Palestine Journal of Mathematics

Vol. 6(Special Issue: 1) (2017), 141148 © Palestine Polytechnic University-PPU 2017

3-difference cordiality of some graphs
R. Ponraj and M.Maria Adaickalam
Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 05C78.

Keywords and phrases: Path, Complete graph, Completetitépgiraph, Star.

Abstract Let G be a(p,q) graph. Letf : V(G) — {1,2,...,k} be a map wheré is an
integer 2< k < p. For each edgewv, assign the labglf (v) — f(v)|. f is called ak-difference
cordial labeling ofG if |v(i) —vr(j)] < 1 andles(0) —ef(1)] < 1 wherevs(x) denotes the
number of vertices labelled with, e¢(1) ande(0) respectively denote the number of edges
labelled with 1 and not labelled with 1. A graph wittkalifference cordial labeling is called a
k-difference cordial graph. In this paper we investigate 3-differeacdial labeling behavior of
some graphs.

1 Introduction

Graphs considered here are finite and simple 415, respectively bépi, ¢1), (p2, q2) graphs.

The corona of7; with G, G1 ® G2 is the graph obtained by taking one copy@&fandp, copies

of G and joining thei*" vertex of G; with an edge to every vertex in th& copy of G,. The
union of two graphs¥, andG; is the graphz, U Go with V (G1 U G2) = V (G1) UV (G2) and
E(G1UG2) = E(G1) U E(G>). The join of two graphgs; and G, is denoted byG; + G2

and whose vertex set18 (G + G2) = V (G1) UV (G2) and edge seF (G + G2) = E(G1)U
E(Gy)U{uwv:u eV (Gy),veV(Gy)}. LetG = (V,E) be agraph with” = S U S, U--- U

S: UT where eacly; is a set of vertices having at least two vertices and having the samesdegre

t
andT =V — |J S;. The degree splitting graph of denoted byDS (G) is obtained fromG
i=1

by adding verticesv;, w; ..., w; and joiningw; to each vertex ofi (1 < i <t). For a graph

G, the splitting graph of7, spl (G), is obtained fronG by adding for each vertex of G a new
vertexv’ so thaty’ is adjacent to every vertex that is adjacenvtoRecently Ponraj et al.3],
introduced the concept @f-difference cordial labeling of graphs and studied the 3-difference
cordial labeling behavior of starp copies of star etc. Also they discussed the 3-difference
cordial labeling behavior of path, cycle, complete graph, completetiigograph, star, bistar,
comb, double comb, quadrilateral snakéf), S(K1,), S(By,,). Inthis paper we investigate
3-difference cordial labeling behavior &f1,, ® K>, P, ® 3K1, mCa, spl(K1,), DS(Bn.n),

C, ® K,, and some more graph8,[4, 5]. Terms are not defined here follows from Hara®y [
and Gallian 1].

2 k-Difference cordial labeling

Definition 2.1.Let G be a(p,q) graph. Letf : V(G) — {1,2,...,k} be a map. For each
edgewwv, assign the labelf(u) — f(v)|. f is called ak-difference cordial labeling o€ if
lvp(i) —vr(j)] < 1 and|es(0) —ef(1)| < 1 wherewvy(z) denotes the number of vertices la-
belled withz, e (1) ande(0) respectively denote the number of edges labelled with 1 and not
labelled with 1. A graph with &-difference cordial labeling is called fadifference cordial
graph.

First we look into the corona graplis, ,, © K, P, ® 3K1, andC,, ® K.

Theorem 2.2.K, ,, © K> is 3-difference cordial.
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Proof. Let V (K1, ® K2) = {u, ui, v, wi,z,y 1 1 <i<n}andE(Ky, © K) = { uu;, uv;,
uw;, v;w;, vy, ux, uy - 1 < i < n }. Assign the labels 1,2,3 to the vertices u,X,y respectively.
Then assign the label 1 to all the vertice§1 < ¢ < n). Then we assign the label 2 to the
verticesv; (1 < i < n). Finally assign the label 3 to the vertices (1 < ¢« < n). The edge
and vertex condition of this labeling is as followsy(1) = v¢(2) = v4(3) = n + 1 and
ef(1) = 2n+ 2,e5(0) = 2n + 1. Hencef is a 3-difference cordial labeling. o

Theorem 2.3.P, ® 3K, is 3-difference cordial.

