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Abstract LetG be a(p, q) graph. Letf be a map fromV (G) to {1,2, . . . , p}. For each edgexy,
assign the label|f(x)− f(y)|. f is called a difference cordial labeling iff is a one to one map
and|ef (0)− ef (1)| ≤ 1 whereef (1) andef(0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with a difference cordial labelingis called a difference
cordial graph. In this paper, we investigate the difference cordial labeling behavior of Dragon,
C

(2)
n , windmill graphK(m)

n , caterpillar and some standard graphs.

1 Introduction

Graphs considered here are simple and undirected. Throughout this paperp andq respectively
denote the order and size of the graphG. The union of two graphsG1 andG2 is the graphG1∪G2

with V (G1 ∪ G2) = V (G1) ∪ V (G2) andE(G1 ∪ G2) = E(G1) ∪ E(G2). A graph labeling is
an assignment of integers to the vertices or edges, or both, subject to certain conditions. Labeled
graphs serve as useful models for a broad range of applications such as: astronomy, circuit
design, communication network addressing and models for constraint programming over finite
domains [1]. In [3], Ponraj et al. introduced a new labeling called difference cordial labeling
in [3]. In [3, 4, 5, 6, 7], difference cordial labeling behavior of several graphs like path, cycle,
complete graph, complete bipartite graph, bistar, wheel, web and some more standard graphs
have been investigated. Seoud and Salman [8], studied the difference cordial labeling behavior
of some families of graphs and they are ladder, triangular ladder, grid,step ladder and two sided
step ladder graphs etc. In this paper we examine the difference cordiallabeling behavior of
dragon,C(2)

n , windmill graphK(m)
n , one point union of even paths, jelly fish graphs, caterpillar,

lobsters. Letx be any real number. Then⌊x⌋ stands for the largest integer less than or equal to
x and⌈x⌉ stands for the smallest integer greater than or equal tox. Terms not defined here are
used in the sense of Harary [2].

2 Difference cordial labeling

Definition 2.1.Let G be a(p, q) graph. Letf : V (G) → {1,2, . . . , p} be a bijection. For each
edgeuv, assign the label|f(u)− f(v)|. f is called a difference cordial labeling iff is 1− 1
and|ef (0)− ef (1)| ≤ 1 whereef (1) andef(0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with a difference cordial labelingis called a difference
cordial graph.

Theorem 2.2.LetH be any(p, q) difference cordial graph. LetG be a graph obtained fromH
by attachingC4 at every vertex ofH. ThenG is difference cordial.

Proof. Let V (H) = {ui : 1 ≤ i ≤ p} and letV (G) = V (H) ∪ {vi1, v
i
2, v

i
3 : 1 ≤ i ≤ p} and

E(G) = E(H)∪ {uiv
i
1, v

i
1v

i
2, v

i
2v

i
3, v

i
3ui : 1 ≤ i ≤ p}. Clearly, the order and size ofG are 4p and

4p+ q respectively. Letf be a difference cordial labeling ofH.
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Case 1.f(u1) 6= p. Define,g : V (G) → {1,2,3, . . . ,4p} as follows:

g(ui) = f(ui) 1 ≤ i ≤ p

g(vi1) = p+ 3i− 2 1≤ i ≤ p

g(vi2) = p+ 3i− 1 1≤ i ≤ p

g(vi3) = p+ 3i 1 ≤ i ≤ p.

Case 2.f (u1) = p.
Assign the labels to the verticesui (1 ≤ i ≤ p) andvj1, vj2, vj3 (2 ≤ i ≤ p) as in case 1. Then
assign the labelsp+ 1, p+ 3 andp+ 2 to the verticesv1

1, v1
2 andv1

3 respectively. In both cases,
eachCi

4 (1 ≤ i ≤ p) contribute two edges with label 0 and two edges with label 1. This implies
g is difference cordial.

Theorem 2.3.[3] Any path is difference cordial.

We now investigate the graph dragon. DragonCm@Pn is obtained from the cycleCm and the
pathPn by identifying the end vertex of the path to any vertex of the cycleCm.

Theorem 2.4.Dragons are difference cordial.

Proof. LetCm be the cycleu1u2 . . . umu1 andPn be the pathv1v2 . . . vn. Let the dragonCm@Pn

be obtained fromCm andPn by identifyingu1 andv1. Clearly,Cm@Pn − {u1u2} ∼= Pm+n−1.
By Theorem2.3, Pm+n−1 is difference cordial. Letf be the corresponding difference cordial
labeling. With this labeling

ef (0) =

{

m+n−3
2 m+ n− 1 is even

m+n−2
2 m+ n− 1 is odd

ef (1) =

{

m+n−1
2 m+ n− 1 is even

m+n−2
2 m+ n− 1 is odd

Since the label of the edgeu1u2 is 0,Pm+n−1 + {u1u2} is also difference cordial.

