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Abstract Let r, s, t be three positive integers and C be a binary linear code of lenght r + s+ ¢.
We say that C is a triple cyclic code of lenght (r,s,t) over Z, if the set of coordinates can be

partitioned into three parts that any cyclic shift of the coordinates of the parts leaves invariant the
code. These codes can be considered as Z;[x]-submodules of ff[_x]l) X 53[_9”]” X <f3[ﬂ> . We give
the minimal generating sets of this kind of codes. Also, we determine the relationship between

the generators of triple cyclic codes and their duals.

1 Introduction

Codes over finite rings have been studied since the early 1970s. Recently codes over rings have
generated a lot of interest after a breakthrough paper by Hammons et al. [8]. Cyclic codes are
amongst the most studied algebraic codes. Their structure is well known over finite fields [10].

In [1], Borges et. al. studied the algebraic structures of Z,-double cyclic codes as Z,[z]-
submodules of R, s = fﬁ[f]l) <f§[f]1>. They determined the generator polynomials of this
family of codes and their duals. In fact, the double cyclic codes were generalized quasi-cyclic
(GQC) codes with index 2 introduced in [11] and studied deeply by many other researchers
[3, 2, 4, 5]. Also, Gao et. al. [6] investigated double cyclic codes over Z.

In Section 2, we give the definition and Z;-module structure of triple cyclic codes. In Section
3, we determine the generator polynomials and minimal generating sets of triple cyclic codes. In
Section 4, we investigate the relationship between the generators of triple cyclic codes and their
duals.

2 Triple cyclic codes over 7Z,

In this paper, suppose that r, s, ¢ are three positive integers and C is a binary linear code of lenght
n = r+ s+t. This code can be partitioned into three parts of r, s and ¢ coordinates, respectively.

Definition 2.1. Let r, s, ¢ be positive integers and C a binary linear code of lenght n = r + s 4 ¢.
We say that C is a triple cyclic code of lenght (r, s,t) over Z, if

C = (61)0, C1,1,---5,Cr—2,Clr—1 | €2,0,C2,15---,C2,5-2,C2 5—1 | C30,C3,15,---,C3,t—-2, C3,t_1) S C
implies that
T(c) = (c1,r-1,€1,0,C1,15- > Clr—2 | €2.5-1,€2,0,C2 1,252 | €34-1,€3,0,C3,1-..,C34—2) € C.

Let C be a triple cyclic code of lenght (r, s, ¢) over Z;. Let C, be the canonical projection of
C on the first r coordinates, C, on the second s coordinates and C; on the last ¢ coordinates. It is
easy to see that C,, Cs and C; are binary cyclic codes of lenght 7, s and ¢, respectively. A triple
cyclic code C is called separable if C = C,. x Cs x Cy.

Let R, ¢ be the ring (2% x Bt » T The map W : Z5 x Z§ x Z — R, , which

maps (U1,07U1,1, ce U1 | U0, U T, U1 | UB0, UL, - -;U3,t71) to

r—1 s—1 t—1
(u1,0 + w1z + - +ur 1z Juo Fuzaz+ - Fuzs—ix” | uso +us,ix A+ +uz 1z )

is an isomorphism of Z,-modules. We denote the image of a vector u € Z} x Z5 x Z5 by u(zx).
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Definition 2.2. We define the multiplication * : Z[z] X R, s — Ry s as
A(@) * (ur(2) | ua (@) [ us(@)) = (A(@)ur () [ M@)o (@) | Mz)us(z)),
where A(z) € Z[z] and (u1(z) | ua(2) | us(z)) € Ry i

The ring R, s ; with the external multiplication * is a Z,[z]-module.
Let C be a binary linear code of lenght n and let

c=(c1,0,C1,1,- -, Clr—1 ] €20, 215+, C25-1 ] €3,0,C3,15---,C34—1)
be a codeword in C. Note that = * ¢(z) is equal to
(ci—t +cipz+ -+ Cl,r—2xr_] | c2,6—1 + o0+ -+ Cz,s—zms_] Cit—1+ T+ -+ C3,t—2$t_])
in R, s +, which is the image of
(Clr—15€10s -y Clr—2, | €2,6-1,€205 -+, C25-2,| €34-1,€3,0,--.,C34-2)

under . Therefore C is a triple cyclic code if whenever ¢(z) € C, then z * ¢(z) € Cin R, 4.

3 Properties of triple cyclic codes over 7Z,
For a linear code C, the minimum Hamming distance d(C) is defined by
d(C) = min{wt(c) | 0 # c € C}.

For a linear code C with parity-check matrix H, any d(C) — 1 columns of H are linearly inde-
pendent and H has d(C) columns that are linearly dependent.

Proposition 3.1. Ler C be a triple cyclic code of lenght (v, s,t) over Z,.
(i) d(C) = min{d(C;),d(Cs),d(Ct)}
(ii) If C is separable, then d(C) = min{d(C,),d(Cs),d(C;)}.

Proof. (i) There exists a nonzero codeword (¢, | ¢s | ¢;) of minimum distance in C such that
d(C) = wt((c, | ¢s | ct)). Without loss of generality we may assume that ¢, # 0. Therefore

d(C) = wt((cr | es | ¢)) = wt(er) = d(C) = min{d(C,), d(Cs), d(C:)}-

(ii) Suppose that C is separable. Assume that min{d(C, ), d(Cs),d(C;)} = d(C,). Let 0 # ¢, € C,
be such that d(C,) = wt(c,.). On the other hand (¢, | 0| 0) € C. So

d(C) < wt((¢ | 0]0)) = wt(c,.) = d(C,-) = min{d(C,.),d(Cs),d(Cs)}.
Hence, by part (i) the claim holds. O

We know that R, ,; is a Noetherian Z,[z]-module, and so a triple cyclic code C as a Z;|[x]-
submodule of R, s ; is finitely generated.

