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Abstract. We de�ne two subclasses of analytic function viz Gn,b,µ,γ
α,β,λ,δ(ϕ) and Gn,b,µ,γ

α,β,λ,δ,g(ϕ)

and obtain the sharp upper bounds for the coef�cient functional |b2k+1−µb2k+1
| corresponding to

the kth root transformation for the function f in these classes. We also study certain applications

of our results for the functions de�ned through convolution and fractional derivatives. We obtain

the Fekete- Szegö inequality for the inverse function and for z
f(z) . The results of this paper

generalize and unify the work of earlier researchers in this direction..

1 Introduction

Let A be the class of all functions f analytic in the open unit disk D = [z ∈ C :| z |< 1]
normalized by f(0) = 0 and f ′(0) = 1. Let f be a function in the class A of the form

f(z) = z +
∞∑
n=2

anz
n; ∀ z ∈ D. (1)

Let S be the subclass of A, consisting of univalent functions. For a univalent function f of the

form (1), the kth root transformation is de�ned by

F (z) = [f(zk)]
1

k = z +
∞∑
n=1

bnk+1z
nk+1(k ∈ N). (2)

Let Bo be the family of analytic functions w in D with w(0) = 0 and |w(z)| ≤ 1. The functions

in the class Bo are called as Schwartz functions. If f is analytic in D, g is analytic and univalent
in D and f(0) = g(0) with f(D) ⊂ g(D), then we say that f is subordinate to g and we write it

as f ≺ g. If f ≺ g then there exists a Schwartz function w(z) in Bo such thatf(z) = g(w(z)).

De�nition 1.1. Let ϕ(z) be a univalent, analytic function with positive real part on Dwith ϕ(0) =
1, ϕ′(0) > 0 where ϕ(z) maps D onto a region starlike with respect to 1 and is symmetric with

respect to the real axis. Such a function ϕ has a series expansion of the form

ϕ(z) = 1+B1z +B2z
2 +B3z

3 + ...... with B1 > 0, B2 ≥ 0 and Bns are real.

For a function f ∈ S, Ramadan and Darus [13] introduced the generalized differential oper-

ator Dn
α,β,λ,δ(ϕ) as

Dn
α,β,λ,δf(z) = z +

∞∑
k=2

[(λ− δ)(β − α)(k − 1) + 1]nakz
k, (3)
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(α, β, λ, δ ≥ 0; β > α; λ > δ; n ∈ N0 = N ∪ {0}).
For n = 0, D0

α,β,λ,δf(z) = f(z).
Remarks:

(i) Taking α = 0, then operator Dn
0,β,λ,δ = Dn

β,λ,δ, was introduced and studied by Darus and

Ibrahim [6].

(ii) Taking α = δ = 0 and β = 1, then operator Dn
0,1,λ,0 = Dn

λ , was introduced and studied by

Al-Oboundi [1].

(iii) Taking α = δ = 0 and λ = β = 1, then operatorDn
0,1,1,0 = Dn, was introduced and studied

by Salagean [15].

De�nition 1.2. Let Gn,b,µ,γ
α,β,λ,δ(ϕ) be the class consisting of functions f ∈ A satisfying the subor-

dination

1+
1

b
{µ[

z(Dn
α,β,λ,δf(z))

′′

(Dn
α,β,λ,δf(z))

′ ] + (1− µ)[
z(Dn

α,β,λ,δf(z))
′

(Dn
α,β,λ,δf(z))

− 1]} ≺ [ϕ(z)]γ ,

where α, β, λ, δ ≥ 0; 0 ≤ µ ≤ 1 and 0 < γ ≤ 1.

For speci�c values of α, β, λ, δ, n, b, µ, γ and ϕ(z), we obtain the following subclasses studied

by various researchers

(i) Gn,b,0,1
α,β,λ,δ(ϕ) = Gn,b

α,β,λ,δ(ϕ), this class was introduced and studied by Aouf et.al [2].

(ii) Gn,1,0,1
α,β,λ,δ(ϕ) = Mn

α, β, λ, δ(ϕ), this class was introduced and studied by Ramadan and Darus

[13].

(iii) Gn,b,0,1
0,1,1,0 (ϕ) = Hn,b(ϕ), this class was introduced and studied by Aouf et.al [4].