Proof. Let uwjusy...u, be the pathP,. Let x;,y;, z; be the pendent vertices adjacent with
where 1< ¢ < n. Letn = 3t + rwhere 0< r < 3. Assign the labels 1,2,3 to the first three
verticesus, up, ug of the pathP,. Then assign the labels 1,2,3 to the next three vertigess, ug
of the path. Continuing this way assign the next three vertices and so an=10 we have
labeled all the vertices of the path. /if= 1 assign assign the label 1 to the next non labeled
vertex of the path. If = 2 then assign the labels 1,2 to the next non labeled vertices of the path
P,. Now our attention turn to the vertices, y; andz;. First we assign the label 1 to all the
verticesz; (1 < 7 < n) and assign the label 2 to all the vertiggg1 < i < n). Finally assign
the label 3 to all the vertices (1 < i < n).

Tablesl and2 establish thaf is a 3-difference cordial labeling @, © 3K;.

Nature of n er(0) | ef(2)
n=1 (mod 3 2n 2n—1
n=02 (mod 3 | 2n -1 2n

Table 1.

Nature of n | vs(1) | vf(2) | v(3)

—omed3| 5 | 5 | %
n=1 (mod 3) 4”;2 4”3—1 4n3—1

n=2 (mOd 3) 4n3+1 4n3+1 4n3—2

Table 2.

Theorem 2.4.C,, ® K, is 3-difference cordial.

Proof. Let C,, be the cycleujuy ... uyug. LetV(C, © Kz) = V(Cy) U{vs,w; 1 1 <7 < n}
andE(C,, ® Kz) = E(Cy) U {uv;, wyw;, v;w; - 1 < i < n}. Note thatC,, ® K, has 3n vertices
and 4n edges. First assign the label 2 to all the circle vertic€s < i < n). Then assign the
label 1 to the vertices; (1 < i < n). Finally assign the label 3 to the vertices(1 < i < n).
Clearly all the edges in the cycle and the edggs; (1 < i < n) received the label 0. All
the other edges received the label 1. It is easy to verifydh@t) = v;(2) = v#(3) = n and
ef(0) = ef(1) = 2n. Hence this labeling is a 3-difference cordial labeling. i

Next is them copies of the cycl€.
Theorem 2.5.mC4 is 3-difference cordial.

Proof. Assign the labels 1,2,3,1 consecutively to the vertices of the first cbthyeaycleC,.
Then assign 2,3,1,2 to the next copy of the cyCle Next we assign the labels 3,2,1,3 to the
vertices of the third copy of the cyctg,. This labeling is displayed in figurk

Then assign the label to the vertices of the fourth copy as in first copyhaneertices of the
fifth copy as in second copy. The vertices of sixth copy as in the third.clopgeneral assign
the label to the vertices af” copy as in the — 3" copy. Obviously this labeling patterhis a
3-difference cordial labeling.

O
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Figure 1.

Next is the splitting graph of the star.
Theorem 2.6.spl (K1 ,,) is 3-difference cordial.

Proof. Let V(spl(K1,)) = {u,v,u;,v; 1 1 < i < n} and E(spl(K1,,)) ={ wui, uv;, vv;
:1<i<n}. Note thatspl(K1,,) has 2 + 2 vertices and 3n edges. First we assign the label 1
to the vertex u. Then assign the label 1 to {¥d pendent verticesy, uo, .. Sury]- Then assign

the label 2 to the remaining pendent vertices. Assign the label 2 to the werfBxen assign
the label 3 to the verticesy, vo, v4, vs, v7,vg . .. €tc. Next we assign the label 1 to the vertex
vg, V12, - - . €1C. Finally assign the label 2 to the vertexvg . .. etc.

Hence this labeling is a 3-difference cordial labeling follows from the following taBland
4.

Nature of n| e;(0) | ef(1)
niseven | 32 3
nisodd | 32t | 3n-d

Table 3.

Nature of n vr(1) | vr(2) | ve(3)

n=0,3 (mod 6 —2”;3 —2”;3 %"
n= 27 5 (mod 6) 2n3+2 2n3+2 271,;2

n=4 (mOd 6) 2n3+1 2n3+4 271,;1
n=1 (mOd 6) Zn?jr4 Zn?jrl 271;1

Table 4.

The graphP, + K is called the fan graph and it is denoted By.
Theorem 2.7.The fan graphF,, is 3-difference cordial.

