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Abstract In the present work, we investigate five new generalised integral formulae by in-
volving the extension form of the Hurwitz-Lerch zeta function and obtain the results in the form
of a hypergeometric function in product form by using the properties of the Hadamard prod-
uct, from which two power series emerge. Furthermore, we also address their special cases by
making suitable substitutions. The results obtained here are of a general nature and far more
auspicious in the study of applied science, engineering and technology problems.

1 Introduction and Preliminaries

In the field of science and technology, integral formulae are very useful couse of the implemen-
tation of the relevant problems. As we know that several integral mechanisms have already been
developed but due to time requirements, we are also contributing to the development of new
integral formulae associated with Hurwitz-Lerch zeta function.
The Hurwitz-Lerch Zeta function (1.1) and its integral assertion (1.2) are respectively concrete
by (see [1] pp. 27, [5] pp. 121 and [6] pp. 194) as below:

φ(z, ε, ρ) =
∞∑
l=0

zl

(n+ ρ)ε
, (ρ ∈ C\z−0 , ε ∈ C, for |z| < 1;<(ε) > 1, when |z| = 1). (1.1)

Besides

φ(z, ε, ρ) =
1

Γ(ε)

∫ ∞
0

tε−1e−ρt

1− ze−t
dt =

1
Γ(ε)

∫ ∞
0

tε−1e−(ρ−1)t

et − z
dt, (1.2)

(<(ε) > 0,<(ρ) > 0 for |z| ≤ 1(z 6= 1);<(ε) > 1, when z = 1).
In this sequel, Goyal and Laddha [4] and Garg et al. [3] defined the new extension formula

of Hurwitz-Lerch Zeta function in (1.3) and (1.5) respectively and also defined their integral
representation as in (1.4) and (1.6) respectively.

φ∗γ(z, ε, ρ) =
∞∑
l=0

(γ)n
l!

zl

(n+ ρ)ε
, (1.3)

(γ ∈ C, ρ ∈ C\z−0 , ε ∈ C when |z| < 1;<(ε− γ) > 1 when |z| = 1),

φ∗γ(z, ε, ρ) =
1

Γ(ε)

∫ ∞
0

tε−1e−ρt

(1− ze−t)γ
dt =

1
Γ(ε)

∫ ∞
0

tε−1e−(ρ−γ)t

(et − z)γ
dt, (1.4)

(<(ε) > 0,<(ρ) > 0 when |z| ≤ 1(z 6= 1);<(ε) > 1 when z = 1).
And

φγ,u;v(z, ε, ρ) =
∞∑
l=0

(γ)l(u)l
(v)ll!

zl

(l+ ρ)ε
, (1.5)
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(γ, u, v ∈ C, ρ ∈ C\z−0 , ε ∈ C when |z| < 1;<(ε+ v − γ − u) > 1 when |z| = 1),

φγ,u;v(z, ε, ρ) =
1

Γ(ε)

∫ ∞
0

tε−1e−ρt2F1(γ, u; v; ze−t)dt, (1.6)

(<(ε) > 0,<(ρ) > 0 when |z| ≤ 1(z 6= 1);<(ε) > 1 when z = 1).
In addition, Parmar [13] introduced and investigated the new extension of the Hurwitz-Lerch

Zeta function in the form of beta function as

φγ,u;v(z, ε, ρ; p) =
∞∑
l=0

(γ)lB(u+ l, v − u; p)
B(u, v − u)l!

zl

(l+ ρ)ε
, (1.7)

where p ≥ 0, γ, u, v ∈ C, ρ ∈ C\Z−0 , ε ∈ C when |z| < 1,<(ε+v−γ−u) > 1 when |z| = 1.
Where B(ϑ, ϕ; p) is the extended beta function which is investigated by Chaudhry et al. [1]

as follow

B(ϑ, ϕ; p) = Bp(ϑ, ϕ) =

∫ 1

0
tϑ−1(1− t)ϕ−1e

− p
t(1−t) dt, (1.8)

where <(p) > 0,<(ϑ) > 0,<(ϕ) > 0.
Shadab et al. [17] recently developed a new and updated version of beta function extension,which
goes like this:

