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Abstract. In this paper, we introduce interesting new subclasses of bi-close-to-convex func-
tions in the open unit disk. For functions in each of these subclasses, we determine initial coef-
ficient estimates.

1 Introduction

We will denote the class of functions of the form as A

F2)=24) anz" (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1} and provide the normalization
condition f(0) = f/(0) — 1 = 0. Let S symbolize the subclass of functions in A which are
univalent in U (for details, see [5])

Let £ and &* denote the usual subclasses of S whose members are close-to-convex and
starlike in U, respectively. We also denote by S*(«) the class of starlike functions of order «
0<a<l).

For two functions f and g analytic in U, we say that the function f(z) is subordinate to g(z)
in U, and write

f=g or f(z) <g(z) (2€0),

if there exists a Schwarz function w(z), analytic in U with
w(0)=0 and |w(z)| <1,

such that
f(z) = g(w(2)) (= € D).
In particular, if the function g is univalent in U, then f(z) is subordinate to g(z) in U if and only
if
f(0) =9(0) and f(U) C g(U).

Sakaguchi [11] introduced and investigated the class S} starlike functions with respect to
symmetric points in U, consisting functions f € A which satisfy the condition

Following him, Gao and Zhou [7] discussed a class KCs; of analytic functions related to the
starlike functions. A function f(z) € S is said to be in the class K if there exists a function
g(2) = z + bz + ... € §*(1/2) such that

—22f'(2) B
Re (g(z)g(z>> >0 (zel). (1.2)
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They proved that if G(z) defined by

—g\z —Z s _
G (Z) = g( )j( ) =z+ ZBZTL—lzzn 17 (13)
n=2
where forn = 2,3, ...,
Bop_1=2byy 1 —2babay 2+ oo + (=1)"2bp 1bp i1 + (—1)" 102, (1.4)

then G € §*. Also, they showed that the class /C; is a subclass of the class K of close-to-convex
functions. G(z) is an odd starlike function, so |By,_1| < 1 forn > 2 (see [7]).

It is known that every univalent function f has an inverse f~! satisfying

FHf) =2 (2€U)
and

Pty =e (el <. i = g).

In fact, the inverse function f~! is given by

Flw)=fw)=w+Y_ A" =w—aw + (203 — az)w’ +--- . (1.5)

n=2

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in
U. We denote by X the class of all bi-univalent functions in U stated by Taylor-Maclaurin series
expansion 1.1. Similarly, a function f € A is said to be bi-close-to-convex in U if both f(z) and
F = f~! are close-to-convex in U.

If there exists a function h(w) = w + >~ , ¢,w™ € §*(1/2) such that

—w?F' (w) w
Re (h(w)h(_w)> >0  (web), (1.6)

then the inverse map F' = f~! is close-to-convex in U. Similar to the definition of the function
G(z), if we define H (w),

—h(w)h(—w = _
H (w) = —M@h(zw) l}( ) —wt > Copqw (1.7)
n=2
where forn = 2,3, ...,
Copn_1 = 2Cm—1 — 20292 + ... + (—1)"26n716n+1 + (—1)n+lci, (1.8)

then H € §*. H(z) is also an odd starlike function and it is clear that |C3,,—1| < 1 forn > 2.

For a brief history of functions in the class X, see [14] (see also [4], [10], [12] and [16]).
Coefficient bounds for various subclasses of bi-univalent functions were obtained by several
authors including Akin and Siimer Eker [1], Ali et al. [2], Alunkaya and Yal¢in [3], Frasin [6],
Jahangiri and Hamidi [8], Jahangiri et al. [9], Srivastava et al. [13], Srivastava et al. [15], and
Xuetal [17,18].

In this study, we give new subclasses of the bi-close-to-convex functions using odd star-
like functions. Moreover, we obtain initial coefficient for the functions belonging these classes.
These new classes will be able to described depending on this class for further studies.

We should remember here the following lemma here so as to derive our basic results:

Lemma 1.1. [5] If p € P then |ci| < 2 for each k, where P is the family of functions p analytic
in U for which Re{p(2)} > 0,p(z) = 1 + p1z + pr2> + ... for z € U,
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2 Coefficient bounds for the function class C$, (o)

We begin by introducing the function class K§ () by means of the following definition.

Definition 2.1. A function f(z) given by (1.1) is said to be in the class Kj(«) if there exists
a function g(z) = z 4+ >.,7, by2" € §*(1/2), h(w) = w+ > 7, c,w™ € S§*(1/2) and the
following conditions are satisfied:

—22f'(2) ) ‘ am
e¥Xand |arg| ——5 || <— O<a<l;zeU 2.1
! s(a)|<F @<asnzcv b
and
—w?F' (w) am
an <1: )
arg(h(w)h(—w))‘< > 0<a<l1;2€0) (2.2)
where the function F'(w) is given by
F(w) = f~Hw) = w — aaw® + (263 — a3)w® — (503 — Saraz + ag)w* + - - . (2.3)

We start by finding the estimates on the coefficients |ay| and |as| for functions in the class
i ().