(iv) G0,b,0,1
0,1,1,0(ϕ) = S⋆

b (ϕ) and G1,b,0,1
0,1,1,0(ϕ) = Cb(ϕ), these classes were introduced and studied by

Ravichandran et.al [14].

(v) Gn,b,0,1
0,1,1,0 (

1+z
1−z ) = Sn(b), this class was introduced and studied by Aouf et.al [2].

(vi) G0,b,0,1
0,1,1,0(

1+z
1−z ) = S(b), this class was introduced and studied by Nasr and Aouf [11, 12] and

also improved by Aouf et.al [3].

(vii) G1,b,0,1
0,1,1,0(

1+z
1−z ) = C(b), this class was introduced and studied by Nasr and Aouf [11, 12] and

also improved by Aouf et.al [4].

(viii) G
0,(1−ρ) cos ηe−iη,0,1
0,1,1,0 ( 1+z

1−z ) = Sη(ρ); |η| < π
2
, 0 ≤ ρ < 1, this class was introduced by Lib-

era [9] and also improved by Keogh and Merkes [8].

(ix) G
1,(1−ρ) cos ηe−iη,0, 1
0,1,1,0 ( 1+z

1−z ) = Cη(ρ); |η| < π
2
, 0 ≤ ρ < 1, this class was introduced by

Chichra [5].

De�nition 1.3. Let Gn,b,µ,γ
α,β,λ,δ,g(ϕ) be the class of functions f ∈ A satisfying the subordination

1+
1

b
{µ{

z(Dn
α,β,λ,δ(f ∗ g)(z)′′

(Dn
α,β,λ,δ(f ∗ g)(z)′

}+ (1− µ){
z(Dn

α,β,λ,δ(f ∗ g)(z)′

(Dn
α,β,λ,δf(f ∗ g)(z)

} − 1} ≺ [ϕ(z)]γ ,

where α, β, λ, δ ≥ 0; 0 ≤ µ ≤ 1 and 0 < γ ≤ 1.

Remarks: If g(z) = z
(1−z) , then Gn,b,µ,γ

α,β,λ,δ,g(ϕ) = Gn,b,µ,γ
α,β,λ,δ(ϕ).

2 Preliminaries

To prove our result, we require the following two Lemmas



COEFFICIENT INEQUALITIES · · · 233

Lemma 2.1. [14] If p(z) = 1+ c1z + c2z
2 + c3z

3 + ....... is an analytic function with positive

real part in D then for any complex number ν

| c2 − νc21 |≤ 2 max{1, | 2ν − 1 |}.

The result is sharp for the functions de�ned by p(z) = 1+z2

1−z2
or p(z) = 1+z

1−z .

Lemma 2.2. [10] If p(z) = 1+ c1z + c2z
2 + c3z

3 + ....... is an analytic function with positive

real part in D then for any real number ν, we have

| c2 − νc21 |≤


−4ν + 2, if ν ≤ 0;

2, if 0≤ ν ≤ 1;

4ν − 2, if ν ≥ 1,

when ν < 0 or ν > 0 the equality holds if and only if p(z) is 1+z
1−z or one of its rotations. If

0 < ν < 1 then the equality holds if and only if p(z) is 1+z2

1−z2
or one of its rotations. If ν = 0

then the equality holds if and only if p(z) = [ 1+λ
2
][ 1+z
1−z ] + [ 1−λ

2
][ 1+z
1−z ](0 ≤ λ ≤ 1) or one of its

rotations. If ν = 1 the equality holds only for the reciprocal of p(z) for the case ν = 0. Also the

above upper bound is sharp and it can be further improved as follows when 0 < ν < 1.

| c2 − νc21 | +ν | c1 |2 ≤ 2 (0 ≤ ν ≤ 1

2
),

| c2 − νc21 | +(1− ν) | c1 |2 ≤ 2 (
1

2
≤ ν ≤ 1).

3 Main Results

We now derive our main results for the function f in the class Gn,b,µ,γ
α,β,λ,δ(ϕ).