Theorem 3.2. Let C be a triple cyclic code of lenght (v, s,t) over Z,. Then
C=((Fi()[0]0),(0]| Fx(x) | 0), (Gi(2) | G2() | G3(2)))

where Fi(z), F>(x),G1(x),Ga(x), Gs(x) € Zy[x] with Fy(z) | " — 1, Fa(z) | 2 — 1 and
Gi(z) |zt — 1.

Proof. Let® : C — <f3[ﬂ> be the canonical projection of Z;[z]-modules defined by ®((c; (z) |

c2(x) | e3(x))) = e3(x). Since Im(®P) is an ideal of (?[fn , then there exists G3(x) € Z,[x] with
Gi(z) | ' — 1 such that Im(®) = (G3(x)). We know that

Ker(®) = {(c1(z) | e2(2) [ 0) € Rrst | (1 () | ea() [ 0) € C}-
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Define Z = {(c1(z) | e2(x)) € Rys | (ci(z) | ca(z) | 0) € Ker(®)}. It is easy to check
that 7 is an ideal of R, 5. So, Z = Z; x 1, for some ideal Z; of ZZM and some ideal Z, of

<f§[ ]> Again, there are Fy(x), F>(z) € Zy[z]| with Fi(z) | 2" — 1, Fz(x) | 25 — 1 such that
Ty = (Fi(z)) and I, = (Fy(x)). Therefore Z = ((Fi(z) | 0), (0 | F>(x))). Now, we can
easily see that Ker(®) = ((Fi(z) | 0] 0),(0 | Fo(z) | 0)). On the other hand, by the first
isomorphism theorem, we have Kerc( o~ ~ (G3(z)). Let (Gi(z) | G2(z) | G3(x)) € C be such
that ®((G1(z) | Ga(x) | G3(2))) = Gs(x). Consequently C as a Z,[z]-submodule of R, g ¢ is
generated by elements (Fy(z) | 0]0),(0 | F»(z) | 0) and (G1(z) | G2(z) | G3(x)). O

Remark 3.3. Notice that if in a triple cyclic code C = ((Fi(z) | 0]0), (0| Fx(z) | 0), (Gi(z) |
G(z) | Gs(z))) we have G3(z) = 0, then we may consider C as a double cyclic code which
was investigated in [1].

We recall that, the reciprocal polynomial f*(x) of a polynomial f(z) = ap+aiz+- - -+a,z™
is the polynomial f*(z) = a,, + an—12+ -+ +apz™ = 2" f(1). Also, we denote the polynomial

n—1
S 2 by 0, ().
i=0

Proposition 3.4. Let f(z), g(x) be two polynomials in Z,[x] with deg(f(x)) > deg(g(x)). Then
the following conditions hold:

(i) deg(f*(z)) < deg(f(x)).
(ii) (f*)*(x) = f(2).
(iii) (fg)*(z) = f*(x)g*(x).
(iv) (f+9)*(z) = f*(x) + ateol/ ) =deslo®) g= ().
(v) g(z) | f(z) if and only if g*(x) | f*(x).
(vi) ged(f(z),g(z))" = ged(f*(x), g*(2)).
(vii) lem(f(2),g(x))* = lem(f*(x), g*(x)

Proof. (i) and (ii) are easy.

For (iii) and (iv) see Lemma 4.3 of [7].

(v) By parts (ii) and (iii).

(vi) Since ged( f(x), g(x)) divides both f(x), g(x), then by part (v) it follows that ged( f (), g(z))*
divides f*(x),g*(z). Hence gcd(f(z),g(x))* | ged(f*(z),g*(x)). On the other hand there
are two polynomials u(z),v(x) € Z;[z] such that ged(f(x),g9(z)) = u(z)f(z) + v(z)g(z).
Without loss of generality we may assume that deg(u(z)f(z)) > deg(v(z)g (1:)) Set | =
deg(u(z){(z)) — deg(v(x)g(x)). Therefore ged(f(2), g(x))* = u"(x)f*(x) + av* (2)g" (2),
by part (iv). So ged(f*(z), g*(z)) | ged(f(x), g(x))*. Consequently

ged(f(x), 9(x))" = ged(f*(x), 9" ().
(vii) Use the equality lem(f(x), g(x))gcd(f(z),g9(z)) = f(x)g(z) and parts (iii), (vi). i

Lemma 3.5. Let a = (ag, a1, ...,a,—1) and b = (bo, b1, ..., b,_1) be vectors in Z}} with associ-
ated polynomials a(x) and b(x). Then a is orthogonal to b and all its cyclic shifts if and only if
a(z)b*(x) = 0mod (z™ —1).

Proof. See Lemma 4.4.8 of [9]. O

)-

Corollary 3.6. Let C be a binary cyclic code of lenght n with the dual code C*. Then
t={acZ%|a(x)b*(x) =0mod (™ — 1) for every b € C}.
From now on we assume that m = lcm(r, s, t).

