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Abstract

The object of the present paper is to study CL-transformations on α- Sasakian manifolds.

ϕ-Ricci symmetry of such manifolds has been considered. Conditions for a conformal Killing

vector �eld to be Killing on such manifolds have been deduced

1 Introduction

Contact geometry is an important branch of modern mathematics. It has evolved from the work

of Christian Huygen. It has important applications in many branches of physical science like

geometric optics, thermodynamics, relativity cosmology and string theory.

α- Sasakian manifolds are a class of contact manifolds. Several authors have studied α-
Sasakian manifolds [1][3].

In 1963, Tashiro and Tachibana [8] introduce a transformation called CL-transformation on a

Sasakian manifold under which C-loxodrome remains invariant. A loxodrome is a curve on the

unit sphere that intersects the meridians at a �xed angle and the C-loxodrome was mainly used

in navigation and usually called rhumb lines. A C-loxodrome is a loxodrome cutting geodesic

trajectories of the characteristic vector �eld ξ of the Sasakian manifold with constant angle. In

[7] the authors have studied CL-transformation on Kenmotsu manifolds. In this paper we would

like to study CL-transformations on α- Sasakian manifolds.
Symmetry of a manifold is an important geometric property. It has been de�ned by several

authors in several ways. In the paper [5], the authors have introduced the notion of ϕ-Ricci
symmetry for Sasakian manifolds. In this paper, we would like to study ϕ-Ricci symmetry for

α-Sasakian manifolds. Condition for a vector �eld to be Killing on a Kenmotsu manifold has

been studied in the paper [6]. In this paper we are interested to �nd conditions for a vector

�eld to be Killing in α- Sasakian manifolds. The present paper is organized as follows. After

the introduction, we give some preliminaries in Section 2. In Section 3, we have studied α-
Sasakian manifolds admitting in�nitesimal CL-transformation. In Section 4, we have investigate

the condition of ϕ-Ricci symmetry for three dimensional α-Sasakian manifolds. In last Sec-

tion, we have obtained the condition for a conformal Killing vector �eld to be Killing in three

dimensional α-Sasakian manifolds.

2 Preliminaries

Let M be an almost contact metric manifold of dimension n, equipped with an almost contact

metric structure (ϕ, ξ, η, g) consisting of a (1,1) tensor �eld ϕ, a vector �eld ξ, a one form η and
a Riemannian metric g which satisfy [2]

ϕ2X = −X + η(X)ξ, η(ξ) = 1, η(ϕX) = 0, ϕξ = 0 (2.1)

g(ϕX, ϕY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ) (2.2)

0The author is supported by Rajiv Gandhi National Fellowship, India, Grant No. F1-17.1/2015-16/RGNF-2015-17-SC-

WES-11891



328 Amit Sil

for all X,Y ∈ χ(M). An almost contact metric manifold M(ϕ, ξ, η, g) is said to be α-Sasakian
manifold if the following conditions hold:

(∇Xϕ)Y = α(g(X,Y )ξ − η(Y )X) (2.3)

∇Xξ = −αϕX, (∇Xη)Y = αg(X,ϕY ) (2.4)

holds for some smooth function α on M.

In an α-Sasakian manifold of dimension three, the following relations hold:

R(X,Y )ξ = α2[η(Y )X − η(X)Y ] + (Y α)ϕX − (Xα)ϕY (2.5)

R(ξ,X)Y = α2[g(X,Y )ξ − η(Y )X] + g(X,ϕY )(gradα) + (Y α)ϕX (2.6)

η(R(X,Y )Z) = α2[g(Y, Z)η(X)− g(X,Z)η(Y )] + (Xα)g(X,Z)− (Y α)g(Y, Z) (2.7)

S(X, ξ) = α2(n− 1)η(X)− (ϕX)α (2.8)

S(ξ, ξ) = α2(n− 1) (2.9)

QX = (
r

2
− α2)X − (

r

2
− 3α2)η(X)ξ + η(X)ϕgradα− (ϕX)αξ (2.10)

for all X,Y, Z ∈ χ(M), where R is the Riemannian Curvature tensor, S is the Ricci tensor

and Q is the Ricci operator.

From [4] putting β = 0, we get the curvature tensor of three dimensional α-Sasakian mani-
folds as follows:

R(X,Y )Z = (
r

2
− 2α2)(g(Y,Z)X − g(X,Z)Y )− g(Y, Z)[(

r

2
− 3α2)η(X)ξ

− η(X)ϕgradα+ (ϕX)αξ] + g(X,Z)[(
r

2
− 3α2)η(Y )ξ

− η(Y )ϕgradα+ (ϕY )αξ]− [(ϕZ)αη(Y ) + (ϕY )αη(Z)

+ (
r

2
− 3α2)η(Y )η(Z)]X

+ [(ϕZ)αη(X) + (ϕX)αη(Z) + (
r

2
− 3α2)η(X)η(Z)]Y (2.11)

3 In�nitesimal CL-transformation on α- Sasakian manifolds

De�nition 3.1: A vector �eld V on α- Sasakian manifold M is said to be an in�nitesimal CL-

transformation [9] if it satis�es

LV {hji} = ρjδ
h
i + ρiδ

h
j + γ(ηjϕ

h
i + ηiϕ

h
j ) (3.1)

for a certain constant γ, where ρi are the components of an 1-form ρ, LV denotes the Lie

derivative with respect to V and {hji}is the christoffel symbol of the Riemannian metric g.
Theorem 3.1: If a non cosymplectic α-Sasakian manifolds with α as constant admits in�nitesi-

mal CL-transformation V, then LV ϕZ is orthogonal to ξ, where Z is any arbitrary vector �eld on

the manifold.

