(v) of a vertex inG is the maximum triangle free detour distance frorto a
vertex of G. Thetriangle free detour radius, R ;(G) of G is the minimum triangle free detour
eccentricity among the vertices 6f, while thetriangle free detour diameter, D ¢(G) of G is
the maximum triangle free detour eccentricity among the verticés of

The concept of triangle free detour number was introduced by SetmalRgam, Keerthi
Asir and Athisayanathan [7]. A sétC V is called a triangle free detour set@fif every vertex
of G lies on a triangle free detour joining a pair of verticessof he triangle free detour number
dnay(G) of G is the minimum order of its triangle free detour sets and any triangle freerdeto
set of orderdna¢(G) is called a triangle free detour basis @f A subsetT of a triangle free
detour basiss of G is a forcing triangle free detour subset #if S is the unique triangle free
detour basis containing. A forcing triangle free detour subset f6rof minimum cardinality
is a minimum forcing triangle free detour subset%fThe forcing triangle free detour number
fann,(S) In G is the cardinality of a minimum forcing triangle free detour subses ofThe
forcing triangle free detour number 6fis fq, ,(G) = min{ fan,,(S)}, where the minimum
is taken over all triangle free detour basem G.

The concept of weak edge triangle free detour number was introdycgdthu Ramalingam,
Keerthi Asir and Athisayanathan [8]. A s&tC V is called aweak edge triangle free detour set
of G if every edge ofG has both ends i¥ or it lies on a detour joining a pair of vertices 6f
Theweak edge triangle free detour number wdna ¢(G) of G is the minimum order of its weak
edge triangle free detour sets and any weak edge triangle free detatfiosgerwdna ¢(G) is
a weak edge triangle free detour basis of G. In this paper, we introduce a forcing weak edge
triangle free detour number in a connected gr&piThe following theorems will be used in the
sequel.

Theorem 1.1.[8] For any connected graph G of order n > 2, 2 < wdna¢(G) < n.
Theorem 1.2.[8] For the complete graph K,,(n > 3), then wdna s (K,,) = n.

Theorem 1.3.8] Let G be an even cycle of order n > 4. Thena set S C V is a weak edge
triangle free detour basis of G if and only if S consists of any two adjacent vertices or two
antipodal vertices of G.

Theorem 1.4.[8] Let G be an odd cycle of order n > 5. Thenaset S C V is a weak edge
triangle free detour basis of G if and only if S consists of any two adjacent vertices of G.

Theorem 1.5.[8] If T" isatree with k end-vertices, then dna s (T) = wdnay(T) = k.

Theorem 1.6.[8] Let G be a complete bipartite graph K. (2 < r < s). Thenaset S C V isa
weak edge triangle free detour basis of G if and only if S’ consists of any two vertices of G.

Theorem 1.7.[8] Every extreme-vertex of a connected graph G belongs to every weak edge
triangle free detour set of G. Also, if the set S of all extreme-vertices of G is a weak edge
triangle free detour set, then S isthe unique weak edge triangle free detour basis for G.

Theorem 1.8.[8] Let G be a connected graph with cut-vertices and S a weak edge triangle free
detour set of G. Then for any cut-vertex v of G, every component of G — v contains an element
of S.

Throughout this papef denotes a connected graph with at least two vertices.

2 Forcing Weak Edge Triangle Free Detour Number of a Graph

Definition 2.1.Let G be a connected graph aisda weak edge triangle free detour basisif

A subsetl’ C S is called a forcing subset fat if S is the unique weak edge triangle free detour
basis containing’. A forcing subset forS of minimum cardinality is a minimum forcing subset
of S. The forcing weak edge triangle free detour numbes pflenoted byfwdna ¢(.S), is the
cardinality of a minimum forcing subset fét. The forcing weak edge triangle free detour num-
ber of G, denoted byfwdna ¢(G), iS fwdnas(G) = min{ fwdnaz(S)}, where the minimum

is taken over all minimum weak edge triangle free detour b&9a<-.
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Example 2.2.For the graph& given in Figure 2.1,51 = {u,v,z}, S2 = {u,v,y} and Sz =
{u,v, z} are the only weak edge triangle free detour baseS b thatfwdnas(G) = 1 and
wdnAf(G) = 3

S0
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o~
S

Figure 2.1 :G
Theorem 2.3.For any connected graph G, 0 < fwdnaf(G) < wdna¢(G).