Remark 3.7. Regarding Proposition 4.2 of [1] we have that
2" —1=0m(2") (2" — 1) = Om (2°)(2° — 1) = Om (") (2" — 1).
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Definition 3.8. Let u(z) = (u1(z) | ua(z) | us(z)) and v(z) = (v1(z) | v2(z) | v3(x)) be two
elements of R, ; ;. We define the map o : R, s+ X Ry st — 7 Zm[xll) with
(xr)xmflfdeg(m(x))vik(x) + UZ(IE)Q% (l’s>l‘m717deg<vz(z)>1}; (IE)

(zt)zm 1= deaws@)yx (1) mod (2™ — 1).

o(u(z),v(z)) = w(x)d
+ us(x)6

et

=

The map o is a bilinear map between Z,[z]-modules.
Proposition 3.9. Let u, v be two elements of 7 x Z5 x Z5. Then
uw(z) ov(z) =0 mod (z™ — 1)
if and only if u is orthogonal to v and all its shifts.
Proof. Consider the following representations for u, v:
U = (U1,0, U1, Ut | U205 UD T, e e, U g1 | U0, U Ty e -, U 1),
v o= (01,0,V115 5 Vet | 020,021,005 025-1 [ V30,031,045 U3 -1).
Assume that
VO = (01,023, U114y - VL1 | V2,05 02,124+ V2ism1—i | V30—, U3 1< - - V34— 1)

is the i-th cyclic shift of v, where 0 < i < m — 1. Notice that u - v(® = 0 if and only if

r—1 s—1 t—1
E :ul,jvl,j—i + E U kU2, k—i + g uz vz —; =0
j=0 k=0 1=0

r—1 —1 t—1
Set S; = > wjvi—i + Z U V2 k—i + Y U3 v3,—;. Similar to the computations used in the
=0 k=0 1=0

proof of [6, Lemma 3] we have that

r—1r—1 s—1s—1
u(z) o v(x) Om E E uy 01, —px™ T 1=h 9m E g Uy kvg}k,pxm_l_p
h=0 j= p=0 k=0

t—1 t—1 m—1
u37w37l_qu_l_q = g S;z™ 1= mod (2™ — 1).

+

S
[z
&)
N
(]

q=0 1=0
Consequently u(z) ov(x) =0 mod (z™ — 1) ifand only if S; = O forevery0 < i <m —1. O

Proposition 3.10. Let u(z) = (ui(z) | ua(z) | uz(z)) and v(z) = (vi(z) | va(x) | v3(x)) be
two elements of R, s such that up(z) = 0 or va(z) = 0, and uz(xz) = 0 or v3(z) = 0. Then
w(z)ov(z) =0 mod( — 1) if and only if ui (z)v}(x) = 0 mod (x" — 1).

Proof. (=) Similar to that of [1, Lemma 4.5].
(<) Suppose that u;(z)v}(z) = 0 mod (z" — 1). Then, there exists A\(z) € Z[z] such that
up (x)vy(z) = A(z)(2" — 1), and so

w(z) o v(z) = uy(z)0m (x7)a™ 1491 @) (1) = gm—1=des@i@) )\ (1)0m (27) (2" — 1).

3 3

Therefore, by Remark 3.7 we have that u(z) o v(z) = 2~ 1=deg(1(#) \(z)(z™ — 1), which is 0
mod (z™ — 1). i

Similar to Proposition 3.10 we can state the next two propositions.

Proposition 3.11. Let u(z) = (ui(z) | uz(x) | uz(z)) and v(z) = (vi(z) | va(x) | v3(x)) be
two elements of R, s+ such that uy(x) = 0 or vi(z) = 0, and uz(x) = 0 or v3(x) = 0. Then
u(x) ov(z) =0 mod (™ — 1) if and only if up(z)v;(x) =0 mod (x* — 1).
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Proposition 3.12. Let u(z) = (ui(z) | ua(x) | uz(z)) and v(z) = (vi(z) | va(x) | v3(x)) be
two elements of R, s+ such that ui(x) = 0 or vi(z) = 0, and uz(x) = 0 or va(x) = 0. Then
u(z) ov(z) =0 mod (z™ — 1) if and only if uz(x)v; (xz) = 0 mod (z* — 1).

Proposition 3.13. Let C = ((Fy(z) [ 0] 0), (0 | Fx(z) | 0), (G1(z) | Ga(z) | G3(2))) be a triple
cyclic code of lenght (r, s, t) over Z,. Then

(i) Fi(x)
(ii) Fi(2)F>(2) | £5590d(Fi (2) Fa(2), Fi (2)Ga(x), Fa(2)Gi(2)).
(iii) C, = (ged(Fi(z),G1(x))), Cs = (ged(Fa(x), Ga(x))) and C; = (G(« >

T s

(ZV) ( ) <m> (Cs)L_<m> and Ct <

& Gi(@) and Fy(x) | E5Ga(a).

Proof. (i) Consider the projection homomorphism of Z,[z]-modules

Z2 [ZZ?]
(@t - 1)

(c1(z) [ ea(z) | e3()) = c3().

d:C—

In view of the proof of Theorem 3.2, Ker(®) = ((Fi(z) | 0] 0),(0 | F»(z) | 0)). On the other
hand, we have that

zt—1 xt—1 b —1
i) (O Gala) | Gs(a)) = (s @) | Gy

€ Ker(m) = ((Fi(z) [ 0]0), (0| F>(z) | 0)).
Consequently Fi(z) | g(’; Gi(z) and Fr(x) | Z Gg 1>G2( x).
(ii) By part (i). ‘
(iii) We show that C, = (gcd(Fi(x), G1(x))). Let u(z) € C,. Then there exist v(z) € L[a]
and w(z) € 24 such that (u(z) | v(z) | w(x)) € C. Thus there are A(z), u(x), v(x) € Zs[a]
such that

(u(z) [v(@) | w(z)) = A)(Fi(z) | 0]0) + u(z)(0] Fa(z) | 0) +v(2)(Gi(2), Ga(), G3 ().