Proof. It is known from [10] that

LV R
h
kji = ∇KLV {hji} − ∇jLV {hki} (3.2)

Substituting (3.1) into (3.2) and then using (2.3) and (2.4), we obtain
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(LV R)(X,Y )Z = (∇Xρ)(Z)Y − (∇Y ρ)(Z)X + γ[(2αg(ϕY,X)ϕZ

− αg(ϕX,Z)ϕY + αg(ϕY,Z)ϕX)

+ (α(2η(X)Y − 2η(Y )X))η(Z)

+ (α(g(X,Z)η(Y )− g(Y,Z)η(X)))ξ] (3.3)

for any vector �elds X, Y and Z on M.

Operating η to (3.3), we get,

η((LV R)(X,Y )Z) = (∇Xρ)(Z)η(Y )− (∇Y ρ)(Z)η(X)

+ γα(g(X,Z)η(Y )− g(Y, Z)η(X)) (3.4)

Taking Lie derivative of (2.7) with respect to V and using (3.4) and then replacing X and Y

to Y and ξ respectively we get,

(LV η)R(Y, ξ)Z = (2αα′2LV η(Z)η(Y ) + α2LV η(Y )η(Z)

− (2αα′ + γα− α′′2 − α′)LV g(Y, Z)− α′LV η(Z)

− α′′η(Z)− (∇Y ρ)(Z) + (∇ξρ)(Z)η(Y ) (3.5)

Taking Lie derivative of (2.11) with respect to V and operating η and then replacing X and Y

to Y and ξ we get,

η((LV R)(Y, ξ)Z) = (2αα′ + η(LV (ϕgradα)))η(Y )η(Z)

− (α2η(LV ξ) + 2αα′ + η(LV (ϕgradα)))g(Y, Z)

− α2LV g(Y,Z) + α2LV η(Z)η(Y ) + α2η(Z)η(LV Y )

− α′η(LV Y ) + α′LV η(Y ) + α′η(Y )η(LV ξ) (3.6)

Again operating η to (2.11) and taking Lie derivative with respect to V and then replacing X

and Y to Y and ξ we get,

LV η(R(Y, ξ)Z) = 2αα′2LV η(Y )η(Z) + α2η(Y )LV η(Z)

− 2αα′2LV g(Y, Z) (3.7)

Now subtracting (3.6) from (3.7) and then using (3.5) we get,

(2αα′2LV η(Z)η(Y )− (2αα′ + γα− α′′)g(Y, Z)

− (α2 − α′)LV g(Y, Z)− α′LV η(Z)− α′′η(Z)

− (∇Y ρ)(Z) + (∇ξρ)(Z)η(Y )

= (α2η(LV ξ)

+ η(LV (ϕgradα)))g(Y, Z)

− η(LV (ϕgradα))η(Y )η(Z)

− α2η(Z)η(LV Y )

+ α′η(LV Y )− α′LV η(Y )

− α′η(Y )η(LV ξ) (3.8)

Interchanging Y and Z in (3.8) and subtracting it from (3.8) and then replacing Y to ξ we get,

α2(LV η)(Z) + (∇Zρ)ξ − (∇ξρ)(ξ)η(Z) + α2η(Z)η(LV ξ) = 0 (3.9)
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Replacing Z by ϕZ in (3.9), we get,

α2(LV η(ϕZ)− η(LV ϕZ)) +∇ϕZρ(ξ)− ρ(∇ϕZξ) = 0 (3.10)

Now choosing ρ = η in (3.10) and using (2.4) we get,
α2(−η(LV ϕZ)− η(−αϕ2Z) = 0

i.e. α2η(LV ϕZ) = 0

If α ̸= 0,then η(LV ϕZ) = 0

i.e., we can say LV ϕZ is perpendicular to ξ.

4 ϕ-Ricci symmetric α-Sasakian manifolds of dimension three

De�nition 4.1: A three dimensional α-Sasakian manifold will be called ϕ- Ricci symmetric if
ϕ2(∇WQ)X = 0, for any vector �eld W, X on the manifolds. Here Q is Ricci operator. The

notion of ϕ-Ricci symmetry was introduced in the paper [5].
Theorem 4.1: A three-dimensional α-Sasakian manifolds with α as constant is locally ϕ-Ricci
symmetric if and only if the scalar curvature r is constant.