Theorem 2.2. Let the function f(z) given by (1.1) be in the class K5(a) (0 < a < 1; z € U),

then
a(l 4+ 2a aBa+2)+1
|aa| < % and  las| < ( 3 ) (2.4)
Proof. It can be written that the inequalities (2.1) and (2.2) are equivalent to
—2*f'(2) 2f'(z)  _ 2f'(2) a
= = = 2-5
@g(—2) =i~ Gy - P 23
" 2 (w) () ()
—w*F'(w wF' (w wF' (w
= = = @ 2‘6
w)h(—w) ke © ) ) @8)
where p(z) and ¢(w) in P and have the forms
p(2) =14 prz+pz” +p3z’ + - (2.7
and
q(w) =14+ qu+ pu* + 3w’ + -+ . (2.8)
Now, equating the coefficients in (2.5) and (2.6), we obtain
2ay = apy, 2.9)
3a3 — By = apy + Mpa (2.10)
—2ay = aqq (2.11)
and
—1
3(2a3 —a3) —Cs = aq + Mq%. (2.12)
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From (2.9) and (2.11), we get

p1L=—q (2.13)
and
8a3 = o*(p? + q}). (2.14)
Also from (2.10), (2.12) and (2.14), we find that
ala—1
6a3 = B3+ Cs + a(p2 + @) + %(p% +q)

ala—1) 8a2
= B3 + C3 +Oé(p2 + q2) + %722
Therefore, we have

o?

[0
= m( 2a+4(]92 +q). (2.15)

Applying Lemma 1.1 for the coefficients p; and ¢, and considering the inequalities

Bs -|—C3) +

a3

|Bap—1| <1 and [Ch, 1| <1,
we obtain desired estimate for |ay| as asserted (2.4).

Next, in order to find the bound on |a3|, by subtracting (2.12) from (2.10), we get

ale—1)

6a; — 6a5 + C3 — By = a(py — @) + ) (pi — ai)
or
1 1., 1
a3 = 2(By = C3) + za'pi + ca(py — a2). (2.16)

Applying Lemma 1.1 one more time for the coefficients pi, p2, ¢1 and ¢, and considering the
inequalities
|Bop—1] <1 and |Cs,—1| < 1,

we obtain

This completes the proof of the Theorem 2.1. O

3 Coefficient bounds for the function class /C$,(3)

Definition 3.1. A function f(z) given by (1.1) is said to be in the class K3 (f) if there exists
a function g(z) = z + Y .2, b, 2™ € S*(1/2), h(w) = w+ Y.,2, c,w™ € S*(1/2) and the
following conditions are satisfied:

fex and Re{m}>ﬁ (0<B<1;zel) (3.1)
and
Re{m}>5 0<B8< l;wel) (3.2)

where the function F'(w) is given by (1.5).
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Theorem 3.2. Let the function f(z) given by (1.1) be in the class K3(8) (0 < g < 1; z € U),
then

las| < 325 and  az| < U=-AG-38)+1 (3.3)
3 3
Proof. Tt follows from (3.1) and (3.2) that there exists p(z) € P and ¢(z) € P such that
-2 f'(2) (Z) zf' ( ) _
= = 4
" 2F/(w) () ()
—w* F' (w wF (w wF' (w
Cw)G(—w)  —hwhCw) — H(w) B+ (1= B)g(w) (3-3)
where p(z) and g(w) in P and have the forms
p(2) =14 p1z+pz” +psz’ + - (3.6)
and
q(w) =14+ quw+ @u* + gw® + - . (3.7)
Equating coefficients in (3.4) and (3.5) yields
2ay = (1 - B)p1, (3.8)
3a3 — By = (1 — B)p», (3.9)
—2a, = (1 - B)a, (3.10)
and
3(2a3 —a3) — C3 = (1 — B)ga. (3.11)
From (3.8) and (3.10), we get
P1=—q (3.12)
and
8a3 = (1 - B)*(p] + 47)- (3.13)

Also from (3.9) and (3.11), we find that

6a3 = B3+ C5+ (1 = B) (2 + @)

Thus, we have

a ;ﬂ)<\p2| +|g]) < > ;25

3] < ¢ |B%| +1C30) +
which is the bound on |a;| as given in the (3.3).

Next, in order to find the bound on |as|, by subtracting (3.11) from (3.9), we get

6a3 —6a3 +C3 — By = (1 — B) (;p2 — q)

Upon substituting the value of a3 from (3.13), we have

Ya-prwi+a).

1 1—
a3=6(33*03)+75(]92*lz2)+8

6
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Applying Lemma 1.1 once again p1, p2, ¢1 and ¢» and considering the inequalities
|Bon—1| <1 and |Copy| <1,

we obtain
las| < 1+ (11— g)(S — 36).

which is the bound on |aj3| as asserted in (3.3).
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