Hence u(z) = Ax)Fi(z) + v(z
(ged(Fi( ) 1(x)))- ThusC c(
Zs[z] such that ged(Fy(x),Gi(z)) =

Ga(z) | 0)

)G1 x) Then ged(Fy(x), Gi(x)) divides u(x). So u(z) €
ged(Fi(z),G1(z))). On the other hand there exist n(z),v(x) €
() 1(z) +v(2)G1(x). Then

(ged(Fi(x), Gi(x)) | 1Ga(2) | 7G3(@)) = n(x)(Fi(z) [ 0]0) +y(2)(Gi(2) | Ga(2) | Ga(x)) € C.

Therefore ged(F (x), Gi(x)) € C,, which shows that C, = (gcd(Fi(x), G1(z))).
(iv) By part (iii) and [9, Theorem 4.2.7]. O

As a direct consequence of parts (iii),(iv) of Proposition 3.13 we have the following result.

Corollary 3.14. Let C = ((Fi(z) | 0] 0),(0 | Fa(z) | 0),(G1(z) | Ga(z) | Gs(x))) be a triple
cyclic code of lenght (r, s, t) over Zy. Then

IC,| = pr—deg(ged(Fy (w),Gl(:v)))’ ICs| = zsfdeg(gcd(Fz(w%Gz(m))), ICy| = pt—deg(Gs(x))

b

[(Cr) L] = 2%e(ecd(Fi(@).Gr(@) ()t | = 2%elecd(Pa(@).Gal@)) ) (c,) L] = 2de8(Cal@))

Let S be a subset of R, s ;. The Z,-submodule of R, , ; generated by S is denoted by (S)z,
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Theorem 3.15. Let C = ((Fy(z) | 0] 0),(0 | F>(z) | 0), (Gi1(z) | G2(z) | G3(x))) be a triple
cyclic code of lenght (r, s, t) over Z. Define the sets
r—deg(Fi (@) -1
S o= U & Fm@0]0),
=0
s—deg(F>(z))—1

s = U {0 B@)| o),

=0
t—deg(Gs(z))—1

S = U &'+ (Gi(2) | Gaa) | Gs())}.

i=0
Then the following conditions hold:
(i) (S1)z, = ((Fi(z) | 0] 0)).
(ii) (S2)z, = ((0 | Fa(z) | 0)).
(iii) (S1U S U S3)z, 2 ((Gi(z) | Ga(x) | G3())).
(iv) S1U Sy U Ss forms a minimal generating set for C as a Zy-submodule of R, s .
(v) | C|=2¢whered =1+ s+t — deg(Fi(z)) — deg(F>(z)) — deg(G3(x)).

Proof. (i) It is obvious that (S1)z, C ((Fi(z) | 0] 0)). Let pi(z) € Zo[z]. We show that
pi(x) * (Fi(xz) | 0| 0) € (S1)z,. If deg(p1(x)) < r — deg(Fi(x)) — 1, then we are done.
Otherwise, there exist polynomials ¢;(z),71(x) € Zy[z] such that p;(z) = ””Fj(zﬁ q(z) + r1(x)
where r1(z) = 0 or deg(r1(z)) < r — deg(Fi(z)) — 1. Therefore

" =1

pi(z) * (Fi(z) [ 0]0) = i) qi(z) * (F1(z) [ 0] 0) + ri(2) * (Fi(x) [ 0] 0)

" —1

= q(x)* (Wﬂ(z) 1010) +ri(z) * (Fi(z) [ 0] 0)

= ri(z) = (Fi(z) | 0]0) € (S1)z,.

So ((Fi(x) | 0]0)) C (S1)z, and the equality holds.

(ii) Similar to the proof of part (i).

(iii) Get a polynomial p(z) € Zy[z]. We prove that py(x) x (G1(z) | Ga(z) | G3(z)) € (S U
52U 83)z,. If deg(pa(w)) <t —deg(G3(x)) — 1, then pa(z) * (G (2) | Ga(2) | G3(2)) € (S3)z,-

x |
Otherwise, there exist g2(z),m2(z) € Z[z] such that py(z) = &; Ll) @ (x) 4+ r2(x) where ro(z) =
0 or deg(ra(z)) <t — deg(G3(x)) — 1. Hence

p(z) * (Gi(z) | Ga(z) | Ga(x)) = ZS(;;QZ(@ * (Gi(z) | Ga() | G3(2))
+ r(2) x (Gi(z) | Ga(z) | Ga(2))

xt—1 xt—1

= @)= (mGl(x) \ mGz(x) | 0)
+ ra(x)* (Gi(z) | Go(2) | Ga(z)).

Clearly 7“2( ) ( (1‘) | GQ(Z‘) | G3(JZ)) € (S3)z,. By Proposition 3.13(i), Fl(l‘) | é:(ml) Gy (a:)
and F»(z) | g Ga(z). So, parts (i) and (ii) imply that
xt—1 xt—1
@(z) * (G3(a:) Gi() | mGz(ﬂf) 10) € (51U S2)z,

Consequently the claim holds.
(iv) By the previous parts.
(v) By part (iv). O
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Corollary 3.16. Let C be a triple cyclic code of lenght (v, s,t) over Z,.

