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Abstract Let G be a(p, q) graph. Letf be a map fronV (G) to{1,2,...,p}. For each edgey,
assign the labélf (z) — f(y)|. f is called a difference cordial labeling jfis a one to one map
and|es(0) — ef(1)| < 1 wherees(1) andef(0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with a difference cordial labeBnzgalled a difference
cordial graph. In this paper, we investigate the difference cordialitepbehavior of Dragon,

c?, windmill grathfZ”), caterpillar and some standard graphs.

1 Introduction

Graphs considered here are simple and undirected. Throughougtiesppandq respectively
denote the order and size of the graphThe union of two graph&; andG; is the graphG; UG»
with V(G1 U G2) = V(G1) UV(G2) andE(G1 U G2) = E(G1) U E(G2). A graph labeling is
an assignment of integers to the vertices or edges, or both, subjectaim c®nditions. Labeled
graphs serve as useful models for a broad range of applicatiohsastcastronomy, circuit
design, communication network addressing and models for constraigtamming over finite
domains []. In [3], Ponraj et al. introduced a new labeling called difference cordialitaipe
in[3]. In[3, 4, 5, 6, 7], difference cordial labeling behavior of several graphs like patble¢
complete graph, complete bipartite graph, bistar, wheel, web and somgestamdard graphs
have been investigated. Seoud and Saln@grsfudied the difference cordial labeling behavior
of some families of graphs and they are ladder, triangular ladder,gjeid Jadder and two sided
step ladder graphs etc. In this paper we examine the difference ctadeing behavior of
dragon,Cﬁf), windmill grath,(lm), one point union of even paths, jelly fish graphs, caterpillar,
lobsters. Let: be any real number. Them:| stands for the largest integer less than or equal to
x and[z] stands for the smallest integer greater than or equal fierms not defined here are
used in the sense of Hararg]]

2 Difference cordial labeling

Definition 2.1.Let G be a(p, q) graph. Letf : V(G) — {1,2,...,p} be a bijection. For each
edgeuw, assign the labdlf(v) — f(v)|. f is called a difference cordial labeling ffis 1 — 1
and|es(0) — ef(1)| < 1 wherees(1) andef(0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with a difference cordial labeBnzalled a difference
cordial graph.

Theorem 2.2.Let H be any(p, q) difference cordial graph. Lef be a graph obtained froni/
by attachingC, at every vertex off. ThenG is difference cordial.

Proof. Let V(H) = {u; : 1 < i < p} and letV(G) = V(H) U {v},v},v} : 1 < i < p} and
E(G) = E(H) U {uvi,vivs, vivi viu; : 1 < i < p}. Clearly, the order and size 6fare 4 and
4dp + q respectively. Lelf be a difference cordial labeling &f.
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Case 1.f(u1) # p. Define,g : V(G) — {1,2,3,...,4p} as follows:

glui) = flu) 1<i<p
g(vd) = p+3i-2 1<i<p
gvd) = p+3i—-1 1<i<p
g(v) p+3i 1<i<p.

Case 2.f (u1) = p.

Assign the labels to the vertices (1 < i < p) andvi, v}, v} (2 < < p) asin case 1. Then
assign the labels + 1, p + 3 andp + 2 to the vertices], v3 andv] respectively. In both cases,
eachCj (1 < < p) contribute two edges with label 0 and two edges with label 1. This implies
g is difference cordial. O

Theorem 2.3.[3] Any path is difference cordial.

We now investigate the graph dragon. Draggn@P,, is obtained from the cycl€’,, and the
path P, by identifying the end vertex of the path to any vertex of the cygle

Theorem 2.4.Dragons are difference cordial.

Proof. Let C,, be the cycleijus . . . u,u1 andP, be the pathiv, . . . v,. Letthe dragonU @P,

be obtained fronC,,, and P, by identifyingu, andv;. Clearly,C,, @P,, — {ujuz} = Ppin_1.

