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Abstract. In this paper, we establish some generalized weighted Ostrowski inequalities for
local fractional integrals on fractal sets R* (0 < a < 1) of real line numbers. The results pre-
sented here would provide extensions of those given in earlier works.

1 Introduction

In 1938, Ostrowski established the following interesting integral inequality for differentiable
mappings with bounded derivatives [14]:

Theorem 1.1 (Ostrowski inequality). Let f : [a,b] — R be a differentiable mapping on (a,b)
whose derivative f' : (a,b) — R is bounded on (a,b) , i.e. ||f'||., = sup |f'(t)] < oo. Then,

te(a,b)
we have the inequality
b 2
1 1 (x — aTer) ’
f(x)—b_aa/f(t)dt < [4+ el (DI (1)

for all x € [a,b]. The constant } is the best possible.

This inequality is well known in the literature as the Ostrowski inequality. For more informa-
tion recent development on Ostrowski inequality, please refer to [1]-[5],[7]-[11],[15]-[20] and

SO on.

2 Preliminaries

Recall the set R* of real line numbers and use the Gao-Yang-Kang’s idea to describe the defini-
tion of the local fractional derivative and local fractional integral, see [26, 27] and so on.
Recently, the theory of Yang’s fractional sets [26] was introduced as follows.
For 0 < a < 1, we have the following a-type set of element sets:
Z% : The a-type set of integer is defined as the set {0, £1%, 2%, ..., £n®, ...}.

Q° : The a-type set of the rational numbers is defined as the set {m* = (g) p,q € Z,
q # 0}. .
J% : The a-type set of the irrational numbers is defined as the set {m® # (%) p,q € Z,

q # 0}
R : The a-type set of the real line numbers is defined as the set R* = Q% U J¢.
If o, b and ¢* belongs the set R“ of real line numbers, then
(1) a® + b* and a*b™ belongs the set R*;
2 a®+b*=b"+a*=(a+b)"=(b+a)";
3)a®+ (b* +c*) = (a+b)" +c*;
4) a®b® = b%a® = (ab)” = (ba)”;
(5) a® (b*c®) = (a“d*) ¢
(6) a® (b* + ¢*) = a*b™ + a“c*;
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(7 a®+ 0% =0%+ a®* = a® and a*1* = 1%a® = a“.
The definition of the local fractional derivative and local fractional integral can be given as
follows.

Definition 2.1. [26] A non-differentiable function f : R — R%, = — f(z) is called to be local
fractional continuous at xy, if for any € > 0, there exists § > 0, such that

|f(x) — f(@o)| < e*

holds for |z — zg| < §, where €, € R. If f(z) is local continuous on the interval (a,b), we
denote f(z) € Cy(a,b).

Definition 2.2. [26]The local fractional derivative of f(x) of order « at x = x is defined by

oy @] A ()~ f()
o N e P S
where A% (f(z) — f(z0)) =T(a + 1) (f(x) — f(z0)) -
k+1 times

——
If there exists f**Ve(z) = D2.DYf(z) for any x € I C R, then we denoted f €
D(j41)a(I), where k = 0,1,2, ...

Definition 2.3. [26] Let f(z) € C, [a, b] . Then the local fractional integral is defined by,

N-1

T L S

with At; = t;11 —t; and At = max {At;, At, ..., Aty_1}, where [tj,tj+1] ,j=0,...,N—1and

a=ty<t <..<ty_y <ty =bis partition of interval [a, D] .
Here, it follows that ./ f(z) = 0 if a = band I f(x) = —pI2 f(x) if @ < b. If for any

x € [a,b], there exists ,I2 f(x), then we denoted by f(z) € I [a,b].

Definition 2.4 (Generalized convex function). [26] Let f : I C R — R“. For any z1, 2, € I and
A € [0, 1], if the following inequality

FQ@r+ (1= Naz) <A f(2r) + (1= A" f(22)
holds, then f is called a generalized convex function on 1.

Here are two basic examples of generalized convex functions:
(D) flz) =2, 2>0,p> 1
(o]

(2) f(z) = Eo(z®), x € R where E,(2%) = Z H,m is the Mittag-Leffer function.