The graphC(t)
n denote the one-point union oft cycles of lengthn.

Theorem 2.5.C(2)
n is difference cordial.

Proof. Letu1u2 . . . unu1 andv1v2 . . . vnv1 be the first and second copies ofCn. Letu⌈n+1
2 ⌉ = v1.

Define a mapf : V (C
(2)
n ) → {1,2, . . . ,2n− 1} as follows:

f(ui) = i 1 ≤ i ≤
⌈

n+1
2

⌉

f(u⌈n+1
2 ⌉+i

) = n+ 2i 1 ≤ i ≤
⌊

n−1
2

⌋

f(vi) =
⌈

n+1
2

⌉

+ i− 1 2≤ i ≤
⌈

n+2
2

⌉

f(v⌈n+2
2 ⌉+i

) = n+ 1+ 2i 1 ≤ i ≤
⌊

n−1
2

⌋

Sinceef (0) = ef (1) = n, f is a difference cordial labeling ofC(2)
n .

Theorem 2.6.[3] Kn is difference cordial iffn ≤ 4.

Theorem 2.7.[3] If G is a (p, q) difference cordial graph, thenq ≤ 2p− 1.

The windmill graphK(m)
n (n > 3) consists of m copies ofKn with a vertex in common.

Theorem 2.8.The windmill graphK(m)
n (n > 3) is difference cordial iffn = 4 andm ≤ 2.

Proof. SinceK(1)
n

∼= Kn, by theorem2.6, K(m)
n (n > 3) is difference cordial iffn = 4. Now

K
(m)
n consists ofmn−m+ 1 vertices andmn(n−1)

2 edges. SupposeK(m)
n is difference cordial.

Then by theorem2.7, mn(n−1)
2 ≤ 2(mn−m+1)−1. ⇒ 2 ≥ m(n−1)(n−4) ≥ 2(n−1)(n−4).

This is true only whenn = 4. Forn = 4, clearly,ef (1) ≤ 2m + 2 andef (0) ≥ q − ef (1) ≥
4m − 2. Henceef (0) − ef (1) ≥ 2m− 4. This givesm = 2. The difference cordial labeling of

K
(2)
4 is given in Figure 2.
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Theorem 2.9.One point union of even paths is difference cordial.

Proof. Let the identified vertex beu. Consider any path of lengthk. Take any one neighbor of
u. Let it beu1. Labelu1 by 1. Then assign the label 2 to the neighboru2 of u1. Now consider
the neighboru3 of u2. Labelu3 by label ofu1 plus two, that is 4. Then assign the label "label
of u3 − 1" to u4. Proceed like this until we reach the pendent vertex. Then we move to the next
path. Letvi be the neighbor ofvi−1. Labelv1, v2 by k + 1 andk + 2 respectively. Then label
v3, v4 by (k + 2) + 2 and(k + 2) + 1 respectively and so on. Then we move to the next path.
Continuing in this way, finally we label the vertexu by p. Clearly the above vertex labeling is a
difference cordial labeling.
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Figure 3

A caterpillar is a tree with the property that the removal of its pendant vertices results in a path.
A caterpillarT is a tree with a pathPn : u1u2 . . . un called spine with leaves (pendent vertices)
known as feet attached to the vertices of the spine by edges known as legs. It is noted that every
spine vertexui is attached toxi (possibly zero) number of leavesbij (1 ≤ j ≤ xi, 1 ≤ i ≤ n).
The caterpillarT is denoted asS(x1, x2, . . . , xn).

Theorem 2.10.The caterpillarS(x1, x2, . . . , xn)withx1+x2+. . .+xn > 3n+2 is not difference
cordial.
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Proof. SupposeS(x1, x2, . . . , xn) is difference cordial. Clearly, every spine vertexui contributes
at most two edges with label 1. It follows thatef (1) ≤ 2n. Now ef (0) ≥ q − 2n. Then
ef (0)− ef(1) ≥ q − 4n ≥ x1 + x2 + . . .+ xn + n− 1− 4n > 1, a contradiction.

The lobsterLS(m,n) is obtained from a pathPn and a collection of starsK1,m where each
vertex ofPn is joined to the central vertex of exactly one star.

Theorem 2.11.If m ≤ 4, then the lobsterLS(m,n) is difference cordial.

Proof. Let Pn be the pathu1u2 . . . un andvi (1 ≤ i ≤ n) be the central vertex ofK1,m.
Case 1.m = 1. Let wi (1 ≤ i ≤ n) be the pendent vertices. Label the vertices ofPn as in
theorem2.3and define

f(vi) = n+ 2i− 1 1≤ i ≤ n

f(wi) = n+ 2i 1 ≤ i ≤ n.