Theorem 3.1. If f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ) and F is the kth root transformation of f given by (2) then for

any complex number τ ,

|b2k+1 − τb2k+1| ≤
|b|γ B1

2k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
×max{1, |ω1[(k − 1) + 2τ ]− B2

B1

− (γ − 1)

2
B1 −

bγB1(3µ+ 1)

(µ+ 1)2
|}, (4)

where

ω1 =
b γ B1(2µ+ 1)[2(λ− δ)(β − α) + 1]n

k[(λ− δ)(β − α) + 1]2n(µ+ 1)2
. (5)

The result is sharp.

Proof. If f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ), then there exists a Schwartz function w(z) in B0 with w(0) = 0 and

|w(z)| ≤ 1 such that

1+
1

b
{µ{

z(Dn
α,β,λ,δf(z))

′′

(Dn
α,β,λ,δf(z))

′ }+ (1− µ){
z(Dn

α,β,λ,δf(z))
′

(Dn
α,β,λ,δf(z))

} − 1} = [ϕ(w(z))]γ . (6)

Consider

1+
1

b
{µ{

z(Dn
α,β,λ,δf(z))

′′

(Dn
α,β,λ,δf(z))

′ }+ (1− µ){
z(Dn

α,β,λ,δf(z))
′

(Dn
α,β,λ,δf(z))

} − 1} = 1+

[(λ− δ)(β − α) + 1]n(µ+ 1)

b
a2z +

1

b
{(4µ+ 2)[2(λ− δ)(β − α) + 1]na3−

(3µ+ 1)[(λ− δ)(β − α) + 1]2na22}z2 + ......... (7)
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De�ne a function p(z) and by substituting w(z) in ϕ(z) and by increasing the power to γ, we

have

[ϕ(w(z))]γ = 1+ {γB1w1

2
}z + {γB1

2
[w2 −

w2

1

2
] + [

γB2w
2

1

4
] + [

γ(γ − 1)w2

1

8
B2

1 ]}z2 + ..... (8)

From equations (7), (8) and (9), we have

a2 =
b γ B1w1

2[(λ− δ)(β − α) + 1]n(µ+ 1)
, (9)

a3 =
b γ B1

4(2µ+ 1)[2(λ− δ)(β − α) + 1]n
{w2 −

w2

1

2
(1− B2

B1

− {(γ − 1)

2
}B1

− b γ B1(3µ+ 1)

(µ+ 1)2
)}. (10)

If F is the kth root transformation of f then

F (z) = {f(zk)} 1

k = z+(
a2
k
)zk+1 + [

a3
k

− (k − 1)

2k2
a22]z

2k+1 + .... = z+
∞∑
n=1

bnk+1z
nk+1. (11)

Upon equating the coef�cients of zk+1, z2k+1 and from equations (9), (10) and (11), we have

bk+1 =
bγB1w1

2k[(λ− δ)(β − α) + 1]n(µ+ 1)
, (12)

b2k+1 =
bγB1

4k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
× {w2 −

w2

1

2
{1− B2

B1

− {γ − 1

2
}B1

− bγB1(3µ+ 1)

(µ+ 1)2
+ ω1(k − 1)}}, (13)

where ω1 is given by (5). For any complex number µ, we have

[b2k+1 − τb2k+1] =
bγB1

4k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
{w2 − tw2

1}, (14)

where t = 1

2
{1− B2

B1

− (γ−1

2
)B1 − bγ B1(3µ+1)

(µ+1)2
+ ω1[(k − 1) + 2τ ]} .

Taking modulus on both sides of the equation (14) and applying Lemma 2.1 on right hand side

we get the result as in (4). This proves the result of the Theorem 3.1 and the result is sharp for

p(z) = { 1+z2

1−z2
}γ and p(z) = { 1+z

1−z}
γ

Remark 3.2. (i) Taking µ = 0, γ = k = 1 in Theorem 3.1, we improve the result obtained

by Aouf et.al [3, Theorem 1];

(ii) Taking n = µ = 0 and γ = k = 1 in Theorem 3.1, we improve the result obtained by

Ravichandran et.al [13, Theorem 4.1];

(iii) Taking α = δ = µ = 0, β = λ = k = γ = 1, b = (1 − ρ) cos ηeiη{|η| < π
2
≤ ρ <

1} and ϕ(z) = 1+z
1−z in Theorem 3.1, we obtain the result obtained by Goyal and Kumar

[7, Corollary 2.10];

(iv) Taking α = δ = µ = 0 and β = λ = γ = k = 1 in Theorem 3.1, we obtain the result

obtained by Aouf et.al [4, Theorem 1].