Theorem 2.5. [12] Let f € D, (I), then the following conditions are equivalent
a) f is a generalized convex function on 1
b) £ is an increasing function on I
c)forany xi,xy €1,

S (a1)

f($2)—f($1) > 1—~<1+a)

(22 — 1)

Corollary 2.6. [12] Let f € Dy, (a,b). Then f is a generalized convex function ( or a general-
ized concave function) if and only if

F2)(2) >0 (ar 7 (2) < 0)

forall z € (a,b).
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Lemma 2.7. [26]
(1) (Local fractional integration is anti-differentiation) Suppose that f(z) = ¢'®)(z) €
C, [a,b], then we have
oI5 f(z) = g(b) — g(a).
(2) (Local fractional integration by parts) Suppose that f(z),g(z) € Dg [a,b] and £\ (x),
g\ (x) € C, [a,b], then we have

oI5 F(2)g (@) = f(2)g(@)]y —a I5 £ (2)g(x).
Lemma 2.8. [26] We have

o ko
i d*z™ I'(1+ ka) k=1
dre T+ (k- 1)a)
. I'(1+ ko) :
ka (k+l)a _ ,(k+1)a
ll)r(a+ fx (dz)* = ) (b a ),k €R.

Lemma 2.9. [26] Suppose that f(x) € Cy [a,b] , then
d* (I3 f (1))

o = f(z) a<z<b.

Lemma 2.10 (Generalized Holder’s inequality). [26] Let f,g € Cy, [a,b], p,q > 1 with % + é =
1, then

1 / N 1 / » N ' 1 / . N
F(a_l_])/|f(:zr)g(a:)|(dx) < (W/U(:c) (da) ) (w/m(zﬂ (da) )

In [21], Sarikaya and Budak proved the following generalized Ostrowski inequality:

Theorem 2.11 (Generalized Ostrowski inequality). Let I C R be an interval, f : I 0CR— R~
(I° is the interior of I) such that f € D, (I°) and f(*) € C, [a,b] for a,b € I° with a < b Then.

forall x € [a,b], we have the inequality
2a
1 T — a+b N
= (zﬁ) ] (b=a)

For more information and recent developments on local fractional theory, please refer to
[61,[121,[131,[211-[30].

The aim of the this paper is to obtain some generalized weighted Ostrowski inequality for
local fractional integrals.

I'l+a)

A I )| < 2

(@)
I'(l1+2a) !

flz) -

oo

2.1

3 Main Results

We will give a identity for local fractional integrals as follow:

Theorem 3.1. Let I C R be an interval, f : I° C R — R (I° is the interior of I) such that
f € Do(I°) and f\*) € C, [a,b] for a,b € I° with a < b and w : [a,b] — R, non-negative and
w(x) € I [a,b] . Then, for all x € [a,b], we have the identity

b

L0 (0] () = OO = e / pulaDf OO @) 6D

where

Q=



Generalized Ostrowski type inequalities 225

Proof. We have

K = /b Puw(@ t) (dt)”

N 1+a ](r ]w ) FO) (dt)°
l—l-a j(r +a)jW(U)(dU)“) FO) (dt)*

= K|+ K.

Using the local fractional integration by parts, we have

1 r 1 t N . .
o= F(1+a)/(r(1+a)/w(“) (du) )f( (#) (a) (3.2)

a a

x T

el UL

a a

.3 . 1 o
= (M/w(u) (du) )f(x) - M/“’@)f@) (dt)

and similarly,

b b
1 o 1 o
1@=<F“+®/@wﬂw>)ﬂ@—ru+®/@mﬂﬂW)~ (33)

Adding (3.2) and (3.3), we obtain

b b
K = (W/w(u) (du)a> f(z) — M/w(t)f(t) (dt)”

= ladyw(®)] f(z) = olyw(t) f(t)
which completes the proof. O
Remark 3.2. If we take w = 1¢ in Theorem 3.1, then Theorem 3.1 reduces Theorem 3 in [21].

Theorem 3.3 (Generalized weighted Ostrowski inequality). Suppose that the assumptions of
Theorem 3.1 are satisfied, Hf(a) HOO = sup |f(a)(x)| , then we have the following generalized
z€la,b

weighted Ostrowski inequality

laZ5w ()] f(2) = olg'w(t) (1)l (34)

2(x (b—a)za 1 Tr — GTM ( )
R AN — «@
= T(I+2a) [4a +< b—a Ileloon
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Proof. Taking modulus in Theorem 3.1, we have

oI5 w(®)] f(x) — alg'w(t) (1)l

b
r(11+a> / [pua. )] | £(0)| (at
- 1“(11+a)/( C(1+a) /w )“) ‘f(a)(t)’(dwa

a

b
+F(11—|—a)/( L(l+a) /w ) ()(t)‘(dt)a.

IA

Then, it follows that

aZ5w ()] f(2) = algw(t) (1)l

Ol [0 Fo o F
S TT(+a) [r(1+a)/(t_“) (at) +r(1+a)/(b—t) (dt)]
£ vl T +a)

T T(+a) TI(l+20a) [(‘”_“)zaﬂb_x)h}

2c
22 (b—a)™ | 1 x— ob @
T(1 +2a) {4&+< e .

which completes the proof. O

[[]]

Remark 3.4. If we take w = 1% in Theorem 3.3, then the inequality (3.4) reduces the inequality
2.1).

