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Abstract For any two verticesu andv in a connected graphG = (V,E), the triangle free
detour distance D△f (u, v) is the length of a longestu − v triangle free path inG. A u − v path
of lengthD△f (u, v) is called au − v triangle free detour. A subsetT of a weak edge triangle
free detour basisS ⊆ V of G is a forcing weak edge triangle free detour subset forS if S is the
unique weak edge triangle free detour basis containingT . The forcing weak edge triangle free
detour number ofG is fwdn△f (G) = min{fwdn△f(S)}, where the minimum is taken over all
weak edge triangle free detour basesS in G. It is shown that for any two positive integersa and
b with 0 ≤ a ≤ b, there exists a connected graphG such thatfwdn△f (G) = a, wdn△f (G) = b.

1 Introduction

By a graph G = (V,E), we mean a finite undirected connected simple graph. For basic defini-
tions and terminologies, we refer to Chartrand et al. [3].

The concept of geodetic number was introduced by Harary et al. [4]. For verticesu andv in
a connected graphG, thedistance d(u, v) is the length of a shortestu − v path inG. A u − v
path of lengthd(u, v) is called au− v geodesic. A setS ⊆ V is calledgeodetic set of G if every
vertex ofG lies on a geodesic joining a pair of vertices ofS. Thegeodetic number g(G) of G
is the minimum order of its geodetic sets and any geodetic set of orderg(G) is called a geodetic
basis ofG. LetS be a geodetic basis ofG. A subsetT ⊆ S is called aforcing geodetic subset for
S if S is the unique geodetic basis containingT . A forcing geodetic subset forS of minimum
cardinality is a minimum forcing geodetic subset ofS. Theforcing geodetic number fg(S) in G
is the cardinality of a minimum forcing geodetic subset ofS. Theforcing geodetic number of G
is fg(G) = min{fg(S)}, where the minimum is taken over all geodetic basesS in G.

The concept of detour number was introduced by Chartrand et al. [2]. Thedetour distance
D(u, v) is the length of a longestu− v path inG. A u− v path of lengthD(u, v) is called au− v
detour. A setS ⊆ V is calleddetour set of G if every vertex ofG lies on a detour joining a pair
of vertices ofS. Thedetour number dn(G) of G is the minimum order of its detour sets and any
detour set of orderdn(G) is called a detour basis ofG. A subsetT ⊆ S is called aforcing subset
for S if S is the unique detour basis containingT . A forcing subset forS of minimum cardinality
is a minimum forcing subset ofS. Theforcing detour number fdn(S) in G is the cardinality of
a minimum forcing subset ofS. The forcing detour number of G is fdn(G) = min{fdn(S)},
where the minimum is taken over all detour basesS in G.

The concept of weak edge detour number was introduced by Santhakumaran and Athisayanathan
[6]. A setS ⊆ V is called anweak edge detour set of G if every edge ofG has both ends inS or
it lies on a detour joining a pair of vertices ofS. Theweak edge detour number dnw(G) of G is
the minimum order of its weak edge detour sets and any weak edge detour set of orderdnw(G)
is aweak edge detour basis of G. Let S be a weak edge detour basis ofG. A subsetT ⊆ S is
called aforcing subset for S if S is the unique weak edge detour basis containingT . A forcing
subset forS of minimum cardinality is a minimum forcing subset ofS. Theforcing weak edge
detour number of G is fwdn△f (G) = min{fdn(S)}, where the minimum is taken over all weak
edge detour basesS in G.

The concept of triangle free detour distance was introduced by Keerthi Asir and Athisayanathan
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[5]. A pathP is called atriangle free path if no three vertices ofP induces a triangle. Thetri-
angle free detour distance D△f(u, v) is the length of a longestu − v triangle free path inG. A
u − v path of lengthD△f(u, v) is called au − v triangle free detour. The triangle free detour
eccentricity e△f(v) of a vertex inG is the maximum triangle free detour distance fromv to a
vertex ofG. The triangle free detour radius, R△f (G) of G is the minimum triangle free detour
eccentricity among the vertices ofG, while thetriangle free detour diameter, D△f (G) of G is
the maximum triangle free detour eccentricity among the vertices ofG.