Proof. Using (2.10), we get,

(∇WQ)X = (
dr(W )

2
− 2αdα(W ))X − (

dr(W )

2
− 6αdα(W ))η(X)ξ

− (
r

2
− 3α2)(∇W η)(X)ξ − (

r

2
− 3α2)η(X)∇W ξ + (∇W η)(X)ϕgradα

+ η(X)∇W (ϕgradα)−∇W ((ϕX)α)ξ

− ((ϕX)α)∇W ξ + (ϕ∇WX)αξ (4.1)

Applying ϕ2 on both sides of (4.1), we get,

ϕ2((∇WQ)(X)) = (
dr(W )

2
− 2αdα(W ))ϕ2X − (

r

2
− 3α2)η(X)ϕ2(∇W ξ)

+ (∇W η)(X)ϕ2(ϕgradα) + η(X)ϕ2(∇W (ϕgradα))

− ((ϕX)α)ϕ2(∇W ξ) (4.2)

Now from (2.1), we get,

ϕ2((∇WQ)(X)) = (
dr(W )

2
− 2αdα(W ))(−X + η(X)ξ)

− (
r

2
− 3α2)η(X)ϕ2(∇W ξ)− ((ϕX)α)ϕ2(∇W ξ)

− (∇W η)(X)ϕgradα+ η(X)ϕ2(∇W (ϕgradα)) (4.3)

Choosing the vector �eld orthogonal to ξ, we get,

ϕ2((∇WQ)X) = −(dr(W )
2

− 2αdα(W ))X − ((ϕX)α)ϕ2(∇W ξ)− (∇W η)(X)ϕgradα
This completes the proof of the theorem.

5 Condition for a conformal Killing vector �eld to be Killing

De�nition 5.1: A vector �eld on an α-Sasakian manifolds is said to be conformal Killing if

LXg = fg, where f is a function on the manifold. The vector �eld X is said to be Killing if

LXg = 0.

Theorem 5.1: If a conformal Killing vector �eld X on a α-Sasakian manifold is orthogonal to ξ,
then X is Killing.

Proof. Let the vector �eld X be conformal Killing vector �eld on an α-Sasakian manifolds.



Some Properties of α-Sasakian manifolds 331

So,

(LXg)(Y, Z) = fg(Y, Z) (5.1)

From (2.4), we get ∇ξξ = 0. So the integral curves are geodesics and we have from (5.1), by

putting Y = Z = ξ
f = (LXg)(ξ, ξ)
Now,

(LXg)(ξ, ξ) = LXg(ξ, ξ)− g(LXξ, ξ)− g(ξ, LXξ)

= −2g(LXξ, ξ)

= −2g(∇Xξ −∇ξX, ξ)

= −2g(−αϕX, ξ) + 2g(∇ξX, ξ)

= 2αg(X,ϕξ) + 2g(∇ξX, ξ)

= 2g(∇ξX, ξ) (since, ϕξ = 0, so g(X, 0) = 0)

Again, 2∇ξg(X, ξ) = 2g(∇ξX, ξ)

f = (LXg)(ξ, ξ) = 2g(∇ξX, ξ) = 2∇ξ(g(X, ξ)) (5.2)

Now if X is orthogonal to ξ, f=0 and hence LXg = 0 i.e., X is a Killing vector �eld .

Hence the theorem is proved.

Theorem 5.2: If V is a vector �eld on a α-Sasakian manifolds provided α as constant satisfying

LV R = 0, then V is Killing.

Proof. Let V be a vector �eld on the α-Sasakian manifold such that LV R = 0.

Now, in a Riemannian manifold we have,

g(R(W,X)Y, Z) + g(R(W,X)Z, Y ) = 0

Taking Lie derivative of the above identity along V, we get,

(LV g)(R(W,X)Y, Z) + (LV g)(R(W,X)Z, Y ) = 0 (5.3)

PuttingW = Y = Z = ξ in (5.3) we get,

(LV g(R(ξ,X)ξ, ξ)) + (LV g)(R(ξ,X)ξ, ξ) = 0 (5.4)

Now putting Y = ξ in (2.6) and using it in (5.4), we get,

α2(LV g)(X, ξ) = η(X)α2(LV g)(ξ, ξ) (5.5)

Again puttingW = Y = ξ in (5.3) and using (2.6) we get,

g(X,Z)α2(LV g)(ξ, ξ)− α2(LV g)(X,Z) + (LV g)((ξα)ϕX,Z)

+ g(X,ϕZ)(LV g)(gradα, ξ)

= 0 (5.6)

If α is constant, then from (5.6) we get,

(LV g) = (LV g)(ξ, ξ)g (5.7)

From (2.9), we have, S(ξ, ξ) = α2(n− 1)
We know that LV R = 0 implies LV S = 0

Now applying LV on S(ξ, ξ), we get,

S(LV ξ, ξ) = 0 (5.8)

Again from (2.8), we have,

S(X, ξ) = α2(n− 1)η(X)− (ϕX)α (5.9)
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From (5.8) and (5.9), we have, LV ξ = 0.

Hence g(LV ξ, ξ) = 0.

Thus (LV g)(ξ, ξ) = 0.

So, from (5.2) we get f = 0.

Thus the vector �eld V is Killing.

This completes the proof of the theorem.
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