Bεp(ϑ, ϕ) = B(ϑ, ϕ; p, ε) =
∫ 1

0
tϑ−1(1− t)ϕ−1Eε

(
− p

t(1− t)

)
dt, (1.9)

where <(r) > 0,<(s) > 0 and Eε (.) is the Mittag-Leffler function given as

Eε (z) =
∞∑
l=0

zl

Γ(εl+ 1)
. (1.10)

Recently, Rahman et al. [15] have created a new extension of the Hurwitz-Lerch zeta function
in the form of extended beta function (1.9) as

φγ,u;v[z, ε, ρ; p, δ] = φδγ,u;v[z, ε, ρ; p] =
∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u) l!

zl

(l+ ρ)ε
, (1.11)

where [γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 , ε ∈ C when |z| < 1,<(ε+ v− γ − u) > 1 when
|z| = 1].

For our present investigation, we need some integral formulae which are given by Mac Robert
[6], Oberhettinger [12] and Lavoie-Trottier [5] in equation (1.12), (1.13) and (1.14) respectively
are as follows: ∫ 1

0
yς−1(1− y)ε−1[cy + d(1− y)]−ς−εdy = 1

cςdε
Γ(ς)Γ(ε)

Γ(ς + ε)
, (1.12)

provided that <(ς) > 0,<(ε) > 0, c and d are nonzero constants so the expression cy+d(1−
y), where 0 ≤ y ≤ 1.∫ ∞

0
θε−1

(
θ + c+

√
(θ2 + 2cθ)

)−ς
dθ = 2ςc−ς

( c
2

)ε Γ(2ε)Γ(ς − ε)
Γ(1 + ε+ ς)

, (1.13)

provided that 0 < <(ε) < <(ς).∫ 1

0
θς−1 (1− θ)2ε−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε−1

dθ =

(
2
3

)2ς
Γ(ς)Γ(ε)

Γ(ς + ε)
, (1.14)

provided that <(ς) > 0,<(ε) > 0.
Here we also recall Hadamard product of two analytic functions which are helpful in our current
exploration. This will help us to ablate the function which has emerged into the product of two
known functions. Let’s have 2 power series be
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f(x) =
∑∞
n=0 anx

n (|x| < Rf ) and g(x) =
∑∞
n=0 bnx

n (|x| < Rg),
whereRf andRg are radii of convergence respectively. Then their Hadamard product [6],[14],[16]
is describes by the power series as

(f ∗ g)(x) =
∞∑
n=0

anbnx
n = (g ∗ f)(x) (|x| < R), (1.15)

where R = lim
n→∞

∣∣∣ anbn
an+1bn+1

∣∣∣ = ( lim
n→∞

∣∣∣ anan+1

∣∣∣) .( lim
n→∞

∣∣∣ bnbn+1

∣∣∣) = Rf .Rg,
in general R ≥ Rf .Rg.
Several authors contributed in the field of special functions and also associated with Baskakov-
Durrmeyer-Stancu type operators see ([7]-[11]). We also recall the generalized hypergeometric
function [2] with r and s are numerator and denominator respectively demarcated as

rFs

(
u1, u2, ..., ur;
v1, v2, ..., vs;

z

)
=
∞∑
l=0

(u1)l(u2)l...(ur)l
(v1)l(v2)l...(vs)l

zl

l!
, (1.16)

where z, ui, vj ∈ C, i = 1, 2, ...r, j = 1, 2, ..., s and vj is nonzero, non-negative integer.

2 Main Results

In this section we define five generalized integral formulae by inserting the extension form of
Hurwitz-Lerch zeta function (1.11) into the integral formulae (1.12), (1.13) and (1.14) by taking
suitable argument into the integrand.