Proof. It is clear from the definition of wdn ;(G) that fwdnaf(G) > 0. Let S be any weak
edge triangle free detour basis@f Sincefwdnaf(S) < fwdnaf(G) and sincefwdna f(G) =
min{ fwdna(S): Sis aweak edge triangle free detour basi&fit follows that fwdna ;(G) <
wdnAf(G). Thus 0< fwdnAf(G) < wdnAf(G).

If fwdnay(G) = 0, then by definition,fwdna(S) = 0 for some weak edge triangle free
detour basiss of G so that empty seab is the minimum forcing subset ¢f. Since the empty set
@ is a subset of every set, it follows théitis the unique weak edge triangle free detour basis of
G. The converse is clear.

If fwdnayf(G) = wdnay(G), then fwdnay(S) = wdna¢(G) for every weak edge triangle
free detour basis§ in G. Also by Theorenl.1, wdna¢(G) > 2 and hencgfwdna¢(G) > 2.
Then by proof of first part of this theoren; has at least two weak edge triangle free detour
bases and so the empty seis not a forcing subset of any weak edge triangle free detour basis
of G. Since fwdnas(S) = wdnas(G), no proper subset df is a forcing subset of. Thus
no weak edge triangle free detour basisois the unique weak edge triangle free detour basis
containing any of its proper subsets.

Conversely, the data implies thé&t contains more than one weak edge triangle free detour
basis and no subset of any weak edge triangle free detour$attier thans is a forcing subset
for S. Hence it follows thaf wdna s (G) = wdna ¢ (G). i

Theorem 2.4.Let G be connected graph. Then fwdna s(G) = 1ifand onlyif G hasat least two
weak edge triangle free detour bases, one of which is a unique weak edge triangle free detour
basis containing one of its elements.

Proof. Let fwdnaf(G) = 1. ThenG has at least two weak edge triangle free detour bases.
Also, sincefwdna¢(G) = 1, there is a singleton subsEtof a weak edge triangle free detour
basisS of G such thatl’ is not a subset of any other weak edge triangle free detour baé&ls of
Thus S is the unique weak edge triangle free detour basis containing one of itsreteniée
converse is clear. |

Theorem 2.5.Let G be a connected graph G and let & be the set of relative complements of
the minimum forcing subsets in their respective weak edge triangle free detour basisin G. Then
Nres Fisthe set of weak edge triangle free detour edges of G.

Proof. Let W be the set of all weak edge triangle free detour vertice&.ofWe claim that
W = NregF. Letv € W. Thenv is a weak edge triangle free detour vertex®ko thatv
belongs to every weak edge triangle free detour b8 G. We claim that ¢ T. If v € T,
thenT = T — {v} is a proper subset 6f such thatS is the unique weak edge triangle free
detour basis containing’ so thatl” is a forcing subset faf with |7"| < |7, which is a contra-
diction toT" a minimum forcing subset fa§,,. Thusv ¢ T and sov € F, whereF is the relative
complement off" in S. Hencev € NpegF so thati C Npeg F.
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Conversely, leb € NpegF. Thenv belongs to the relative complement®fin S for every
T and everyS such thatl’ C S, whereT is a minimum forcing subset fof. SinceF is the
relative complement df' in S, F C S and sow € S for everyS so thatv is a weak edge triangle
free detour vertex of!. Thusv € W and sonpegF C W. HencelW = NpegF. O

Corollary 2.6. Let G be a connected graph and .S a weak edge triangle free detour basis of G.
Then no weak edge triangle free detour vertex of G' belongs to any minimum forcing set of S.

Proof. The proof is contained in the proof of the first part of Theorem 2.5. O

Theorem 2.7.Let G be the a connected graph and W be the set of all weak edge triangle free
detour vertices of G. Then fwdnay(G) < wdnay(G) — [W].