(i) If C = {(Fi(z) | 0 | 0)) where F\(z) € Z,[x] with Fy(z) | =" — 1, then every codeword
c(z) of C is in the form of c¢(x) = p(x) * (F1(x) | 0] 0) where p(x) is a polynomial in 7, [x]
with deg(p(z)) = r — deg(Fi(x)) — 1.

(i) If C = ((0 | Fx(x) | 0)) where F>(z) € Zs[x] with F>(x) | 2° — 1, then every codeword
c(z) of C is in the form of c(x) = p(x) * (0 | Fx(x) | 0) where p(x) is a polynomial in 7, [x]
with deg(p(x)) = s — deg(F>(z)) — L.

(iii) IfC = ((G1(x) | Ga(x) | G3(x))) where Gy(x), G2 (x), G3(x) € Zola] with G3(x) | «* 1,
then every codeword c(x) of C is in the form of c(z) = p(z) * (G (= | Gg( ) | G3(2))
where p(x) is a polynomial in Z|x] with deg(p(z)) = t — deg(G3(z)) —

(iv) IfC = ((Fi(z) | 0] 0),(0 | F»(x) | 0)) where Fi(x), Fx(x) € Zs[z] with Fy(z) | 2" — 1,
Fy(z) | «° — 1, then every codeword c(x) of C is in the form of

c(z) = p1(x) * (Fi(z) | 0 0) + pa(z) x (0 | Fa(z) | O)

where p1(x) and py(x) are polynomials in 7, [x] with
deg(p1(z)) =r — deg(Fy(z)) — 1 and deg(pz(x)) = s — deg(F>(x)) — 1.

(v) IfC = ((Fi(z) | 0]0),(G1(z) | G2(z) | G3())) where Fi(z),G1(z), G2 (),
G3(x) € Zo|z] with Fi(z) | 2" — 1 and G3(x) | ' — 1, then every codeword c(x) of C is in
the form of
c(x) = p1(x) x (Fi(2) [0 0) + pa(2) * (Gi(2) | Ga(w) | G3())

where pi(x) and p>(x) are polynomials in Z[x] with
deg(pi(z)) =r —deg(Fi(z)) — 1 and deg(pa(x)) =t — deg(G3(x)) — 1.

(i) IfC = {(0| Fa(z) | 0), (Gi(z) | G2(z) | G3(x))) where F5(x), G (x), Ga(x),
Gi(z) € Zy[z] with Fr(x) | ° — 1 and G3(z) | a* — 1, then every codeword c(z) of C is in
the form of
c(z) = pi(z) * (0] Fa(2) [ 0) + pa(2) * (Gi(2) | Ga() | Gs(2))

where pi(z) and p,(z) are polynomials in Z; x| with
deg(pi(z)) = s — deg(Fa(z)) — 1 and deg(pa2(x)) =t — deg(Gs(x)) — 1.

(vii) IfC = {(Fi(x) | 0 1 0),(0 | B2(x) | 0).(Gu(x) | Ga(e) | Gs(a))) where Fi(x), Fy(a),
Gi(z),Ga(x), G3(x) € Zy[z] with Fy(z) | 2" — 1, Fo(z) | 2° — 1 and G3(z) | z* — 1, then
every codeword c(x) of C is in the form of

c(x) = pi(x)x(F1(z) | 01 0)+pa(2)*(0 | Fa(x) | 0)+p3(2)(Gr(2) | Ga(z) | G3(x))
where p1(x),p2(z) and p3(x) are polynomials in Z,[x] with deg(p1(z)) = r—deg(F1(z)) —
1, deg(p2(z)) = s — deg(F»(z)) — 1 and deg(ps(x)) =t — deg(G3(z)) — 1.
Proposition 3.17. Let C = ((Fy(z) | 0] 0), (0 | Fx(z) | 0), (G1(z) | G2(z) | G3(x))) be a triple
cyclic code of lenght (r, s,t) over Z,. Then F\(z) | G1(z) ifand only if C = ((Fi(z) | 0] 0), (0 |
F(x)10),(0] Ga(= )|G'; ), i.e, we may assume that G,(z) = 0.

‘‘‘‘‘

Suppose that Fi(z) | Gi(x). Then, there exists a polynomial A(z) in Zz[ ] such that G (z) =
M) Fi(z). Set C" = ((Fi(z) | 0]0), (0| Fx(z) | 0),(0 | Ga(x) | G3(z))). Notice that

(0 Ga(z) | G3(2)) = A(@)(Fi(z) | 0]0) + (Gi(z) | Ga(2) | G3()).
Hence C’ C C. On the other hand
(Gi(z) | G2(2) | G3(x)) = A@)(Fi(z) [0]0) + (0| Ga(2) | G3(2)).
SoC C (. O
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Similar to the previous proposition we have the next result.