The concept of triangle free detour number was introduced by Sethu Ramalingam, Keerthi
Asir and Athisayanathan [7]. A setS ⊆ V is called a triangle free detour set ofG if every vertex
of G lies on a triangle free detour joining a pair of vertices ofS. The triangle free detour number
dn△f (G) of G is the minimum order of its triangle free detour sets and any triangle free detour
set of orderdn△f (G) is called a triangle free detour basis ofG. A subsetT of a triangle free
detour basisS of G is a forcing triangle free detour subset forS if S is the unique triangle free
detour basis containingT . A forcing triangle free detour subset forS of minimum cardinality
is a minimum forcing triangle free detour subset ofS. The forcing triangle free detour number
fdn△f

(S) in G is the cardinality of a minimum forcing triangle free detour subset ofS. The
forcing triangle free detour number ofG is fdn△f

(G) = min{fdn△f
(S)}, where the minimum

is taken over all triangle free detour basesS in G.
The concept of weak edge triangle free detour number was introducedby Sethu Ramalingam,

Keerthi Asir and Athisayanathan [8]. A setS ⊆ V is called aweak edge triangle free detour set
of G if every edge ofG has both ends inS or it lies on a detour joining a pair of vertices ofS.
Theweak edge triangle free detour number wdn△f (G) of G is the minimum order of its weak
edge triangle free detour sets and any weak edge triangle free detour set of orderwdn△f (G) is
a weak edge triangle free detour basis of G. In this paper, we introduce a forcing weak edge
triangle free detour number in a connected graphG. The following theorems will be used in the
sequel.

Theorem 1.1.[8] For any connected graph G of order n ≥ 2, 2 ≤ wdn△f (G) ≤ n.

Theorem 1.2.[8] For the complete graph Kn(n ≥ 3), then wdn△f (Kn) = n.

Theorem 1.3.[8] Let G be an even cycle of order n ≥ 4. Then a set S ⊆ V is a weak edge
triangle free detour basis of G if and only if S consists of any two adjacent vertices or two
antipodal vertices of G.

Theorem 1.4.[8] Let G be an odd cycle of order n ≥ 5. Then a set S ⊆ V is a weak edge
triangle free detour basis of G if and only if S consists of any two adjacent vertices of G.

Theorem 1.5.[8] If T is a tree with k end-vertices, then dn△f (T ) = wdn△f (T ) = k.

Theorem 1.6.[8] Let G be a complete bipartite graph Kr,s(2 ≤ r ≤ s). Then a set S ⊆ V is a
weak edge triangle free detour basis of G if and only if S consists of any two vertices of G.

Theorem 1.7.[8] Every extreme-vertex of a connected graph G belongs to every weak edge
triangle free detour set of G. Also, if the set S of all extreme-vertices of G is a weak edge
triangle free detour set, then S is the unique weak edge triangle free detour basis for G.

Theorem 1.8.[8] Let G be a connected graph with cut-vertices and S a weak edge triangle free
detour set of G. Then for any cut-vertex v of G, every component of G − v contains an element
of S.

Throughout this paperG denotes a connected graph with at least two vertices.

2 Forcing Weak Edge Triangle Free Detour Number of a Graph

Definition 2.1.Let G be a connected graph andS a weak edge triangle free detour basis ofG.
A subsetT ⊆ S is called a forcing subset forS if S is the unique weak edge triangle free detour
basis containingT . A forcing subset forS of minimum cardinality is a minimum forcing subset
of S. The forcing weak edge triangle free detour number ofS, denoted byfwdn△f (S), is the
cardinality of a minimum forcing subset forS. The forcing weak edge triangle free detour num-
ber ofG, denoted byfwdn△f (G), is fwdn△f (G) = min{fwdn△f(S)}, where the minimum
is taken over all minimum weak edge triangle free detour basesS in G.



978 S. Sethu Ramalingam and S. Athisayanathan

Example 2.2.For the graphG given in Figure 2.1,S1 = {u, v, x}, S2 = {u, v, y} andS3 =
{u, v, z} are the only weak edge triangle free detour bases ofG so thatfwdn△f (G) = 1 and
wdn△f (G) = 3.

u s z t v

x y

Figure 2.1 :G

Theorem 2.3.For any connected graph G, 0 ≤ fwdn△f (G) ≤ wdn△f (G).