Proof. Let S be any weak edge triangle free detour basi&oThenwdnas(G) = |S|,W C S
andSs is the unique weak edge triangle free detour basis contain@l’. Thus fwdnaz(S) <
1S = W| =S| = |W| = wdnay(G) — W], o

Proposition 2.8.a) If G is the complete bipartite graphi, (2 < r < s), thenwdna ;(G) =
fwdnAf(G) =2

b) If G is the cycleC,,(n > 4), thenwdna s (G) = fwdnas(G) = 2.
c) If G is atree of orden(n > 2), with k end-vertices, thewdna (G) = k, fwdna(G) = 0.

d) If G is a complete grapk’,, thendna s (G) = nand fan, ,(G) = 0.

Proof. a) By Theoreml.6, a setS of vertices is a weak edge triangle free detour basis if and
only if S consists of any two vertices 6f. For each vertex in G there are two or more vertices
adjacent withv. Thus the vertex belongs to more than one weak edge triangle free detour basis
of G. Hence it follows that no set consisting of a single vertex is a forcingedubs any weak
edge triangle free detour basis@f Thus the result follows.

b) By Theoreml.3or 1.4 (according as+ even or odd), a sef of two adjacent vertices af
is a weak edge triangle free detour basis. For each verie)xG there are two vertices adjacent
with v. Thus the vertex belongs to more than one weak edge triangle free detour baéis of
Hence it follows that no set consisting of a single vertex is a forcing sdbsany weak edge
triangle free detour basis ¢f. Thus the result follows.

c) By Theoreml.5, wdnaf(G) = k. Since the set of all end-vetices of a tree is the unique
weak edge triangle free detour basis, the result follows from The@r@m

d) For K, it follows from Theorenil.4 that the set of all vertices @ is the unique triangle
free detour basis aff. Now, it follows from Theorem 2.3 thaty,,,. , (G) = 0.
O

Theorem 2.9.For any two positive integers a, b with 0 < a < b and b > 2, there exists a
connected graph G such that fwdna f(G) = a, wdnas(G) = b.

Proof. Case 1.a = 0. For eachh > 2, letG be a tree witth end-vertices. Thefiwdna ;(G) = 0
andwdna f(G) = b by Theorem 2.8(c).

Case 2.a > 1. Foreach(1 < i < a), let F; : w;, v, w;, x;,u; be the cycle of order 4 and
let H = K1, be a star ab whose set of end-vertices{sy, z, ....., z,_, }. Let G be the graph
obtained by joining the central vertexof H to both verticesu;, w; of eachF;(1 < i < a).
Clearly the graplt: is connected and is shown in Figure 2.3. Bét= {z1, 2, ....., 2p—q } b€ the
set of all(b — a) end-vertices of5.

First, we show thatvdna¢(G) = b. Then by Theorems 1.7 and 1.8 every weak edge tri-
angle free detour basis contaifi and at least one vertex from eaéh(1 < ¢ < a). Thus
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wdnaf(G) > (b —a) +a = b. On the other hand, since the sgt= W U {v1,v2,...,0,} IS
a weak edge triangle free detour set@f it follows thatwdnas(G) < |S1| = b. Therefore
IUdTLgf((;) =b.

Next we show thafwdna s(G) = a. Itis clear thatiV is the set of all weak edge triangle
free detour vertices af'. Hence it follows from Theorer.7 that fwdna s (G) < wdna¢(G) —
[W| =b— (b—a) = a. Now, sincewdna¢(G) = b, it is easily seen that a sétis a weak
edge triangle free detour basis @Gfif and only if S is of the formS = W U {y1,v2, ..., ¥a },
wherey; € {v;,z;} C V(F;)(1 <i < a). LetT be a subset of with |T| < a. Then there is
avertexy;(1 < j < a) such thaty; ¢ T. Lets; € {v;,z;} C V(F};) disjoint fromy;. Then
S" = (S —{y;}) U {s;} is a weak edge triangle free detour basis that contiriEhuss is not
the unique weak edge triangle free detour basis contaifinthus fwdna ¢ (S) > a. Since this
is true for all weak edge triangle free detour basig:oft follows that fwdna f(G) > a and so
fwdnaf(G) = a.

Figure 2.3 :G
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