For speci�c values of the parameter in Theorem 3.1, we obtain the following new sharp

results.

Taking b = 1, µ = 0, γ = 1 & k = 1 in Theorem 3.1 we obtain the following Corollary:

Corollary 3.3. If f(z) ∈ Mn
α,β,λ,δ(ϕ), then for any complex number τ , we have

|b3 − τ b22| ≤
B1

2[2(λ− δ)(β − α) + 1]n
max{1, |2[2(λ− δ)(β − α) + 1]nτB1

[(λ− δ)(β − α)+]2n
− B2

B1

−B1|}.

The result is sharp.
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Taking ϕ(z) = 1+Az
1+Bz (−1 ≤ B < A ≤ 1) or equivalently B1 = A − B and B2 = −B(A −

B), µ = 0, γ = 1 and k = 1 in Theorem 3.1, we obtain the following Corollary:

Corollary 3.4. If f(z) ∈ Sn,b
α,β,λ,δ(A,B), then for any complex number τ we have

|b3−τ b22| ≤
|b|(A−B)

2[2(λ− δ)(β − α) + 1]n
max{1, |b(A−B){2[2(λ− δ)(β − α) + 1]nτ

[(λ− δ)(β − α) + 1]2n
−1}−B|}.

The result is sharp.

Let b = 1 and taking τ to be real we now obtain the coef�cient inequality for the function

f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ)

Theorem 3.5. If f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ) and F is the kth root transformation of f given by (2) then for

any complex number τ and

σ1 =
1

2ω2

{−1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)},

σ2 =
1

2ω2

{1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)},

σ3 =
1

2ω2

{B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)},

where

ω2 =
γ B1(2µ+ 1)[2(λ− δ)(β − α) + 1]n

k[(λ− δ)(β − α) + 1]2n(µ+ 1)2
. (15)

We have

| b2k+1 − τb2k+1 |≤



γ B1

2k(2µ+1)[2(λ−δ)(β−α)+1]n {
B2

B1

+ (γ−1

2
)B1 +

γ B1(3µ+1)
(µ+1)2

−ω2[(k − 1) + 2τ ]}, if τ ≤ σ1;
γ B1

2k(2µ+1)[2(λ−δ)(β−α)+1]n , if σ1 ≤ µ ≤ σ2;
γ B1

2k(2µ+1)[2(λ−δ)(β−α)+1]n {ω2[(k − 1) + 2τ ]− B2

B1

−(γ−1

2
)B1 − γ B1(3µ+1)

(µ+1)2
}, if τ ≥ σ2,

(16)

and the result is sharp.

Furthermore if σ1 ≤ τ ≤ σ3, then

| b2k+1 − τb2k+1 | +
k[(λ− δ)(β − α) + 1]2n(µ+ 1)2

2γ B1(2µ+ 1)[2(λ− δ)(β − α) + 1]n
{1− B2

B1

− (
γ − 1

2
)B1

− γ B1(3µ+ 1)

(µ+ 1)2
+ ω2[(k − 1) + 2τ ]}|b2k+1| ≤

γ B1

4k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
, (17)

and if σ3 ≤ τ ≤ σ2, then

| b2k+1 − τb2k+1 | +
k[(λ− δ)(β − α) + 1]2n(µ+ 1)2

2γ B1(2µ+ 1)[2(λ− δ)(β − α) + 1]n
{1+ B2

B1

+ (
γ − 1

2
)B1

+
γ B1(3µ+ 1)

(µ+ 1)2
− ω2[(k − 1) + 2τ ]}|b2k+1| ≤

γ B1

4k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
. (18)

Proof. Since f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ) then for b = 1 in equations (12), (13) and (14) and for any real

number τ , we have

[b2k+1 − τb2k+1] =
γB1

4k(2µ+ 1)[2(λ− δ)(β − α) + 1]n
{w2 − tw2

1}, (19)
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where t = 1

2
{1− B2

B1

− (γ−1

2
)B1 − γ B1(3µ+1)

(µ+1)2
+ ω2{(k − 1) + 2τ}} and ω2, is de�ned as in (15).

