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Abstract. In this paper, we demonstrate the generalization of uniform continuous of the
composition operators in the space of the bounded A-variation functions [2, 3]. In this paper
we extend the result obtained recently in [2, 3] and [11] the space of bounded A-variation in the
sense Waterman [21]. Also we give some results about locally defined operators.

1 Introduction

Let I be an interval of R, X a real normed space, C' a closed convex subset of X, Y a real
Banach space and h : [ x C — Y. Denote by X/ the algebra of all functions f : I — X and
by H : X' — Y'! the Nemytskii composition operator generated by the function h defined by

(Hf)(t) = h(t, (1)), tel, feXxT (1.1)

Let (ABV(I,X),] - |la) be the Banach space of functions f : I — X which are of bounded A
-variation in the sense of Waterman, where the norm || - || is defined with the aid of Luxemburg-
Nakano-Orlicz seminorm [16, 10, 18].

Assume that H maps the set of functions f € ABV (I, X) suchthat f(I) C C'into ABV(1,Y).
In the present paper, we prove that, if H is uniformly continuous, then the left and right regula-
rization of its generator h with respect for the first variable are affine functions in the second
variable. This extends the main result of paper [2, 3].

2 Preliminaries

In this section we recall some facts which will be needed further on.
Denote by R the set of all real numbers and put R = [0, c0).

1
Next, let A = {\,} be a non-decreasing sequence of positive real numbers such that Z =

diverges.

If {I,,} denote a sequence of non-overlapping intervals I, = [a,,b,] C I and we write
f(I,) = f(bn) — f(ay,). Throughout this paper, when we consider a collection of intervals, they
will be assumed to be non-decreasing without further reference to that fact.

Let I C R be an interval. Then, for a set X we denote by X the set of all mappings
f 1 — X acting from [ into X.
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Definition 2.1 ([21]). A function f € X is said to be of A-bounded variation (ABV), in the
sense of Waterman in I, if for every {I,, }, we have

U/\(f):U/\(f,I) = Supzw<m7 (21)

the supremum being taken over all {I,,}, {I,,} C I.

Various spaces of the functions of generalized bounded variation which have been considered
can be obtained by making special choices of the functions A,, n = 1,2,---. If we take A =
{n} rise to be class of functions of harmonic bounded variation HBV. The definition (2.1)
coincides with the classical concept of variation in the sense of Jordan. For ),, = ¢, the condition
(2.1) coincides with the classical concept of variation in the sense of Wiener [22], where ¢ :
[0, 4+00) — [0, 4+00) denote a continuous, convex and non—decreasing function, with ¢ (0) = 0,
o(x) > 0 forz > 0.

Itis easily seen that ABV = BV, the space of functions of ordinary Jordan bounded variation
on I, if and only if A is a bounded sequence. Consequently, if we suppose that sup \; = oo, then

ieN
BV is a proper subspace of ABV.

It is known that for all a, b, ¢ € I, such that a < ¢ < b, we have vA(f, [a,c]) < va ([, [a,d])
(that s, Un is increasing with  respect to the interval) and
'U/\(fa [avc]) + 'U/\(fv [Cv b]) < U/\(f, [a,b]).

In what follows we denote by V, (I, X) the set of all bounded A-variation functions f € X7 in
the Waterman sense. This is a symmetric and convex set; but it is not necessarily a linear space.
In fact, Musielak-Orlicz proved the following statement: this class of functions (V,, (1, X) D
Va(I, X)) is a linear space if, and only if, ¢ satisfies the 4, condition [15] (there exist a > 0 and
k > 0 such that ¢(2u) < kp(u) for 0 < u < a). We denote by ABV (I, X) the linear space of
all functions f € X7 such that vs(\f) < oo for some constant A > 0.

In the linear space ABV (I, X), the function |- |5 defined by

Iflla =1f(a)l +pa(f), [f€ABV(I,X),

where
pa(f) = pa(f, 1) = inf{e >0:va(f/e) < 1}, feABV(I,X), 2.2)

is a norm (see for instance [15, 6, 20]).

For X = R, the linear normed space (BV)(I,R),| - ||s) was studied by Daniel Waterman
([21]). Also he joint with Perlman shows that the space (ABV (I,R), || - ||a) is a Banach alge-
bra ([14, 19]). The functional p,(-) defined by (2.2) is called the Luxemburg-Nakano-Orlicz
seminorm [16, 10, 18].

In the sequel, the symbol ABV (I, C') stands for the set of all functions f € ABV (I, X) such
that f : I — C and C'is a subset of X.

Lemma 2.2. For [ € ABV (I, X), we have:
@) ift,t" € I, then || f(t) — f()]| < Mpa(f);
(b) if pa(f) > 0then vp(f/pa(f)) <1
(c) for ¢ >0,
(D) pa(f) <€ ifand onlyif va(f/e) < 1;
(€2) if vA(f/e) =1 then pa(f) =c.