Proof. It is clear from the definition offwdn△f (G) thatfwdn△f (G) ≥ 0. Let S be any weak
edge triangle free detour basis ofG. Sincefwdn△f (S) ≤ fwdn△f (G) and sincefwdn△f (G) =
min{fwdn△f (S): S is a weak edge triangle free detour basis ofG}, it follows that fwdn△f (G) ≤
wdn△f (G). Thus 0≤ fwdn△f (G) ≤ wdn△f (G).

If fwdn△f (G) = 0, then by definition,fwdn△f (S) = 0 for some weak edge triangle free
detour basisS of G so that empty setΦ is the minimum forcing subset ofS. Since the empty set
Φ is a subset of every set, it follows thatS is the unique weak edge triangle free detour basis of
G. The converse is clear.

If fwdn△f (G) = wdn△f (G), thenfwdn△f (S) = wdn△f (G) for every weak edge triangle
free detour basisS in G. Also by Theorem1.1, wdn△f (G) ≥ 2 and hencefwdn△f (G) ≥ 2.
Then by proof of first part of this theorem ,G has at least two weak edge triangle free detour
bases and so the empty setΦ is not a forcing subset of any weak edge triangle free detour basis
of G. Sincefwdn△f (S) = wdn△f (G), no proper subset ofS is a forcing subset ofS. Thus
no weak edge triangle free detour basis ofG is the unique weak edge triangle free detour basis
containing any of its proper subsets.

Conversely, the data implies thatG contains more than one weak edge triangle free detour
basis and no subset of any weak edge triangle free detour basisS other thanS is a forcing subset
for S. Hence it follows thatfwdn△f (G) = wdn△f (G).

Theorem 2.4.Let G be connected graph. Then fwdn△f (G) = 1 if and only if G has at least two
weak edge triangle free detour bases, one of which is a unique weak edge triangle free detour
basis containing one of its elements.

Proof. Let fwdn△f (G) = 1. ThenG has at least two weak edge triangle free detour bases.
Also, sincefwdn△f (G) = 1, there is a singleton subsetT of a weak edge triangle free detour
basisS of G such thatT is not a subset of any other weak edge triangle free detour basis ofG.
ThusS is the unique weak edge triangle free detour basis containing one of its elements. The
converse is clear.

Theorem 2.5.Let G be a connected graph G and let ℑ be the set of relative complements of
the minimum forcing subsets in their respective weak edge triangle free detour basis in G. Then
∩F∈ℑF is the set of weak edge triangle free detour edges of G.

Proof. Let W be the set of all weak edge triangle free detour vertices ofG. We claim that
W = ∩F∈ℑF . Let v ∈ W . Thenv is a weak edge triangle free detour vertex ofG so thatv
belongs to every weak edge triangle free detour basisS of G. We claim thatv /∈ T . If v ∈ T ,
thenT

′

= T − {v} is a proper subset ofT such thatS is the unique weak edge triangle free
detour basis containingT

′

so thatT
′

is a forcing subset forS with |T
′

| < |T |, which is a contra-
diction toT a minimum forcing subset forSx. Thusv /∈ T and sov ∈ F , whereF is the relative
complement ofT in S. Hencev ∈ ∩F∈ℑF so thatW ⊆ ∩F∈ℑF .
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Conversely, letv ∈ ∩F∈ℑF . Thenv belongs to the relative complement ofT in S for every
T and everyS such thatT ⊆ S, whereT is a minimum forcing subset forS. SinceF is the
relative complement ofT in S, F ⊆ S and sov ∈ S for everyS so thatv is a weak edge triangle
free detour vertex ofG. Thusv ∈ W and so∩F∈ℑF ⊆ W . HenceW = ∩F∈ℑF .

Corollary 2.6. Let G be a connected graph and S a weak edge triangle free detour basis of G.
Then no weak edge triangle free detour vertex of G belongs to any minimum forcing set of S.

Proof. The proof is contained in the proof of the first part of Theorem 2.5.

Theorem 2.7.Let G be the a connected graph and W be the set of all weak edge triangle free
detour vertices of G. Then fwdn△f (G) ≤ wdn△f (G)− |W |.

Proof. Let S be any weak edge triangle free detour basis ofG. Thenwdn△f (G) = |S|,W ⊆ S
andS is the unique weak edge triangle free detour basis containingS−W . Thusfwdn△f (S) ≤
|S −W | = |S| − |W | = wdn△f (G)− |W |.