By Theorem2.3 P,,.,_1 is difference cordial. Lef be the corresponding difference cordial
labeling. With this labeling

e (0) = min=3 4 n—1iseven (1) = min=l 4 n—1 iseven
T mp=2 o yn - lisodd min=2 4y 4p—1isodd
Since the label of the edggu; iS 0, Py, n—1 + {uguz} is also difference cordial. O

The graprC,(P denote the one-point union otycles of length.

Theorem 2.5.C? is difference cordial.

Proof. Letujus . . unul andvyv; . . . v,v1 be the first and second copies@f. Letuﬁ%q = V1.
Define a mafy : V( ) {1,2,...,2n — 1} as follows:

J(us) = i 1<i< 23]
foppy) = w2 1sis<[=
f(v:) = [2H]4i-1 2<i<[22]
f(v(n_;zhi) = n+1l+2 1<i< |25
Sincee;(0) = ef(1) = n, f is a difference cordial labeling af'?. .

Theorem 2.6.[3] K, is difference cordial ifin < 4.

Theorem 2.7.[3] If G is a(p, ¢) difference cordial graph, thep < 2p — 1.
The windmill grathff”) (n > 3) consists of m copies dk,, with a vertex in common.
Theorem 2.8.The windmill grath,(Z”) (n > 3) is difference cordial ifih = 4 andm < 2.

Proof. SinceK’ = K,, by theoren?.6, K™ (n > 3) is difference cordial iffn = 4. Now
K™ consists ofnn — m + 1 vertices andw edges. Supposﬁf,(lm> is difference cordial.
Then by theorer2.7, =1 < 2(mn—m+1)—1.= 2> m(n—1)(n—4) > 2(n—1)(n—4).
This is true only whem = 4. Forn = 4, clearly,e;(1) < 2m + 2 ande;(0) > ¢ — ef(1) >
4m — 2. Hencees(0) — ef(1) > 2m — 4. This givesn = 2. The difference cordial labeling of

Kf) is given in Figure 2.
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Figure 2

Theorem 2.9.0ne point union of even paths is difference cordial.

Proof. Let the identified vertex be. Consider any path of length Take any one neighbor of
u. Letit bewu;. Labelu; by 1. Then assign the label 2 to the neighbgrof «;. Now consider
the neighbors of u,. Labelus by label ofu; plus two, that is 4. Then assign the label "label
of uz — 1" to u4. Proceed like this until we reach the pendent vertex. Then we move t@gbe n
path. Letv; be the neighbor of; ;. Labelvy, v, by k + 1 andk + 2 respectively. Then label
v3, vq by (k + 2) + 2 and(k + 2) + 1 respectively and so on. Then we move to the next path.
Continuing in this way, finally we label the vertexby p. Clearly the above vertex labeling is a
difference cordial labeling.

31

Figure 3
O

A caterpillar is a tree with the property that the removal of its pendant ventesults in a path.
A caterpillarT is a tree with a pattP, : uius...u, called spine with leaves (pendent vertices)
known as feet attached to the vertices of the spine by edges known al Iegwted that every
spine vertex; is attached te; (possibly zero) number of leaveés (1 < j < x;, 1 <1i < n).
The caterpillafT' is denoted as/(z1, 2o, . . ., Tn).

Theorem 2.10.The caterpillarS(zy, zo, . . ., ) Withzy+x2+. . .+z, > 3n+2is not difference
cordial.
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Proof. Supposes (1,2, ..., x,) is difference cordial. Clearly, every spine vertgxcontributes
at most two edges with label 1. It follows that(1) < 2n. Now ef(0) > ¢ — 2n. Then
ef(0)—ef(l)>qg—4n>a1+ 22+ ...+ 2, +n—1—4n > 1, a contradiction. i

The lobsterLS(m,n) is obtained from a patl#, and a collection of star&’; ,, where each
vertex of P, is joined to the central vertex of exactly one star.

Theorem 2.11.If m < 4, then the lobsteL.S(m, n) is difference cordial.

Proof. Let P, be the pathujus . . . u,, andv; (1 < i < n) be the central vertex d ,,,.
Case 1.m = 1. Letw; (1 < i < n) be the pendent vertices. Label the verticespfas in
theorem2.3and define

flv) = n+2i—-1 1<i<n

flw) = n+2 1<i<n.
Clearly, the above vertex labeling is a difference cordial labeling.
Case 2.m = 2.

