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Abstract

The object of the present paper is to study CL-transformations on a- Sasakian manifolds.
¢-Ricci symmetry of such manifolds has been considered. Conditions for a conformal Killing
vector field to be Killing on such manifolds have been deduced

1 Introduction

Contact geometry is an important branch of modern mathematics. It has evolved from the work
of Christian Huygen. It has important applications in many branches of physical science like
geometric optics, thermodynamics, relativity cosmology and string theory.

«- Sasakian manifolds are a class of contact manifolds. Several authors have studied a-
Sasakian manifolds [1][3].

In 1963, Tashiro and Tachibana [8] introduce a transformation called CL-transformation on a
Sasakian manifold under which C-loxodrome remains invariant. A loxodrome is a curve on the
unit sphere that intersects the meridians at a fixed angle and the C-loxodrome was mainly used
in navigation and usually called rhumb lines. A C-loxodrome is a loxodrome cutting geodesic
trajectories of the characteristic vector field ¢ of the Sasakian manifold with constant angle. In
[7] the authors have studied CL-transformation on Kenmotsu manifolds. In this paper we would
like to study CL-transformations on «- Sasakian manifolds.

Symmetry of a manifold is an important geometric property. It has been defined by several
authors in several ways. In the paper [5], the authors have introduced the notion of ¢-Ricci
symmetry for Sasakian manifolds. In this paper, we would like to study ¢-Ricci symmetry for
«-Sasakian manifolds. Condition for a vector field to be Killing on a Kenmotsu manifold has
been studied in the paper [6]. In this paper we are interested to find conditions for a vector
field to be Killing in a- Sasakian manifolds. The present paper is organized as follows. After
the introduction, we give some preliminaries in Section 2. In Section 3, we have studied o-
Sasakian manifolds admitting infinitesimal CL-transformation. In Section 4, we have investigate
the condition of ¢-Ricci symmetry for three dimensional a-Sasakian manifolds. In last Sec-
tion, we have obtained the condition for a conformal Killing vector field to be Killing in three
dimensional a-Sasakian manifolds.

2 Preliminaries

Let M be an almost contact metric manifold of dimension n, equipped with an almost contact
metric structure (¢, £, 7, g) consisting of a (1,1) tensor field ¢, a vector field &, a one form 7 and
a Riemannian metric g which satisfy [2]

PX =X +0(X)E, nE) =1, n(¢X)=0, ¢£=0 2.1

9(¢X,8Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,$) (2.2)
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for all X, Y € x(M). An almost contact metric manifold M (¢, &, 7, g) is said to be a-Sasakian
manifold if the following conditions hold:

(Vx9)Y = a(g(X,Y)E —n(Y)X) (2.3)
Vxé=—apX, (Vxn)Y =ag(X,eY) (2.4)

holds for some smooth function oz on M.
In an a-Sasakian manifold of dimension three, the following relations hold:

R(X,Y){=nY)X —n(X)Y]+ (Ya)pX — (Xa)pY (2.5)

R(&, X)Y = o’[g(X, V)¢ —n(Y)X] + g(X, ¢Y)(grada) + (Ya)p X (2.6)

n(R(X,Y)Z) = o*[g(Y, Z)n(X) — g(X, Z)n(YV)] + (X)g(X, Z) — (Ya)g(Y. Z) (2.7

S(X,€) = a*(n— 1)n(X) = (¢X)a (2.8)
S(&& =a*(n—1) (2.9)
QX = (5 — o)X — (5 = 3a?)n(X)¢ + n(X)dgrada — (6X)ag (2.10)

forall X,Y,Z € x(M), where R is the Riemannian Curvature tensor, S is the Ricci tensor
and Q is the Ricci operator.

From [4] putting 5 = 0, we get the curvature tensor of three dimensional «-Sasakian mani-
folds as follows:

= 20°)(9(Y. 2)X — (X, 2)Y) — (Y. 2)[(5 — 30> n(X)¢

X)ggrada + ($X)ag] + g(X, 2)[(5 = 3a?)n(¥)¢
Y)égrada + (6 )ag] ~ [(6Z)an(Y) + (6Y Jan(2)
—3a”)(Y)n(2)}X

R(X,)Y)Z = (

N =

—~

- n

|
3
—~

+
—
N3

+ [(#2)an(X) + (6X)an(Z) + (5 = 3a)n(X)n(Z)]Y 211

3 Infinitesimal CL-transformation on - Sasakian manifolds

Definition 3.1: A vector field V on a- Sasakian manifold M is said to be an infinitesimal CL-
transformation [9] if it satisfies