Proposition 2.8.a) If G is the complete bipartite graphKr,s(2 ≤ r ≤ s), thenwdn△f (G) =
fwdn△f (G) = 2.

b) If G is the cycleCn(n ≥ 4), thenwdn△f (G) = fwdn△f (G) = 2.

c) If G is a tree of ordern(n ≥ 2), with k end-vertices, thenwdn△f (G) = k, fwdn△f (G) = 0.

d) If G is a complete graphKn, thendn△f (G) = n andfdn△f
(G) = 0.

Proof. a) By Theorem1.6, a setS of vertices is a weak edge triangle free detour basis if and
only if S consists of any two vertices ofG. For each vertexv in G there are two or more vertices
adjacent withv. Thus the vertexv belongs to more than one weak edge triangle free detour basis
of G. Hence it follows that no set consisting of a single vertex is a forcing subset for any weak
edge triangle free detour basis ofG. Thus the result follows.

b) By Theorem1.3or 1.4(according asG even or odd), a setS of two adjacent vertices ofG
is a weak edge triangle free detour basis. For each vertexv in G there are two vertices adjacent
with v. Thus the vertexv belongs to more than one weak edge triangle free detour basis ofG.
Hence it follows that no set consisting of a single vertex is a forcing subset for any weak edge
triangle free detour basis ofG. Thus the result follows.

c) By Theorem1.5, wdn△f (G) = k. Since the set of all end-vetices of a tree is the unique
weak edge triangle free detour basis, the result follows from Theorem2.3.

d) ForKn, it follows from Theorem1.4that the set of all vertices ofG is the unique triangle
free detour basis ofG. Now, it follows from Theorem 2.3 thatfdn△f

(G) = 0.

Theorem 2.9.For any two positive integers a, b with 0 ≤ a ≤ b and b ≥ 2, there exists a
connected graph G such that fwdn△f (G) = a, wdn△f (G) = b.

Proof. Case 1.a = 0. For eachb ≥ 2, letG be a tree withb end-vertices. Thenfwdn△f (G) = 0
andwdn△f (G) = b by Theorem 2.8(c).

Case 2.a ≥ 1. For eachi(1 ≤ i ≤ a), let Fi : ui, vi, wi, xi, ui be the cycle of order 4 and
let H = K1,b−a be a star atv whose set of end-vertices is{z1, z2, ....., zb−a}. LetG be the graph
obtained by joining the central vertexv of H to both verticesui, wi of eachFi(1 ≤ i ≤ a).
Clearly the graphG is connected and is shown in Figure 2.3. LetW = {z1, z2, ....., zb−a} be the
set of all(b− a) end-vertices ofG.

First, we show thatwdn△f (G) = b. Then by Theorems 1.7 and 1.8 every weak edge tri-
angle free detour basis containsW and at least one vertex from eachFi(1 ≤ i ≤ a). Thus
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wdn△f (G) ≥ (b − a) + a = b. On the other hand, since the setS1 = W ∪ {v1, v2, ..., va} is
a weak edge triangle free detour set ofG, it follows thatwdn△f (G) ≤ |S1| = b. Therefore
wdn△f (G) = b.

Next we show thatfwdn△f (G) = a. It is clear thatW is the set of all weak edge triangle
free detour vertices ofG. Hence it follows from Theorem2.7thatfwdn△f (G) ≤ wdn△f (G)−
|W | = b − (b − a) = a. Now, sincewdn△f (G) = b, it is easily seen that a setS is a weak
edge triangle free detour basis ofG if and only if S is of the formS = W ∪ {y1, y2, ...., ya},
whereyi ∈ {vi, xi} ⊆ V (Fi)(1 ≤ i ≤ a). Let T be a subset ofS with |T | < a. Then there is
a vertexyj(1 ≤ j ≤ a) such thatyj /∈ T . Let sj ∈ {vj, xj} ⊆ V (Fj) disjoint from yj. Then
S

′

= (S − {yj}) ∪ {sj} is a weak edge triangle free detour basis that containsT . ThusS is not
the unique weak edge triangle free detour basis containingT . Thusfwdn△f (S) ≥ a. Since this
is true for all weak edge triangle free detour basis ofG, it follows thatfwdn△f (G) ≥ a and so
fwdn△f (G) = a.

v
z1

z2

zb−a

y1 x1

w1v1 y2

x2

w2

v2

ya
va

xa wa

Figure 2.3 :G
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