Proof. LetV(F,) = {u,u; : 1 <i <n}andE(F,) = {vu;, u;u41 : 1 < i < n}. Note thatF,
has n+1 vertices and 2n-1 edges.
Case 1.n =0 (mod 3.

Assign the labels 1,3,2 to the first three vertices of the pathi,, uz respectively. Then
assign the labels 1,3,2 to the next three verticess, ug Of the path. Proceeding like that, we
assign the next three vertices and so on. It is obvious that the last vgrtexeived the label 2.
Finally we assign the label 1 to the vertex u.

Case2.n=1 (mod 3.

Fix the label 1 to the vertex;. Then assign the labels 1,3,2 to the next three vertigass, u4
respectively. Next we assign the labels 1,3,2 to the next three vertidbe @athus, ug, u7
respectively. Continuing this pattern until we reach the last veitexlt is clear that 2 is the
label of the last vertex,,. Finally assign the label 1 to the vertex u.

Case 3.n =2 (mod 3.
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Fix the labels 3,2 to the vertex; andu, respectively. Assign the labels 1,3,2 to the next
three verticesis, us, us Of the path. Next we assign the labels 1,3,2 to the next three vertices of
the pathug, u7, ug respectively.Proceeding like this until we reach the last vartexClearly the
last vertexu,, received the label 2. Finally assign the label 1 to the vertex u.

The following table5 and6 shows that this labeling is a 3-difference cordial labeling.

Nature of n er(0) | ef(2)
n=0 (mod 3 n n—1
n=12mod3 | n-1 n

Table 5.

Nature of n | vr(1) | vs(2) | vr(3)
n=0 (mod3 | % -|—21 %2 %1
n=1(mod3 [ =2 | =2 | =1
n=2 (mod 3 % ";1 ";1

Table 6.

The graphP, + 2K is called the double fan and it is denoted By, .
Theorem 2.8.The double fanD F,, is 3-difference cordial.

Proof. Let P, be the pathuu; . . . u, andV (2K3) = {u,v}.
Case 1.n =0 (mod 3.
Subcase 1n =0 (mod 6).

Assign the labels 1,3,2,1,3,2 to the first six path vertices:, . ..ug respectively. Then
assign the labels 2,3,1,2,3,1 to the next six vertigess . . . vy, Of the path. Next we assign the
labels 1,3,2,1,3,2 to the next six vertices and assign the labels 23311t@the next six vertices
. Continuing in this pattern until we reach the last verigxeceived the label 2 or 1 according
asn =6 (mod 12 orn = 0 (mod 13. Finally we assign the labels 1,2 to the vertices u and v
respectively.

Subcase 2n =3 (mod 6).

As in subcase 1, assign the label to the vertiegs u; (1 < ¢ < n — 3). Then we assign
the labels 2,3,1 or 1,3,2 to the vertices 2, u,,_1,u, according as = 0 (mod 9 orn = 6
(mod 9. In this cases (1) = vy (2) = 243, vp(3) = 2.

Nature of n | e;(0) | ef(1)
n=3(modg | &t | -1
_ 3n—2 3n

Table 7.

Case2.n=1 (mod 3.

Fix the labels 1,3,2,3 to the vertices, uy, us, uq respectively. Then assign the labels 1, 3, 2,
1, 3, 2 to the next six vertices;, vs, . . . , v10 respectively. Next we assign the labels 2,3,1,2,3,1
to the next six verticess, uio, . . ., uzg respectively. Then we assign the labels 1,3,2,1,3,2 to the
next six vertices of the patln7, us, . . ., u22 and we assign the labels 2,3,1,2,3,1 to the next six
vertices of the path. Proceeding like this, we assign the next six vertidesoaon. Note that in
this process, the last three vertiags 2, u,,_1, u,, received the labels 1,3,2 or 2,3,1 according as
n = 7,10 (mod 12 orn = 1,4 (mod 12. Finally we assign the labels 1,2 respectively to the
vertices u and v. The vertex conditionig(1) = vs(2) = v(3) = %2 and edge condition of
this labelingf is given in tables.
Case 3.n =2 (mod 3.
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Nature of n | e;(0) | ef(1)
n=1 (modg | 31 | 3=l

2 2
n=4 (mod 6 3”2_2 37”

Table 8.