Proposition 3.18. Let C = ((Fi(z) | 0] 0), (0 | Fx(z) | 0), (G1(z) | G2(z) | G3(x))) be a triple
cyclic code of lenght (r, s,t) over Z,. Then F»(z) | Ga(z) if and only if C = ((Fy(z) | 0] 0), (0 |
Fy(2) 10),(Gi(z) | 0] G3(x))), i.e, we may assume that G»(z) = 0.
Proposition 3.19. Let C = ((Fi(z) | 0] 0), (0| Fa(z) | 0), (Gi(z) | Ga(z) | G3(x))) be a triple
cyclic code of lenght (r, s,t) over Z,. The following conditions are equivalent:

(i) C is separable;

(ii) Fl(a:) | Gl(gc) and Fz( ) | Gz(x)
(iii) Cv = (Fi(z)) and Cs = (Fy(z));

(iv) C = {(Fi(z) | 0]0),(0] Fa(z) | 0),(0|0 | G3(x))), i.e, we may assume that Gy(x) =0
and G,(z) = 0.

Proof. (i)=-(ii) Assume that C is separable. Then

C=Cr xCys xCy = (ged(F1(x),G1(x))) x (ged(Fa(z),Ga(x))) x (G3(x)),
by Proposition 3.13(iii). Since (ged(Fi(z),G1(x)) | 0 | 0
ged(Fy(z),Gi(z)) = ANz)Fi(x) for some \(z) € Zs|x]
easy to verify that Fo(z) | Ga(x).
(ii)<(iii) is straightforward.
(ii)=-(iv) Suppose that Fi(z) | Gi(z) and F>(z) | G2(z). Then, there exist two polynomials
A (33),)\2(3;‘) in Zz[x} such that G (a:) = /\1(33)F1($) and Gz(x) = /\2($)F2(.23) So, by the
equality

(010]Gs(x)) = M(z)(Fi(z) [ 0]0) + Ao (2)(0 | Fa(z) | 0) + (Gi(2) | Ga(x) | G3(x)).

the result follows.
(iv)=-(i) Assume that C = ((Fi(z) | 0 | 0),(0 | Fx(z) | 0),(0 | O | G3(z))). Hence C =
(F1(z)) x (F»(z)) x {G3(z)) = C, x Cs x C. Then C is separable. i

Proposition 3.20. Let C = ((Fi(z) | 0] 0), (0| Fa(z) | 0), (Gi(z) | Ga(z) | G3(x))) be a triple
cyclic code of lenght (v, s,t) over Zy. The following conditions hold:

(i) It can be assumed that deg(G1(z)) < deg(Fi(x)) and deg(G(z)) < deg(Fa(x)).

(i) C = ((Fi(x) | 0]0),(0] Fy(2) [ 0), (Fi(z) + Gi(2) | Fa(x) + Ga(x) | G3(2)))-
(iii) If Gs(x) = 0, then C C ((ged(Fi (), G1(x)) | 0]0), (0] ged(Fi(x), Ga(x)) | 0)).

(iv) If Gi(z) = G3(z) = 0, then C = {(F1(x) | 0]0), (0 | ged(F>(z), G2(z)) | 0)).

(v) If Go(z) = G3(x) =0, then C = ((ged(Fy(z),G1(x)) | 0]0),(0 | Fx(z) | 0)).
Proof. (i) Suppose that deg(G1(x)) > deg(Fi(x)) and set

¢' = ((Fi(x) |0]0),(0] Fx(x) | 0),(Gi(2) + 2'Fi(w) | Ga(x) | G3(2)))
where | = deg(G1(z)) — deg(Fi(z)). Notice that deg(Gi(z) + ' Fy (x)) < deg(G1(z)). Since
(Gi(2) + 2'Fi(2) | Ga(x) | Ga()) = o'+ (Fi(2) | 0] 0) + (Gi(2) | Ga(2) | Gs(x)) €C,

then C’ C C. On the other hand,

(Gi(2) | Ga() | Gs3(x)) = (Gi(w) + ' Fi(2) | Ga(a) | Gs(2)) — 2’  (Fi(2) [ 0] 0).
Hence C’ = C. So we would be able to reduce the degree of G (z) in C to reach the claim. An
argument like above can be stated for deg(G»(z)) < deg(F»(x)).

(ii),(iii),(iv) and (v) are easy. O
Example 3.21. LetC = ((1+2?[00),(0 |z +2° | 0), (z* + 2* +2° | 22 + 2° | G3(z))) be a
triple cyclic code over Z,. Regarding the proof of Proposition 3.20,

| 0) € C, then we can deduce that
. Therefore Fi(x) | Gi(z). Also, it is

C=((1+2°10]0),(0|z+2"]0), (" +2*+2° +2°(1 +2%) | 2> + 2° + z(z + 2°) | G3(2)))
=((1+22[010),(0]z+2"|0), (" 0] Gs(x)))

((1+2%10]0),(0 ]z +2”|0),(z* +2*(1 +2%) | 0| G3(x)))
((1+2210]0),(0 ]z +2”]0),(2* | 0] Gs())).
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4 Dual codes of triple cyclic codes over 7Z,

Proposition 4.1. C is a triple cyclic code of lenght (r,s,t) over Z, if and only if C* is a triple
cyclic code of lenght (r, s, t) over Zy. Moreover,

L ={ueZ xZ5 x Z | u(z) o c(x) = 0 mod (™ — 1) for every c € C}.
Proof. (=) Suppose that C is a triple cyclic code of lenght (r, s, ) over Z,. Assume that
¢ = (Cll,Ov C/1,17 R C/1,7"—1 | C/2,07 (S8 PERR Cl2,s—1 | Cg,O’ Cg,l? R Cg,t—l)
is a codeword of C*. It is sufficient to show that 7(c’) € C*. Let
c=(c1,0,C1,1,--sClr—1 | 20,621, C 51| C30,€31,...,C34-1)
be an arbitrary codeword of C. Set m := lem(r, s, t). Obviously we have 7" (c) = c. Hence
T Ne) = (cru, ¢, Cir1,¢10 | a1y, Cos 1,600 | €31y, ..., c30-1,¢30) € C.
Therefore ¢’ - 7™ !(c) = 0, because ¢’ € C*+. So
0 = ¢ 7" Yc)
= coctit e, gt H et et a1+ 1000
+ et a1 T G130
= C0¢] 1 F et e, 0 et et a1

/ / /
+ 3001 T 31030+ T 03103, o

= c-T(c).