Proof. (a) Take € > pa(f); then for any ¢, s € I and for any finite collection {1, }, by virtue (2.1)

and (2.2), we have
<W> SZ(W) < up ({) <1

n
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whence, taking the function A; we obtain (a). Property (a) in Lemma 2.2 implies that any
function f € ABV (I, X) is bounded. Indeed, we have ||f| < |/f(a)|+|f(t)— f(a)|, whence

1Flse < If (@) + A7 (Dpa(f) < oo

(b) Suppose that sequence of the numbers A\, > A = ps(f) converges a A as n —» oo. If
follows from the definition of the number X that v, (f) < 1 for all positive integers n. Since
f/An pointwise converges to f /X on I as n — oo, by the lower semicontinuity of the functional
va(+), we obtain that va(f/A) < n@va(f/An) <1

(c) To prove (c.1), it suffices to show that if 0 < p,(f) < €, then vs(f/€) < 1, and this is directly
implied by the convexity of v, (+) and of the part (b), that is,

<20, (L) 2l oy

To prove the second assertion (c.2), it suffices to observe that the cases where p,(f) > € and
pa(f) < € are impossible. o

We consider the following notation of interval I~ by formula 7~ := I\{infI'}. If (X, |- |) is
a Banach space and f € ABV (I, X), then f~(¢) := limyy, f(s), ¢ € I, exists and is called
the left regularization of f it was proved in ([6]).

Let ABV (I, X) denote the subset in ABV (I, X) that consists of those functions that are
left continuous on 1.

Lemma 2.3. If X is a Banach space and f € ABV (I, X), then f~ € ABV (I, X). The prove
is similar to the since by Chistyakov [4, Lemma 6].

Thus, if a function has a bounded A-variation, then its left regularization is a left continuous
function.

Lemma 2.4. [6] If f : I — X is monotone, then vs(f) = W

3 The Composition Operator

Our main result reads as follows:

Theorem 3.1. Let (X, | - |, ) be a real normed space, (Y,| - |, ) a real Banach space, C C X
a closed convex set. Suppose that A1 = {\,}, Ao = {pn} two sequence in sense Waterman
and h : I x C — Y. If a composition operator H : C! — Y generated by h, maps
A BV (1,C) into Ay BV (1,Y) and is uniformly continuous, then the left regularization of h, i.e.
the function h™ : 1~ x X — 'Y, defined by

h=(t,y) := lsi%rtlh(s,y), tel ; yel,

exists and
h=(t.y) =At)y+B(t), tel , yeC,

forsome A:I~ — L(X,Y) and B € AyBV (I~,Y). Moreover the functions A and B are
left-continuous in I~

Proof. For every y € C, the constant function f(¢) = y (¢ € I) belongs to AyBV (I, C). Since
H maps A1 BV (I,C) into A, BV (I,Y), it follows that the function ¢ — h(t,y) (¢ € I) belongs
to A; BV (I,Y). Now, by Lemma 2.3, the completeness of (Y, | - |,.) implies the existence of the
left regularization A~ of h.

By assumption, H is uniformly continuous on AjBV(I,C). Let w : RT — R* be the
modulus continuity of H that is

w(p) = sup {HH(fl) - H(fz)H ) 11 = fallaBvi.oy < p }7

ABV (LY

1£(X,Y) denote the space of all linear mappings A : X — Y
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for f1, f2 € AiBV(I,C)and p > 0.
Hence we get

|H(f1) = H(f)lapviy) <w(lfi = 2llasvae), for fi,fre ABV(I,C). (3.1)

From the definition of the norm || - ||5, we obtain
pA(H(ﬁ) - H(fZ)) < ||H(f1) - H(fz) ABV(LY)> for fi,fr € AIBV(LO)- (3.2)
From (3.1), (3.2) and Lemma 2.2 (c1), if w(|| f1 = f2lla, Bv(1,c)) > O, then

H(f1) — H(f>) ><1 33
UA(W(”fle'mBV(I,C)) - G

Therefore, for any a1 < [ < a < B < -+ < am < PBm, ai,B € 1,
i € {1,2,--- ,;m}, m € N, the definitions of the operator H and the functional v, (-) imply
i (\h(ﬁi,fl (B:)) — h(Bi, f2(Bi)) — heui, fi(as)) + h(az‘7f2(ai))|) <1 3.4)
—~ A (| f1 = FollaBvi,o)) B
For «, € R, a < j, we define auxiliary Lipschitz functions 7, 3 : R — [0, 1] by
0 if t<a
=0 "%  if a<t<p (3.5)
N, g = ﬁ — S0 .
1 if g<t.