By applying Lemma 2.2 on the right hand side of (19), we have the following cases

Case(i): If τ ≤ σ1, then

τ ≤ 1

2ω2

{−1+ B2

B1

+ {γ − 1

2
}B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)}.

Upon simplifying we get

⇒ |w2 − tw2

1| ≤ {2B2

B1

+ (γ − 1)B1 +
2γ B1(3µ+ 1)

(µ+ 1)2
− 2ω2[(k − 1) + 2τ ]}. (20)

Case(ii): If σ1 ≤ τ ≤ σ2, then

1

2ω2

{−1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)} ≤ τ

≤ 1

2ω2

{1+ B2

B1

+ {γ − 1

2
}B1 +

γB1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)}.

Upon simplifying we get

⇒ |w2 − tw2

1| ≤ 2. (21)

Case(iii): If τ ≥ σ2, then

τ ≥ 1

2ω2

{1+ B2

B1

+ {γ − 1

2
}B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)}.

Upon simplifying we get

⇒ |w2 − tw2

1| ≤ {2ω2[(k − 1) + 2τ ]− 2B2

B1

− (γ − 1)B1 −
2γB1(3µ+ 1)

(µ+ 1)2
}. (22)

From equations (19), (20), (21) and (22), we get the result as in (16).

Case(iv): Furthermore, if σ1 ≤ τ ≤ σ3, then

1

2ω2

{−1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)} ≤ τ

≤ 1

2ω2

{B2

B1

+ {γ − 1

2
}B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)}.

Upon simplifying we get

⇒ |w2 − tw2

1|+ t | w1 |2≤ 2. (23)

From equations (19) and (23), we get the result as in (17).

Case(v): Furthermore, if σ3 ≤ τ ≤ σ2, then

1

2ω2

{B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)} ≤ τ

≤ 1

2ω2

{1+ B2

B1

+ {γ − 1

2
}B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω2(k − 1)}.

Upon simplifying we get

⇒ |w2 − tw2

1|+ (1− t) | w1 |2≤ 2. (24)

From equations (19) and (24), we get the result as in (18). This completes the proof of the

Theorem and the sharpness of the result is veri�ed from Lemma 2.2.

Remark 3.6. (i) Taking µ = 0 and γ = k = 1 in Theorem 3.4 we improve the result obtained

by Aouf et.al [3, Theorem 2 and Theorem 3];

(ii) Taking µ = 0 and γ = k = 1 in Theorem 3.4 we improve the result obtained by Ramadan

and Darus [13, Theorem 1];

(iii) Taking α = δ = µ = 0 and β = λ = k = γ = 1 in Theorem 3.4, we obtain the result

obtained by Goyal and Kumar [7, Corollary 2.7] and Aouf et.al [4, Theorem 2].
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4 Coef�cient inequalities for the functions de�ned through convolution

Theorem 4.1. If f ∈ Gn,b,µ,γ
α,β,λ,δ,g(ϕ) and F is the kth root transformation of f given by (2)then for

any complex number τ ,

|b2k+1 − τb2k+1| ≤
|b|γB1

2k(2µ+ 1)g3[2(λ− δ)(β − α) + 1]n

×max{1, |ω3[(k − 1) + 2τ ]− B2

B1

− [
γ − 1

2
]B1 −

bγB1(3µ+ 1)

(µ+ 1)2
}, (25)

where

ω3 =
bγB1(2µ+ 1)[2(λ− δ)(β − α) + 1]ng3

k[(λ− δ)(β − α) + 1]2ng2
2

. (26)

The result is sharp.

Proceeding in a way similar to Theorem 3.1 for the function (f ∗g) one can obtain this result.
Let b = 1 and taking τ to be real we now obtain the coef�cient inequality for the function

f ∈ Gn,b,µ,γ
α,β,λ,δ,g(ϕ).