Thus 7 (c’) € Ct. Consequently C* is a triple cyclic code of lenght (r, s,t) over Z,.
(<) By the fact that for every linear code C, (C*+)+ = C.
For the second statement use Proposition 3.9. O

Proposition 4.2. Let C be a triple cyclic code of lenght (v, s,t) over Z,. Then
(i) (C.)t ={aeZia] 0]|0)ecCt} ={a(x) € <xr—1>‘( a(z) | 0] 0) € Ct}, and so
(€)*t S (CH)rm
(Cs)t ={beZO|b]|0)eCt} = {bx) e oo 1>\(0 | b(z) | 0) € C*}, and so
(Cs)t S (CH)s
(iii) (C)* = {c € Z4(0 | 0 | ¢) € C1} = {c(x) € ZH55|(0 | 0 | e(2)) € €1}, and so
(€t S (CH)e

(ii)

Proof. Straightforward. O

Proposition 4.3. Ler C = ((Fi(z) | 0] 0), (0 | F>(z) | 0), (Gi(z) | Ga(z) | G3(2))) be a triple
cyclic code of lenght (r, s, t) over Z,. Then

(i) (75550 1010), (0| miainy 10),(010] &25) et

(ii) (Co)" C (CF)r € (§5) and (C)* € (CH)s € {ETH)-

2

r

(i) If Fi(z) | G1(x), then (C*), = (C,)*+ = (;{5) and so |(C*),| = 24¢9(Fi (@),

(iv) If F>(z) | Ga(z), then (C1)s = (Cs)t = <”2*(_I1>> and so |(C),| = 24e9(F2(@)),

(v) If Fi(z) | Gi(z) and F>(x) | Ga(), then C+ = (L-1) x (&
Qdeg (@) g (@) +es(G5@). Moreover, (C1) = (Co)* = |

!

L) x (Zh) and || =
—LY and so |(C*),| =

2deg(G3 (x
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Proof. (i) We only show that ((”(”);1 | 0] 0) € C*. Notice that %F*( )= (2" —

1)%1(1) =0 mod (z" — 1). Now, Proposition 3.10 implies that ((g(”;1 |0]0)o (Fi(z) |

(z)
01]0) =0 mod (z™ — 1). Similarly we can show that (%;1 [0]0)o (Gi(z) | Ga(z) |
1)

G3(x)) =0 mod (2™ — 1). Clearly (%5;1 [0]0)o (0| Fr(z)|0) =0 mod (z™ —1). So

the result follows.
(ii) We prove that (C*+), C (Z—=L). Let f(z) € (C'),. Then there exist g(z) € Zf[_x]1> and

Fi(z) (z
(e) € 2L such that (£(2) | g(x) | A(2)) € €. Hence (f(a) | o(a) | h(z) o (Fy(z) | O]
0) = 0 mod ( —1). So f(z)Fy(z) =0 mod (z" —1), see Proposition 3.10. Thus, there exists
A(z) € Zs|x] such that f(z) = )\(x)F T ) Consequently f(z) C (f,i—@) and we are done.

—~

Similarly it can be shown that (C1), C
(iii) Suppose that Fi(x) | Gi(z), the
Hence (;*(}1) [0]0) €C*, and so (£,

~ Fl
have that (C*), = (C,)*" = (F=i))-
1
(iv) An argument similar to the proof of part (iii) can be stated.

(v) Use Proposition 3.19. O

'—‘O“

)
oposmon 3.17 we may assume that G;(xz) = 0.
(€

P
) C (C,)*, by Proposition 4.2(i). Now, by part (ii) we

Proposition 4.4. Let C = ((Fi(x) | 0] 0), (0 | Fx(z) | 0), (Gi(z) | Ga2(z) | G3(x))) be a triple
cyclic code of lenght (r,s,t) over Z, with the dual code C*+ = <(F1 () 101 0),(0 | E(m) |
0), (G1(z) | G2(z) | G3(x))). Then

(i) (C)L = (Fi(z)), F(z) = Mﬁ and deg(ﬁ(x)) =r—deg(gcd(Fi(x),Gi(x))).
(i) (€)% = (Pla), Fle) = ot ey and deg(Fo(w) = s — deglged(Po(), ().
(iii) Fi(w) | 7iray and Fa(z) | il

(iv) (Co)* C (Ga()) and so Gx(2) | &

Z

t

(v) If Fi(z) | Gi(z) and Fy(x) | Ga(x), then Gs(z) = & and so deg(Gs(z)) = t —
deg(G3(x)).

i) Gi(z) = v(z) (;ii(;l)) for some v(x) € Zy[x] with

deg(v(z)) < deg(Fi(x)) — deg(ged(Fi(x), Gi(x))).

(vii) Ga(z) = p(x) (;f;(_xl)) for some p(z) € Zy|x] with

deg(p(z)) < deg(Fa(x)) — deg(ged(Fa(x), Go())).