Theorem 1: Let us suppose that <(ς) > 0,<(ε) > 0, γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 , c and
d are nonzero constants and 0 ≤ y ≤ 1, then∫ 1

0
yς−1(1− y)ε−1[cy + d(1− y)]−ς−εφδγ,u;v

(
2cdy(1− y)

{cy + d(1− y)}2 , ε, ρ; p
)
dy

=
B(ς, ε)

cςdε
φδγ,u;v

(
1
2
, ε, ρ; p

)
∗ 3F2

[
ς, ε, 1;

ς + ε

2
,
ς + ε+ 1

2
;

1
2

]
. (2.1)

Proof: For our convenience L.H.S. is denoted by I1, and by making the use of equation (1.11),
then we have

I1 =

∫ 1

0
yς−1(1− y)ε−1[cy+ d(1− y)]−ς−ε

∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u)(l+ ρ)εl!

[
2cdy(1− y)

{cy + d(1− y)}2

]l
dy

now we are adjusting the order of integration and summation,

I1 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)(2cd)l

B(u, v − u)(l+ ρ)εl!

∫ 1

0
yς+l−1(1− y)ε+l−1[cy + d(1− y)]−ς−ε−2ldy

by making the use of equation (1.12), after some arrangements and simplification, we get

I1 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)2l

B(u, v − u)(l+ ρ)εl!
Γ(ς)(ς)lΓ(ε)(ε)l

cςdε22l
(
ς+ε

2

)
l

(
ς+ε+1

2

)
l
Γ(ς + ε)

(2.2)

now we are applying the Hadamard product (1.15) in (2.2) and making the use of (1.11) and
(1.16), then we get the wanted outcome.

Theorem 2: Let us suppose that 0 < <(ε) < <(ς), c ∈ N, γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 ,
then

∫ ∞
0

θε−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς
φδγ,u;v

 y(
θ + c+

√
(θ2 + 2cθ)

) , ε, ρ; p

 dθ
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= 21−εcε−ςς Γ(2ε)
Γ(ς − ε)

Γ(ε+ ς + 1)

×φδγ,u;v

(y
c
, ε, ρ; p

)
∗ 3F2

[
ς + 1, ς − ε, 1; ς, ς + ε+ 1;

y

c

]
. (2.3)

Proof: For our convenience L.H.S. is denoted by I2, and by making the use of equation (1.11),
then we have

I2 =

∫ ∞
0

θε−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς ∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u)(l+ ρ)εl!

×

 y(
θ + c+

√
(θ2 + 2cθ)

)
l dθ

now we are adjusting the order of integration and summation,

I2 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)yl

B(u, v − u)(l+ ρ)εl!

∫ ∞
0

θε−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς−l
dθ

by making the use of equation (1.13), after some simplification and rearranging the terms, we
get

I2 = 21−εcε−ςς Γ(2ε)
Γ(ς − ε)

Γ(ε+ ς + 1)

∞∑
l=0

(γ)lBδp(u+ l, v − u)(ς + 1)l(ς − ε)l
B(u, v − u)(l+ ρ)ε(ς)l(ε+ ς + 1)ll!

(y
c

)l
(2.4)

now we apply the Hadamard product (1.15) in (2.4), and making the use of (1.11) and (1.16),
then we get the wanted consequence.

Theorem 3: Let us suppose that 0 < <(ε) < <(ς), c ∈ N, γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 ,
then

∫ ∞
0

θε−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς
φδγ,u;v

 yθ(
θ + c+

√
(θ2 + 2cθ)

) , ε, ρ; p

 dθ

= 21−εcε−ςς Γ(2ε)
Γ(ς − ε)

Γ(ε+ ς + 1)
φδγ,u;v

(y
2
, ε, ρ; p

)
∗ 4F3

[
ς + 1, ε, ε+

1
2
, 1; ς,

ε+ ς + 1
2

,
ε+ ς + 2

2
;
y

2

]
. (2.5)

Proof: For our convenience L.H.S. is denoted by I3, and by making the use of equation (1.11),
then we have

I3 =

∫ ∞
0

θε−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς ∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u)(l+ ρ)εl!

×

 yθ(
θ + c+

√
(θ2 + 2cθ)

)
l dθ

now we are adjusting the order of integration and summation,

I3 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)yl

B(u, v − u)(l+ ρ)εl!