Fix the labels 1,3,2,3,1 to the first five vertices u,, us, us, us respectively. Then assign
the labels 1,3,2,1,3,2 to the next six vertiegsvy, ..., v11 respectively. Next we assign the
labels 2,3,1,2,3,1 to the next six verticgs, v13, . . ., v17 Of the path respectively. Then assign
the labels 1,3,2,1,3,2 to the next six path vertices and assign the labdl2 2,1 to the next six
path vertices. Continuing this way, assign the labeling to the vertices of the Ipagheasy to
verify that in this pattern, the last three vertiags ,, u,,_1, u,, received the labels 1,3,2 or 2,3,1
according as = 8,11 (mod 12 orn = 2,5 (mod 19. Finally we assign the labels 1,2 to the
vertices u and v respectively. This labeling pattern is a 3-differenaiaidabeling follows from
the vertex condition; (1) = =4, v,(2) = vy(3) = 24! and table9.

Values of n er(0) | ef(1)
n=5 (mod 6 3”2—1 371_2—1
n =2 (mod 6 3—; 377_2—2

Table 9.

Next investigation is about the degree splitting graph of the bistar
Theorem 2.9.DS(B, ,) is 3-difference cordial.

Proof. Let V(B,, ) = {u,v,u;,v; : 1 <i < n}andE(B,,) = {uv,uu;,vv; 1 1 <i<n}.
Let V(DS(Bpny)) = V(Bnn) U{w,z} andE(DS(By,,)) = E(Bnn) U {wu;,wy; 11 < i <
n} U {uz,vz}. Note thatDS(B,, ,,) has 2n+4 vertices and 4n+3 edges.

Case 1.n =0 (mod 3.

Assign the label 1 to the vertices, v; (1 < i < %). Then we assign the label 2 to the vertices
uirz,uirz (1 < i < %). Nextassign the label 3 to the vertioe7§%,ui+% (1<i<%). Now
we move to the vertices u and v. Assign the labels 2,2 to the vertices u aspectiely. Finally
assign the label 1,1 to the vertices w,z respectively.

Case2.n =1 (mod 3.

Assign the label to the vertices v, w, z,u;, v; (1 <i <n — 1) asin case 1. Then assign the
labels 1,3 to the vertices,, v,, respectively.
Case 3.n =2 (mod 3.

As in case 2, Assign the label to the vertiees, w, z, u;,v; (1 < i < n — 1). Then assign
the labels 2,1 to the vertices,, v, respectively. Clearly this labeling is 3-difference cordial
labeling follows frome(0) = 2n + 1, e4(1) = 2n + 1 and the tabldO0.

Nature of n vr(l) | vr(2) | vs(3)
n=0 (mod 3 ?-ﬁ-l ?‘Fl ?-ﬁ-l
n=1 (mod 3 2§"+2 2%”4—2 2?"4-2
n=2mod3 | F+3| F+3| F+2

Table 10.

Now we investigate the jellyfish graph.

Theorem 2.10.The jellyfish graph/ F;, is 3-difference cordial.
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Proof. LetV(JF,) = {u,v,z,y,ui,x; : 1 <i <n}andE(JF,) ={uz, zv, uy, yv, Ty, u;, v; :
1 <i < n}. ClearlyJF, has 2n+4 vertices and 2n+5 edges.
Case 1.n =0 (mod 3.

Assign the labels 1,2,3,3 to the vertices u,v,x,y respectively. Theigrashe labels 1,2,3
to the first three vertices,, u,, uz respectively. Then assign the labels 1,2,3 to the next three
verticesuy, us, ug respectively. Proceeding like thiswe assign the next three verticesoaoml s
Assign the label to the vertices (1 < i < n) is same as the pattern of assign the label to the
verticesu; (1 < i < n). Assign the labels 1,2,3 to the verticgsv,, vz respectively. Then assign
the labels 1,2,3 to the next three vertices. Continuing this way we assigexhthree vertices
and so on. In this case the vertieesandwv,, received the label 3.
Case2.n=1 (mod 3.

Assign the label to the vertices v, z, y, u;, v; (1 < i < n — 1) asin case 1. Then assign the
labels 2,1 to the vertices,, v,, respectively.
Case3.n =1 (mod 3.

As in case 2, assign the label to the vertiees, z, y, u;, v; (1 < i < n — 1). Next we assign
the labels 1,3 to the vertices,, v,, respectively. Then the following tablé4 and12 shows that
f is a 3-difference cordial labeling.