Theorem 3.5. Suppose that the assumptions of Theorem 3.1 are satisfied, then we have the in-
equality

aZ5w ()] f(x) = alg'w(t) (1)l

17l ol ¢ Tt 4pa) \Fro e (i)
< Tite <F(1+(p+l)a)> [(m—a) +(b—1x) }

where g > 1, % + é =1and ||f("‘)||q is defined by

'l = (r<11+a>/ ! W!q(dﬂ‘*)

Proof. Taking modulus in Theorem 3.1 and using the generalized Holder’s inequality (Lemma

|
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2.10), we obtain

oI5 w(®)] f(2) — ol w(t) f ()]

b

< mlwa/pw(x I (@)
< (m‘m) / p(x,tw’(dt)a); (m‘m) / f<a><t>"<dt>a)i
= s q{l“(ll—i-a j( T(lta) jw (du) )p (d)”
la)j(r1+a /bw (du) )p )}l
< ”fm” +”Z>H o / (=" (@) + Fray /b (b—w’”‘(dt)“]
HJ;‘?lHi”;”p (F(IFJ(FI(:JZ:&I)) . [(x_a)(l’+1)“+(b—x)@“)“]);
which completes the proof. O

Remark 3.6. If we take w = 1% in Theorem 3.5, then we have the inequality

I'(l+a)
R U]

||f<a)Hq I'(1+ pa) » (p+1)a (p+1l)a »
< oot (raspina) oo ro-no]

which is proved by Sarikaya and Budak in [21].

Theorem 3.7. The assumptions of Theorem 3.1 are satisfied. If ’ f(e) |q is a generalized convex,
then we have the following inequality

lalpw(t)] f(x) — oIyw(t) f(1)] (3.5)

(e T(14+pa) \7 (T(1+a)\*
(b—a)iT(1+a) (F(1+(p+l)a)> (F(1+2a))

x {(z _ g5 ([o-ay" = b — 2]

F9a)| + (z —a)*™

ptl

(- )5 ((bfx)zo‘

1@ + [b- ) = (@~ ]

where ¢ > 1, % + é = land||w||, , is defined by

b
Hw”[a,b],p = (F(I:—a) /|w(t>|p (dt)a)

=
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Proof. Taking modulus in Theorem 3.1
oI5 w ()] f(x) = alg'w(t) (1)l

/Ipw
- F(l:—a/( I'(l+a) /w

a

IN

(dt)

+T(11+a)/(r(11+a)/w(“)(d

T t

= K3+ Ky

Using the generalized Holder’s inequality, we obtain

x t
1
Ky <
3= (F(l—i—a/( T(l+a) /w

(et

a

71w ("

. q. .
Since | f(®)|" is a generalized convex, we have

b—t t—a
() b
/ <b—aa+b—a)

(=1)

£ ()

IA

Then, it follows that

)| (@

1

g

1
q

1 r t—a)?® a ’
K <l (F(HQ) | iy (dt))

(B ey wr et ] 2y )

a

b—a)iT(1+a) \F(I1+(@+1)a)

q

< ([(b=a)** = (0 -]

Using the similar way, we have

K= ot (i o)

(b—a)iT(1+a) \I(I+{@+1)a

q

% ((b=2)* [ £)(a)

fO@[ + (@ -a

+ {(b - a)za —(z— a)za]

a

1
1llfa . C(l4pa)  wene)” (Dl+a
I'(l+2«a

2«

£ (b)

@) @)

Q=

fm[)’.

Q=

I'(l+a)
I'(l+2a)

1
Q)E

(3.6)
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Using the fact that [Jw||, .1, < llwllfg,, and [[wll, 4, < llwllj),, - then we obtain required
result. O

Corollary 3.8. Under assumptions of Theorem 3.7 with w = 1, then we have the inequality

I'(l4+a)

o) - ) ) (3.7)
T'(1+a) T(14pa) \* (T(1+a)\*

b a)ihe (o iim) (Fosa)

Q=

ptl
P

I ([o=ar = =] |f9 @] + @ = o)

oo f0)|")

p+1

+ =) (6= | £ )

‘ q

+ [(b —a)* — (v — a)ﬂ ‘f(a)(b)‘q) } .

Corollary 3.9. If we choose x = “T“’ in inequality (3.7), then we obtain the following midpoint
inequality
a+b I'(l+a)
— A7 f (2
_ T+a)(p-a)° < (1 + pa) )é < T'(l+a) >é
- 4 C(l+{p+1)a) (14 2a)
1 1
3 S @" + [F9O® N (1S @] +3 SO
+
4o 4o
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