(viii) Ga(a) = o () Vel () @I (0163 0).F DG for some o(x) € Zofa)

Proof. (i) Let a(x) € (C,)*. Then by Proposition 4.2(i), (a(z) | 0 | 0) € C*. Hence, clearly
a(z) € (Fi(z)). So (C,)* C (F(x)). Since (Fi(z) | 0| 0) € C*, again by Proposition 4.2(i),
Fi(z) € (C,)*. Thus (C,)* = (Fi(z)). Now, see part (iv) of Proposition 3.13

(ii) Similar to part (i).

(iii) By Proposition 4.2, Proposition 4.3(i) and the previous parts.

(iv) Similar to part (i).

(v) Notice that (C*), = (G3(z)). Now, use Proposition 4.3(v).

(vi) Since (G1(z) | Ga(z) | G3(x)) € C*, then from

(Gi() | Ga(w) | Ga(@)) o (Fi(2) [0]0) =0 mod (2™ — 1)
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it follows that G (x )Fy(x) = 0 mod (2" — 1). Hence there exists a v(z) € Z,[z] such that

Gi(z) = v(z) (FZ = )) For the second claim, use part (i) and Proposition 3.20(i).

(vii) Similart to part (vi).
(viil) Set g(z) := ged(Fy(x)Fa(z), Fi(x)Ga(z), F>(2)G1(x)). Notice that

PO G 6w | 6w~ POEE m@) 00~ HOED 0 @) o)
_ Fi(@) Py ()G ()
Since (G, (z) | Ga(z) | G3(x)) € C*, then
(Gi(2) | Gala) | Cal)) 0 (0] 0] F“x”;((j))%(x)) —0  mod (" — 1).

/\ F}(z)F) (2)G5
Hence G3(2) goarretayrs (s) Fr (mes

),
o(z) € Zo[z] such that G3(z) = o(z) T —lecdlF (@ 12:( (@)1} (2)C

i

mod (z' — 1). Consequently there exists a
(0)F7 ()G (e))

O

The proof of the next proposition is similar to that of Proposition 3.3 of [1].

Proposition 4.5. Let C = ((Fy(z) | 0]0), (0| F»(z) | 0), (Gi(z) | 0| G3(z))) be a triple cyclic
code of lenght (r, s,t) over Zy. Then C is permutation equivalent to a code with the generator
matrix in the form of

I geg(Fi(z)) A1 A2 0 opo0 0 0
G= 0 0 0 |Liaegma) €| 0 O 0 :
0 B. B 0 0| D I 0
0 0 0 0 0| Dy D3 I geg(Gy(a))—s

in which By is a full rank square matrix of size k X k, where

r = deg(Fi(x)) — deg(ged(Fi(x), Gi(x))).
Proposition 4.6. Ler C = ((Fy(z) | 0]0), (0| F»(z) | 0), (Gi(z) | 0| G3(z))) be a triple cyclic
code of lenght (r, s,t) over Z. Then

|(Cl)r| — zdeg(Fl(:c))7 |(CL)S| — 2deg(Fz(x))’ \(CLM — deg(Gs(z))+~

where k = deg(Fi(z)) — deg(ged(Fi(z), G1(x))).

Proof. The values of the cardinalities can be obtained from the projections on the first r, second
s and the last ¢ coordinates of the parity-check matrix of C. O

Proposition 4.7. Let C = ((Fi(x) | 0]0),(0 | F>(z) | 0), (Gi(x) | 0 | G3(x))) be a triple cyclic
code oflenght (r,s,t) over Zy with the dual code C+ = <(f7'\1(:1c) 10]0),(0]|F(x)]0),(Gi(z) |

( ) | G'; ))). Then deg(Gq( )) =t —deg(G3(x)) — deg(Fi(x)) + deg(ged(F1(z), Gi(x)))

1) gcd 1 7GT r
and G3( )= a E*(;ng(i) <

Proof. First, note that (C1), = (G3(z)). So |(C*),] = 2t=4°9(G:(=)_ On the other hand
[(CL),| = 24e9(Ga(@))+deg(Fi (@) —deg(eed(Fi(2).G1(2)) | Proposition 4.6. Therefore

deg(Gs(x)) = t — deg(Gs(w)) — deg(Fi(x)) + deg(ged(Fi (), Gi ().

Since Gy () = 0, then G3(z) = o(x) (xtl)ﬁf‘;gg%ﬁ’f’*m) for some o (x) € Zs[x], by Proposi-

tion 4.4(viii). It is easy to see that deg(c(x)) = 0, and so o(z) = 1. i
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Proposition 4.8. Le C = ((Fy(x) | 0] 0), (0| F»(z) | 0), (Gi(z) | 0| G3(z))) be a triple cyclic
code of lenght (r, s, t) over Zy with the dual code

¢t = {(Fi(z)]0]0),(0| F>(z) | 0),(Gi(z) | Ga(2) | G3(x))).

Let Gi(z) = v(x ><;*(—1 and () = —ill——. Then

. m—de * m—ae 3\T))—1 — z)
(i) v(x)am=dea G =1¢H (3) 4 gm=dea @)=t = 0 mod otk s,

(ii) I/(l‘) —_ xmfdeg(Gg( z))+deg(Gy(z (C*( ))71 mod GedlF ():?)G )

Proof. The proof is similar to that of Proposition 4.18 and Corollary 4.19 of [1]. O
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