Let z;, y; (1 < i < n) be the pendent vertices. Define an injecctive nfiapV (LS(2,n)) —
{1,2,...,4n} by

f(u;) 4; 1<i<n

flv;) = 4—-2 1<i<n

flz;)) = 4-3 1<i<n

fly)) = 4—-1 1<i<n.
Sincees(1) = 2n ande;(0) = 2n — 1, f is a difference cordial labeling.

Case 3.m = 3.
Letz;,y;,2; (1 < i < n) be the pendent vertices. Label the vertices of the path as in theorem
2.3and define

n+3d—-1 1<i<n
n+3—-2 1<:<n

—
—~ —~
&

—_ O —
Il

) = n+3i 1<i<n
f(zi) = dn+i 1<i<n.
Clearly the above vertex labeling is a difference cordial labeling.

Case 4.m = 4.
Let w;, z;,y:, 2 (1 < i < n) be the pendent vertices. Defifie V(LS(4,n)) — {1,2,...,6n}
by

7 1<i<n
n+33—-1 1<i<n

f(
f(
flw)) = n+3—-2 1<i<n
f(
f(

z) = n+3 1<i<n
i) = dn+i 1<i<n
f(z) 5n + i 1<i<n.
Sincees(0) = 3n andes(1) = 3n — 1, f is a difference cordial labeling. i

Theorem 2.12LetG,, ,, be a graph obtained from the whéeél,, and a pathpP,, by replacing
each edge of the path by a rim edge of the wheel.

Proof. Let V(Gynn) = {0/ 11 <i<m, 1<j<n}U{u;:1<j<n}andE(Gmnn) =
J i+1) (modm) - 1<i<m,1<j<n} Letv) = vf (1<i<n-1). Define a
11

J 2y 1 .
{ujvi,v;v( 1<
one-one may : V(Gom.n) = {1,2,...,mn —m+ 1} by f(v}) = 2, f(uz)

K}

fW) = n(G-D+1+i 1<j<n, 2<i<m
fluj)) = m(G—-1)+2 2<j<n.
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Sincee(1) = e;(0) = m(n — 1), f is a difference cordial labeling @¥,, ,,. o

Theorem 2.13.LetG; andG> be the(py, ¢1) and(p2, q2) difference cordial graphs respectively.
ThenG1 U G, is difference cordial if;; and ¢, are not odd simultaneously.

Proof. Let f andg respectively be the difference cordial labeling(®f andG,. LetV(G;) =
{u; 11 <i<pi}andV(Gz) = {v; : 1 <i < po}.

Case 1.Both ¢, andg, are even.

In this casee;(0) = ef(1) andey(0) = e4(1). Define an injective mag : V(G1 U G2) —
{1727" '7p1+p2} by

Henceey, (0) = e(0) + ¢4(0) ande, (1) = ef(1) + e4(1). Thereforee, (0) = e, (1). Henceh is
a difference cordial labeling af; U G>.

Case 2.¢; is even andp, is odd.

In this case:;(0) = ef(1) ande,4(0)
asincase 1. They(0) — en(1)] =
Case 3.¢; is odd andy; is even.
Similar to case 2. O

=eg(1)+1orey(1) = e4(0)+1. Leth be a vertex labeling
1. Henceh is a difference cordial labeling @f, U G>.

Jelly fish graphs/(m, n) obtained from a cycl€ : vivv3vavy by joining v; andvg with an
edge and appending m pendent edges tandn pendent edges ta,.

Theorem 2.14.The Jelly fish graphgd(m, n) are difference cordial iffn + n < 6.
Proof. Supposen +n > 6 andy is a difference cordial labeling of(m, n). Obviouslye (1) <

5. Thene(0) > ¢ — 5. This impliese;(0) — ef(1) > 1, a contradiction. Suppose + n < 6.
The difference cordial labeling of(m, n) is shown in figure 4.

6 7
Figure 4
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