Clearly, the above vertex labeling is a difference cordial labeling.
Case 2.m = 2.
Let xi, yi (1 ≤ i ≤ n) be the pendent vertices. Define an injecctive mapf : V (LS(2, n)) →
{1,2, . . . ,4n} by

f(ui) = 4i 1 ≤ i ≤ n

f(vi) = 4i− 2 1≤ i ≤ n

f(xi) = 4i− 3 1≤ i ≤ n

f(yi) = 4i− 1 1≤ i ≤ n.

Sinceef (1) = 2n andef (0) = 2n− 1, f is a difference cordial labeling.
Case 3.m = 3.
Let xi, yi, zi (1 ≤ i ≤ n) be the pendent vertices. Label the vertices of the path as in theorem
2.3and define

f(vi) = n+ 3i− 1 1≤ i ≤ n

f(xi) = n+ 3i− 2 1≤ i ≤ n

f(yi) = n+ 3i 1 ≤ i ≤ n

f(zi) = 4n+ i 1 ≤ i ≤ n.

Clearly the above vertex labeling is a difference cordial labeling.
Case 4.m = 4.
Let wi, xi, yi, zi (1 ≤ i ≤ n) be the pendent vertices. Definef : V (LS(4, n)) → {1,2, . . . ,6n}
by

f(ui) = i 1 ≤ i ≤ n

f(vi) = n+ 3i− 1 1≤ i ≤ n

f(wi) = n+ 3i− 2 1≤ i ≤ n

f(xi) = n+ 3i 1 ≤ i ≤ n

f(yi) = 4n+ i 1 ≤ i ≤ n

f(zi) = 5n+ i 1 ≤ i ≤ n.

Sinceef (0) = 3n andef (1) = 3n− 1, f is a difference cordial labeling.

Theorem 2.12.LetGm,n be a graph obtained from the wheelWm and a pathPn by replacing
each edge of the path by a rim edge of the wheel.

Proof. Let V (Gm,n) = {vji : 1 ≤ i ≤ m, 1 ≤ j ≤ n} ∪ {uj : 1 ≤ j ≤ n} andE(Gm,n) =

{ujv
j
i , v

j
i v

j

(i+1) (mod m) : 1 ≤ i ≤ m, 1 ≤ j ≤ n}. Let vjm = v
j+1
1 (1 ≤ i ≤ n − 1). Define a

one-one mapf : V (Gm,n) → {1,2, . . . ,mn−m+ 1} by f(v1
1) = 2, f(u1) = 1,

f(vji ) = n(j − 1) + 1+ i 1 ≤ j ≤ n, 2 ≤ i ≤ m

f(uj) = m(j − 1) + 2 2≤ j ≤ n.
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Sinceef (1) = ef (0) = m(n− 1), f is a difference cordial labeling ofGm,n.

Theorem 2.13.LetG1 andG2 be the(p1, q1) and(p2, q2) difference cordial graphs respectively.
ThenG1 ∪G2 is difference cordial ifq1 andq2 are not odd simultaneously.

Proof. Let f andg respectively be the difference cordial labeling ofG1 andG2. Let V (G1) =
{ui : 1 ≤ i ≤ p1} andV (G2) = {vi : 1 ≤ i ≤ p2}.
Case 1.Both q1 andq2 are even.
In this caseef (0) = ef (1) andeg(0) = eg(1). Define an injective mapf : V (G1 ∪ G2) →
{1,2, . . . , p1 + p2} by

h(ui) = f(ui) 1 ≤ i ≤ p1

h(vi) = p1 + g(vi) 1 ≤ i ≤ p2.

Henceeh(0) = ef (0) + eg(0) andeh(1) = ef(1) + eg(1). Thereforeeh(0) = eh(1). Henceh is
a difference cordial labeling ofG1 ∪G2.
Case 2.q1 is even andq2 is odd.
In this caseef (0) = ef (1) andeg(0) = eg(1)+1 oreg(1) = eg(0)+1. Leth be a vertex labeling
as in case 1. Then|eh(0)− eh(1)| = 1. Henceh is a difference cordial labeling ofG1 ∪G2.
Case 3.q1 is odd andq2 is even.
Similar to case 2.

Jelly fish graphsJ(m,n) obtained from a cycleC4 : v1v2v3v4v1 by joining v1 andv3 with an
edge and appending m pendent edges tov2 andn pendent edges tov4.

Theorem 2.14.The Jelly fish graphsJ(m,n) are difference cordial iffm+ n ≤ 6.

Proof. Supposem+n > 6 andf is a difference cordial labeling ofJ(m,n). Obviouslyef (1) ≤
5. Thenef (0) ≥ q − 5. This impliesef(0) − ef (1) > 1, a contradiction. Supposem+ n ≤ 6.
The difference cordial labeling ofJ(m,n) is shown in figure 4.
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