∫ ∞
0

θε+l−1
(
θ + c+

√
(θ2 + 2cθ)

)−ς−l
dθ
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by making the use of equation (1.13), after some simplification and rearranging the terms, we
get

I3 = 21−εcε−ςς Γ(2ε)
Γ(ς − ε)

Γ(ε+ ς + 1)

∞∑
l=0

(γ)lBδp(u+ l, v − u)(ς + 1)l(ε)l
(
ε+ 1

2

)
l

B(u, v − u)(l+ ρ)ε(ς)l
(
ε+ς+1

2

)
l

(
ε+ς+2

2

)
l
l!

(y
2

)l
(2.6)

now we put on the Hadamard product (1.15) in (2.6), and making the use of (1.11) and (1.16),
then we get the awaited result.

Theorem 4: Let us suppose that <(ς) > 0,<(ε) > 0, γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 , then

∫ 1

0
θς−1 (1− θ)2ε−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε−1

φδγ,u;v

[
y

(
1− θ

4

)
(1− θ)2

, ε, ρ; p
]
dθ

=

(
2
3

)2ς

B(ς, ε)φδγ,u;v (y, ε, ρ; p) ∗ 2F1 [ε, 1; ς + ε; y] . (2.7)

Proof: For our convenience L.H.S. is denoted by I4, and by making the use of equation (1.11),
then we have

I4 =

∫ 1

0
θς−1 (1− θ)2ε−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε−1 ∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u)(l+ ρ)εl!

×yl
(

1− θ

4

)l
(1− θ)2l

dθ

now we are adjusting the order of integration and summation,

I4 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)yl

B(u, v − u)(l+ ρ)εl!

∫ 1

0
θς−1 (1− θ)2(ε+l)−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε+l−1

dθ

by making the use of equation (1.14), and further simplification and rearranging the terms, we
get

I4 =

(
2
3

)2ς

B(ς, ε)
∞∑
l=0

(γ)lBδp(u+ l, v − u)(ε)lyl

B(u, v − u)(l+ ρ)ε(ς + ε)ll!
(2.8)

now we apply the Hadamard product (1.15) in (2.8), and making the use of (1.11) and (1.16),
then we get the wanted outcome.

Theorem 5: Let us suppose that <(ς) > 0,<(ε) > 0, γ, u, v ∈ C, p ≥ 0, δ > 0, ρ ∈ C\z−0 , then

∫ 1

0
θς−1 (1− θ)2ε−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε−1

φδγ,u;v

[
yθ

(
1− θ

3

)2

, ε, ρ; p

]
dθ

=

(
2
3

)2ς

B(ς, ε)φδγ,u;v

(
4y
9
, ε, ρ; p

)
∗ 2F1

[
ς, 1; ς + ε;

4y
9

]
. (2.9)

Proof: For our convenience L.H.S. is denoted by I5, and by making the use of equation (1.11),
then we have

I5 =

∫ 1

0
θς−1 (1− θ)2ε−1

(
1− θ

3

)2ς−1(
1− θ

4

)ε−1 ∞∑
l=0

(γ)lBδp(u+ l, v − u)
B(u, v − u)(l+ ρ)εl!

ylθl

×
(

1− θ

3

)2l

dθ
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now we are adjusting the order of integration and summation,

I5 =
∞∑
l=0

(γ)lBδp(u+ l, v − u)yl

B(u, v − u)(l+ ρ)εl!

∫ 1

0
θς+l−1 (1− θ)2ε−1

(
1− θ

3

)2(ς+l)−1(
1− θ

4

)ε−1

dθ

by making the use of equation (1.14), and further simplification and rearranging the terms, we
get

I5 =

(
2
3

)2ς

B(ς, ε)
∞∑
l=0

(γ)lBδp(u+ l, v − u)(ς)l
B(u, v − u)(l+ ρ)ε(ς + ε)ll!