Nature of n er(0) | ef(1)
n=0(mod3 |n+3|n+2
n=12mMod3 | n+2|n+3

Table 11.

Nature of n vr(l) | vr(2) | ve(3)
n=0(mod3 | F+1|%F+1| 242

n= 1 (mod 3) 277,;—4 2’n9j—4 Zn?j-ll
n=2 (mOd 39 2ng—5 Zn?j-Z Zn?j-S
Table 12.

Finally we investigate the graphs which are derived from cycles.

Theorem 2.11Let C,, be the cycleujus...u,ui. Let G be the graph obtained fro6, with
V(G) = V(Ch)U{v; : 1 <i < [3]}andE(G) = {uivi,uir1v; : 1 < i < n}. Then G is
3-difference cordial labeling.

Proof. Assign the label 1 to thé¢%| cycle verticesus, ua, . . Lury]- Then assign the label 3 to

the remaining cycle vertices. Next we assign the label 2 to all the vertj¢ds< i < n). Then
the following tablesl3 and14 shows that this labeling is a 3-difference cordial labeling.

Nature of n| e;(0) | ef(1)

n is even n n
n is odd n n—1
Table 13.
Nature of n| vs(1) | vs(2) | vs(3)
n is even 5 3 3
nisodd | mT | =1 | =t

Table 14.
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Theorem 2.12.The graphG,, with the vertex set/(G,) = {us,vi,w; : 1 < 4
E(Gy) = {wuir,viving -1 < i < n— 1} U {upug,viur} U {uvg, viw; 1
3-difference cordial.

Proof. Assign the label 1 to all the verticeg (1 < i < n) and assign the label 2 to all the
verticesv; (1 < ¢ < n). Finally assign the label 3 to the vertices (1 < ¢ < n). Clearly
vr(1) = v5(2) = v§(3) = nandes(0) = e;(1) = 2n. Hence this labeling is a 3-difference
cordial labeling. m|

Theorem 2.13.Let C3 be the cyclesjuyusu;. Let G be a graph obtained fro@t with V(G) =
V(C3) U{vi,wi, 2z - 1 <i <n}andE(G) = E(Cs) = {ugvi, upw;,uzz; : 1 <i<n}. Then G
is 3-difference cordial i = 0,2,3 (mod 4.

Proof. Case 1.n =0 (mod 4).

Assign the labels 1,2,3 to the cycle vertieesu,, uz respectively. Then assign the labels
2,2,3,3 to the first four verticesy, v,, v3, v4 respectively. Next we assign the label 2,2,3,3 to
the next four verticess, vg, v7, vg respectively. Proceeding like this, we assign the next four
vertices and so on. Next we move to the vertiags Assign the labels 1,1,1,2 to the first four
verticeswsy, wy, w3, wa respectively. Next we assign the labels 1,1,1,2 to the next four vertice
ws, we, w7, wg respectively. Continuing this process, we assign the next four veeiso on.
The last vertexv,, received the label 2. Now our attention move to the vertigeAssign the
labels 1,2,3,3 to the first four vertices, z,, 23, 24 respectively. Next we assign the label 1,2,3,3
to the next four verticess, zg, 27, 25 respectively. Continuing this pattern, we reach the last
vertexz,. Clearly 3 is the label of the last vertey.

Case 2.n =2 (mod 4.

Assign the label to the vertices, uz, us, v, w;, z; (1 < i < n — 2) asin case 1. Next we
assign the label 3,3 to the vertices_1, v,, respectively and assign the label 1,2 to the vertices
wy_1, W, respectively. Finally assign the label 1,2 to the vertiges), 2, respectively.

Case 3.n =3 (mod 4.

Assign the label to the vertices, uz, us, v;, w;, z; (1 < i < n — 1) as in case 2. Next we
assign the labels 3,2,1 to the vertiegsw,, z, respectively. The vertex condition for these three
casesps(1) = vs(2) = vs(3) = n+ 1. The edge condition is given in tabl®. Hencef is a
3-difference cordial labeling.

Nature of n | ef(0) | ef(1)

n=0 (mOd 4) 371;2 3n2+4

n =2 (mod 4 —3"2+4 —3”;2

n =3 (mod 4 —3"2+3 —3”;3

Table 15.
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