Let us fix ¢t € I~. For arbitrary finite sequence inf/ < a1 < f1 < ax < fp < -+ < Qy <
Bm < tand yi,y2 € C, y1 # 1, the functions fi, f» : I — X defined by

1
for) = Q(Uai,ﬂi(T)(yl —p)tyetyp), Tel (=12, (3.6)

belong to the space A; BV (I, C). From (3.6), we have

vy — P
[1() = f() = —

therefore

>

Y1 — Y2
2

Ifi = fallaBvi.ce = ’
moreover

HB) =w: [(B) = s -;yz; filag) = & -;yz; o) = 1.

Using (3.4), we hence get

m ‘h(ﬁi,yl) - h(ﬁm 2 +y2> - h(au U +y2) + h(ai,yz)‘

> iw(’yl ;yz ) 2 3.7
e (0 - 2 (o 22) st
2 (757

It is of great importance remarks that the constants functions defined on the interval I belong to

the space A1 BV (I, C) since the composition operator H generate by h acts from A; BV (I, C)
into Ay BV (I,Y), it follows that the function ¢ — h(t,y) (¢t € I) belong to A,BV (1,Y) for
all y € C. From the continuity of A, and the definition of ~~, passing to the limit in (3.7) when
a1 1 t, we obtain that

) 1 (1B (2 52) ]}

2
& (752 B




250 Wadie Aziz

The sum of the left hand side suppose without lost generality fix i = n forn = 1,2, ..., m, such
that

) _

we get

Y1+

) =2 (B2 ) )|\
Yy — 4y = m
“(‘ 2 D

and since that m € N is arbitraries we derive

’h*(t,yl) —h (t, YL eryz) R, yz)’ o
w(‘yl — P D
2
then
1) — 20 (1,2 + 2) b ()| =0,
Or equivalently

~(, Lt _hT(ty) +hT ()
() >
forall ¢t € I~ andall yi, yo € C.

Thus, for each ¢t € I—, the function h~ (¢, ) satisfies the Jensen functional equation in C'.
Modifying a little the standard argument (cf. Kuczma [9]), we conclude that, for each t € 1,
there exist A(t) : C — L(X,Y) and B(t) € Y suchthat h=(t,y) = A(t)y + B(t).

The uniform continuity of the operator H : AjBV(I,C) — A;BV(1,Y) implies the
continuity of the additive function A(t). Consequently A(t) € L(X,Y),foreacht € I-. O

Remark 3.2. Obviously, the counterpart of Theorem 3.1 for the right regularization h* of h
defined by

ht(t,y) = liirtlh(s,y); tel":=1\{supl},
is also true.

Remark 3.3. Taking X = Z =R, A= ¢ :=1id [ : in Theorem 3.1 and C := J where
0,400
J C Ris an interval we obtain the main result from [11].

Remark 3.4. Theorem 3.1 extends also the result of Guerrero ([2, 3]).

Remark 3.5. In the proof of Theorem 3.1 we apply the uniform continuity of the operator H
only on the set of functions U C A; BV (I, C) such that f € U if, and only if, there are «, 3 €
I, a < S, such that

1) = 3 [nes@n —w) +y+a], el

where 1, s is defined by (3.5), y1,40 € C andy =y or y = y».
Thus the assumption of the uniform continuity of H on A; BV (I, C) in Theorem 3.1 can be
replaced by a weaker condition of the uniform continuity of H on U.
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4 Locally Defined Operators

It is well know that every Nemytskii composition operator is locally defined (cf. [1], also [13,
23, 24]). To recall the definition of a local operator assume that G = G(I,R) and H = H(I,R)
are two classes of functions ¢ : I — R, where I C R is an interval. A mapping K : § — H is
said to be a locally defined operator or (G, H)-local operator if for any open interval J C R and
for any functions ¢, € G,

JnI

JnI Jnr’

=K
. (¥)

¥

where gp’ denotes the restriction of ¢ to J N I.

The f(;]r% of the locally defined operator strongly depends on the nature of the function spaces
G and H which are its domains and ranges, respectively.

Let C'(I) be a family of real continuous functions defined on I and C M (I) and CM_ (1) de-
note, respectively, a family of continuous nondecreasing and continuous nonincreasing functions
fiI—-R

We write CBV (I) for C(I) BV (I,R).

Proposition 4.1. If a locally defined operator K maps CBV (I) into C M,.(I), then it is constant,
that is, a function b € C M, (I) such that

K(p)=0b, ¢eCBV(I).

Proof. Let K : CBV(I) — CM,(I) be a local operator. Since CM,(I) ¢ CBV(I) and
CM_(I) ¢ CBV(I), an operator K is (CM,, CM,)— and (CM_,CM,)— locally defined.
Hence, K is the Nemytskii composition operator and by Theorem 1 and Theorem 4 from [24],
we get our claim. O

Similarly, by [24, Remark 4], we can get the following

Proposition 4.2. If a locally defined operator K maps C BV (I) into CM_(I), then it is constant,
that is there is a function b € CM_(I) such that

K(p)=b, ¢eCBV(I).
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