(
4y
9

)l
(2.10)

now we apply the Hadamard product (1.15) in (2.10), and making the use of (1.11) and (1.16),
then we get the anticipated consequence.

3 Special cases

In this section we are going to find some integral formulae by substituting particular values, If we
put δ = p = 1 in (2.1),(2.3),(2.5),(2.7) and (2.9), then we have our results in the form Hadamard
product of Hurwitz-Lerch zeta function investigated by Garg et al. [3] with hypergeometric func-
tion, which are defined in the following Corollaries. As if we put ς = ε = c = d = δ = p = 1,
in (2.1) then we have Corollary 1 as below:

Corollary 1: Let us suppose that<(ς) > 0,<(ε) > 0, γ, u, v ∈ C, ρ ∈ C\z−0 , c and d are nonzero
constants and 0 ≤ y ≤ 1. then∫ 1

0
φγ,u;v [2y(1− y), ε, ρ] dy = φγ,u;v

(
1
2
, ε, ρ

)
∗ 2F1

[
1, 1;

3
2

;
1
2

]
. (3.1)

Similarly, as if we put ε = δ = p = 1, ς = 2, in (2.3) and (2.5), then we have Corollary 2 and
Corollary 3 as follows:

Corollary 2: Let us suppose that 0 < <(ε) < <(ς), c ∈ N, γ, u, v ∈ C, ρ ∈ C\z−0 , then

∫ ∞
0

(
θ + c+

√
(θ2 + 2cθ)

)−2

φγ,u;v

 y(
θ + c+

√
(θ2 + 2cθ)

) , ε, ρ
 dθ

=
1
3c
φγ,u;v

(y
c
, ε, ρ

)
∗ 3F2

[
3, 1, 1; 2, 4;

y

c

]
. (3.2)

Corollary 3: Let us suppose that 0 < <(ε) < <(ς), c ∈ N, γ, u, v ∈ C, ρ ∈ C\z−0 , then

∫ ∞
0

(
θ + c+

√
(θ2 + 2cθ)

)−2

φγ,u;v

 yθ(
θ + c+

√
(θ2 + 2cθ)

) , ε, ρ
 dθ

=
1
3c
φγ,u;v

(y
2
, ε, ρ

)
∗ 4F3

[
3, 1,

3
2
, 1; 2, 2,

5
2

;
y

2

]
. (3.3)

In this manner if we substitute ς = 1, ε = δ = p = 1, in (2.7) and (2.9), then we have Corollary
4 and Corollary 5 as follows:
Corollary 4: Let us suppose that <(ς) > 0,<(ε) > 0, γ, u, v ∈ C, ρ ∈ C\z−0 , then∫ 1

0
(1− θ)

(
1− θ

3

)
φγ,u;v

[
y

(
1− θ

4

)
(1− θ)2

, ε, ρ

]
dθ

=
4
9
φγ,u;v (y, ε, ρ) ∗ 2F1 [1, 1; 2; y] . (3.4)

Corollary 5: Let us suppose that <(ς) > 0,<(ε) > 0, γ, u, v ∈ C, ρ ∈ C\z−0 , then
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∫ 1

0
(1− θ)

(
1− θ

3

)
φγ,u;v

[
yθ

(
1− θ

3

)2

, ε, ρ

]
dθ

=
4
9
φγ,u;v

(
4y
9
, ε, ρ

)
∗ 2F1

[
1, 1; 2;

4y
9

]
. (3.5)

4 Conclusion

In this present investigation, we defined five new generalised integral formulae by involving the
extension form of the Hurwitz-Lerch zeta function and deduced the results in the form of hy-
pergeometric functions in product form by using the properties of the Hadamard product of two
power series. Furthermore, we also discussed their special cases by making suitable substitu-
tions. The future scope of these integrals is that one can define many other impressive integrals
by using different kinds of Hurwitz-Lerch zeta function, trigonometric and hyperbolic functions,
after appropriate parametric replacements, special functions product with different kinds of poly-
nomials or multivariable polynomials, which gives remarkable results. The reported findings are
general in nature and useful in the study of science and technology.
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