Theorem 4.2. If f ∈ Gn,b,µ,γ
α,β,λ,δ,g(ϕ) and F is the kth root transformation of f given by (2), then

for any real number τ ,

σ1 =
1

2ω4

{−1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω4(k − 1)},

σ2 =
1

2ω4

{1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω4(k − 1)},

σ3 =
1

2ω4

{B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω4(k − 1)},

where

ω4 =
γ B1(2µ+ 1)[2(λ− δ)(β − α) + 1]ng3
k[(λ− δ)(β − α) + 1]2n(µ+ 1)2g2

2

. (27)

We have

| b2k+1 − τb2k+1 |≤



γ B1

2kg3(2µ+1)[2(λ−δ)(β−α)+1]n {
B2

B1

+ (γ−1

2
)B1,

+γ B1(3µ+1)
(µ+1)2

− ω4[(k − 1) + 2τ ]}, if τ ≤ σ1;
γ B1

2kg3(2µ+1)[2(λ−δ)(β−α)+1]n , if σ1 ≤ µ ≤ σ2;
γ B1

2kg3(2µ+1)[2(λ−δ)(β−α)+1]n {ω4[(k − 1) + 2τ ]− B2

B1

−(γ−1

2
)B1 − γ B1(3µ+1)

(µ+1)2
}, if τ ≥ σ2,

(28)

and the result is sharp.

Proceeding in a way similar to Theorem 3.1 for the function (f ∗g) one can obtain this result.

5 Functions de�ned through fractional derivatives

We now obtain our result for the function in the class Gn,b,µ,γ
α,β,λ,δ(ϕ)

For �xed g ∈ A, let Gn,b,µ,γ,g
α,β,λ,δ (ϕ) be the class of functions f ∈ A for which (f ∗ g) ∈

Gn,b,µ,γ,g
α,β,λ,δ (ϕ).

De�nition 5.1. Let f be analytic in a simply connected region of the z − plane containing the

origin. The fractional derivative of f of order ρ is de�ned by

Dρ
zf(z) =

1

G(1− ρ)

d

dz

z∫
0

f(ζ)

(z − ζ)ρ
dζ(0 ≤ ρ < 1), (29)

where the multiplicity of (z− ζ)ρ is removed by requiring that log(z− ζ) is real for (z− ζ) > 0.
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Using De�nition 5.1 and its known extensions involving the fractional derivatives and frac-

tional integral, Owa and Srivastava introduced the operator

(Wρf)(z) = z +
∞∑
n=2

G(n+ 1)G(2− ρ)

G(n− ρ+ 1)
anz

n. (30)

This operator is known as the Owa-Srivastava operator. In terms of the Owa-operator (Wρ de�ned

by (30),we now introduce the class Gn,b,µ,γ
α,β,λ,δ,g(ϕ) in the following way :

Gn,b,µ,γ,ρ
α,β,λ,δ,g(ϕ) is a special case of the class G

n,b,µ, γ
α,β,λ,δ,g(ϕ) when

g(z) = z +
∞∑
n=2

G(n+ 1)G(2− ρ)

G(n− ρ+ 1)
zn. (31)

For gn > 0 we can obtain the coef�cient estimates for function in the class Gn,b,µ,γ,ρ
α,β,λ,δ,g(ϕ) from

the corresponding estimates for functions in the class Gn,b,µ,γ
α,β,λ,δ,g(ϕ) when g corresponds to Owa-

Operator given in (31), we obtain

g2 =
G(3)G(2− ρ)

G(3− ρ)
=

2

(2− ρ)
, (32)

g3 =
G(4)G(2− ρ)

G(4− ρ)
=

6

(2− ρ)(3− ρ)
. (33)

For g2 and g3 given by (32) and (33), respectively Theorems 4.1 and 4.2 reduces to the following

results.

Theorem 5.2. If f ∈ Gn,b,µ,γ,ρ
α,β,λ,δ,g(ϕ); α ≥ 0 and gn > 0 and F is the kth root transformation of f

given by (2), then for any complex number τ , we have

|b2k+1 − τb2k+1| ≤
|b|γB1(2− ρ)(3− ρ)

12k(2µ+ 1)[2(λ− δ)(β − α) + 1]n

×max{1, |ω5[(k − 1) + 2τ ]− B2

B1

− [
γ − 1

2
]B1 −

bγB1(3µ+ 1)

(µ+ 1)2
}, (34)

where

ω5 =
3bγB1(2µ+ 1)[2(λ− δ)(β − α) + 1]n(2− ρ)

k[(λ− δ)(β − α) + 1]2n(µ+ 1)2(3− ρ)
, (35)

and the result is sharp.