Ly {i} = p;07 + pid} + (0,0} + mid}) 3.1)

for a certain constant v, where p; are the components of an 1-form p, Ly denotes the Lie
derivative with respect to V and { ;?i}is the christoffel symbol of the Riemannian metric g.
Theorem 3.1: If a non cosymplectic a-Sasakian manifolds with « as constant admits infinitesi-
mal CL-transformation V, then Ly ¢Z is orthogonal to £, where Z is any arbitrary vector field on
the manifold.
Proof. It is known from [10] that

LvRij' = VKLV{?Z} - ijV{Zi} (3.2)
Substituting (3.1) into (3.2) and then using (2.3) and (2.4), we obtain
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(LvR)(X,Y)Z = (Vxp)(2)Y — (Vyp)(Z)X +7[(2ag(¢Y, X)9Z
- ag(¢X, Z)pY + ag(eY, Z)pX)
+ (a2n(X)Y —20(Y)X))n(Z)
+  (a(g(X, 2)n(Y) — g(Y, Z)n(X)))é] (3.3)

for any vector fields X, Y and Z on M.
Operating 7 to (3.3), we get,

n(LvR)(X,Y)Z) = (Vxp)(Z)n(Y) = (Vyp)(Z)n(X)
+ 7a(g(X, Z)n(Y) — g(Y, Z)n(X)) (3.4)

Taking Lie derivative of (2.7) with respect to V and using (3.4) and then replacing X and Y
to Y and £ respectively we get,

(Lvn)R(Y,6)Z = (2aa”Lyn(Z)n(Y) + o Lyn(Y)n(Z)
- (2ad +ya—a" — o) Lyg(Y, Z) — o/ Lyn(Z)
= a"'(Z) = (Vyp)(Z) + (Vep)(Z)n(Y) (3.5)

Taking Lie derivative of (2.11) with respect to V and operating 1 and then replacing X and Y
to Y and £ we get,

n((LvR)(Y,€)Z) = (2ad’ +n(Ly(pgrada)))n(Y)n(Z)
— (&?n(Lv&) + 20’ + n(Ly (¢grada)))g(Y, Z)
— &Lyg(Y,Z) + o Lyn(Z)n(Y) + &’n(Z)n(LvY)
= dn(LvY) + o' Lyn(Y) +a/n(Y)n(Lv§) (3.6)

Again operating 7 to (2.11) and taking Lie derivative with respect to V and then replacing X
and Y to Y and ¢ we get,

Lyn(R(Y,6)Z) = 2aa”Lyn(Y)n(Z) + o*n(Y)Lyn(Z)
200 Ly g(Y, Z) (3.7)

Now subtracting (3.6) from (3.7) and then using (3.5) we get,

(2aa”Lyn(Z)n(Y) - (2aa’ + ya —a")g(Y, Z)

(
= (Vyp)(Z) + (Vep)(Z)n(Y)
(@®n(Lve)

+ n(Lv(¢grada)))g(Y, Z)

— n(Lv(¢grade))n(Y)n(Z)
- " n(Z)n(LvY)

+ an(LyY) =o' Lyn(Y)

- an(Y)n(Lv§)

Interchanging Y and Z in (3.8) and subtracting it from (3.8) and then replacing Y to £ we get,

o*(Lyn)(Z) + (Vzp)§ = (Vep)(E)n(Z) + on(Z)n(Ly€) =0 (3.9)

o —o)Lyg(Y,Z) — o' Lyn(Z) — o'n(2)
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Replacing Z by ¢Z in (3.9), we get,

o (Lyn(¢Z) —n(Ly¢Z)) + Vezp(&) — p(VezE) =0 (3.10)

Now choosing p = 7 in (3.10) and using (2.4) we get,
a?(=n(Lv¢Z) —n(—-ag’Z) =0

ie. o?n(Ly¢pZ) =0

If @ # O,then n(Ly ¢Z) =0

i.e., we can say Ly ¢Z is perpendicular to .

4 ¢-Ricci symmetric a-Sasakian manifolds of dimension three

Definition 4.1: A three dimensional o-Sasakian manifold will be called ¢- Ricci symmetric if
¢2(VWQ)X = 0, for any vector field W, X on the manifolds. Here Q is Ricci operator. The
notion of ¢-Ricci symmetry was introduced in the paper [5].

Theorem 4.1: A three-dimensional a-Sasakian manifolds with « as constant is locally ¢-Ricci
symmetric if and only if the scalar curvature r is constant.

Proof. Using (2.10), we get,

@w@x = (M sadawyx - (PO eada(w)nixe
— (5 =3 (Vwn)(X)E ~ (5 = 30X M(X)Vwe + (Vwn) (X)dgrada
+ 1(X)Vw(dgrade) — Vi ((¢X)a)g
= ((¢X)a)VwE+ (oVw X)ag 4.1

Applying ¢* on both sides of (4.1), we get,

AWw ) = (T

+  (Vwn)(X)¢* (dgrada) +n(X)¢*(Vw (¢grada))

~2ada(W))$X — (% —3a?)(X)P* (V)

- ((¢X)a)¢*(VwE) 4.2)
Now from (2.1), we get,
Awx) = (8 20aa(m)(-x +n(x))
— (5 =3aM(X)EA(TwE) — (6X)a) 6 (Tw)
—  (Vwn)(X)¢grado + n(X)¢*(Vw (pgrada)) (4.3)

Choosing the vector field orthogonal to &, we get,

P (VwQ)X) = ~(57 — 2ada(W))X ~ ((6X)a)¢*(Vwe) — (Vwn)(X)dgrada
This completes the proof of the theorem.

5 Condition for a conformal Killing vector field to be Killing

Definition 5.1: A vector field on an «-Sasakian manifolds is said to be conformal Killing if
Lxg = fg, where f is a function on the manifold. The vector field X is said to be Killing if
L xXg = 0.

Theorem 5.1: If a conformal Killing vector field X on a «-Sasakian manifold is orthogonal to &,
then X is Killing.

Proof. Let the vector field X be conformal Killing vector field on an «-Sasakian manifolds.
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So,
(Lxg)(Y,Z) = fg(Y, Z)

5.1

From (2.4), we get V& = 0. So the integral curves are geodesics and we have from (5.1), by

puttingY =7 =¢
f=(Lxg)(&.¢)

Now,

(Lx9)(§,€) = Lxg(§¢&) —9(Lx&€) —9(§ Lx§)
= —29(Lx&,€)
= —29(Vx{—VeX,§)
—29(—agX,§) +29(VeX,€)
= 2a9(X,¢€) +29(VeX,§)
= 2¢(VeX,€) (since, € = 0,50 ¢(X,0)=0)

Again, 2V,g(X,§) = 29(Ve X, €)

f=(Lx9)(&€) =29(VeX, &) = 2Ve(9(X,€))

Now if X is orthogonal to £, f=0 and hence Lxg = 0 i.e., X is a Killing vector field .

Hence the theorem is proved.

(5.2)

Theorem 5.2: If V is a vector field on a a-Sasakian manifolds provided « as constant satisfying

Ly R =0, then V is Killing.
Proof. Let V be a vector field on the a-Sasakian manifold such that Ly R = 0.
Now, in a Riemannian manifold we have,
g(RW,X)Y,Z) + g(R(W,X)Z,Y) =0
Taking Lie derivative of the above identity along V, we get,
(Lvg)(RW,X)Y,Z) + (Lvg)(R(W,X)Z,Y) =0
Putting W =Y = Z = £ in (5.3) we get,

(Lvg(R(& X)E,€)) + (Lvg)(R(E, X)E,€) =0
Now putting Y = £ in (2.6) and using it in (5.4), we get,

a*(Lvg)(X,€) = n(X)a*(Lvg)(£,€)
Again putting W =Y = £ in (5.3) and using (2.6) we get,

9(X,2)a?(Lvg)(§,€) — P (Lvg) (X, Z) + (Lvg)((a)¢X,Z)
+ g(X»¢Z)(LVg)(gTada7£)
=0

If « is constant, then from (5.6) we get,

(Lvg) = (Lvg)(§,&)g

From (2.9), we have, S(¢,€) = a?(n — 1)
We know that Ly R = 0 implies LS = 0
Now applying Ly on S(&, &), we get,

S(LVé-» g) =0

Again from (2.8), we have,

S(X,6) = a*(n — Dn(X) — (¢X)a

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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From (5.8) and (5.9), we have, Ly = 0.
Hence g(Lv&,€) = 0.

Thus (Lvg)(§, &) = 0.

So, from (5.2) we get f = 0.

Thus the vector field V is Killing.

This completes the proof of the theorem.
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