Theorem 5.3. If f ∈ Gn,b,µ,γ,ρ
α,β,λ,δ,g(ϕ); α ≥ 0 and gn > 0 and F is the kth root transformation of f

given by (2), then for any real number τ and for

σ1 =
1

2ω6

{−1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω6(k − 1)},

σ2 =
1

2ω6

{1+ B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω6(k − 1)},

σ3 =
1

2ω6

{B2

B1

+ (
γ − 1

2
)B1 +

γ B1(3µ+ 1)

(µ+ 1)2
− ω6(k − 1)},

where

ω6 =
3γB1(2µ+ 1)[2(λ− δ)(β − α) + 1]n(2− ρ)

2k[(λ− δ)(β − α) + 1]2n(µ+ 1)2(3− ρ)
. (36)

We have

| b2k+1 − τb2k+1 |≤



γ B1(2−ρ)(3−ρ)
12k(2µ+1)[2(λ−δ)(β−α)+1]n {

B2

B1

+ (γ−1

2
)B1

+γ B1(3µ+1)
(µ+1)2

− ω6[(k − 1) + 2τ ]}, if τ ≤ σ1;
γ B1(2−ρ)(3−ρ)

12k(2µ+1)[2(λ−δ)(β−α)+1]n , if σ1 ≤ µ ≤ σ2;
γ B1(2−ρ)(3−ρ)

12k(2µ+1)[2(λ−δ)(β−α)+1]n {ω6[(k − 1) + 2τ ]− B2

B1

−(γ−1

2
)B1 − γ B1(3µ+1)

(µ+1)2
}, if τ ≥ σ2,

(37)
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and the result is sharp.

6 Coef�cient inequality for the function z
f(z)

Theorem 6.1. If f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ) and G(z) = z

f(z) = 1+
∞∑
n=1

dnz
n then for any complex number

τ , we have

| d2 − τd21 | ≤
|b|γ B1µ(µ+ 1)

4(2µ+ 1)[2(λ− δ)(β − α) + 1]n
×max{1, |ω7(1− τ)− B2

B1

− (
γ − 1

2
)B1

− bγB1(3µ+ 1)

(µ+ 1)2
}, (38)

where

ω7 =
2bγB1(2µ+ 1)[2(λ− δ)(β − α) + 1]n

[(λ− δ)(β − α) + 1]2n(µ+ 1)2
, (39)

and the result is sharp.

Proceeding in a way similar to Theorem 3.1 for the function z
f(z) one can obtain this result.

Theorem 6.2. If f ∈ Gn,b,µ,γ
α,β,λ,δ,g(ϕ) and G(z) = z

f(z) = 1 +
∞∑
n=1

dnz
n then for any complex

number τ , we have

| d2 − τd21 |≤
|b|γ B1µ(µ+ 1)

4g3(2µ+ 1)[2(λ− δ)(β − α) + 1]n
×max{1, |ω8(1− τ)− B2

B1

− (
γ − 1

2
)B1

− bγB1(3µ+ 1)

(µ+ 1)2
}, (40)

where

ω8 =
2bγB1g3(2µ+ 1)[2(λ− δ)(β − α) + 1]n

[(λ− δ)(β − α) + 1]2ng2
2
(µ+ 1)2

, (41)

and the result is sharp.

Proceeding in a way similar to Theorem 3.1 for the function z
f(z) through convolution one

can obtain this result.

7 Coef�cient inequality for f−1

Theorem 7.1. If f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ) and f−1(w) = w +

∞∑
n=1

qnz
n is the inverse function of f with

|w| < r0 where r0 is greater than the radius of the Koebe domain of the class f ∈ Gn,b,µ,γ
α,β,λ,δ(ϕ),

then for any complex number τ , we have

| q2 − τq21 | ≤ |b|γ B1µ(µ+ 1)

2(2µ+ 1)[2(λ− δ)(β − α) + 1]n
×max{1, |ω7(2− τ)− B2

B1

− (
γ − 1

2
)B1

− bγB1(3µ+ 1)

(µ+ 1)2
}, (42)

where ω7 is de�ned as in (39) and the result is sharp.

Proceeding in a way similar to Theorem 3.1 for the inverse of the function f one can obtain

this result.
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