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Abstract Let G be a(p, q) graph. Letf : V (G) → {1,2, . . . , k} be a map wherek is an
integer 2≤ k ≤ p. For each edgeuv, assign the label|f(u)− f(v)|. f is called ak-difference
cordial labeling ofG if |vf (i)− vf (j)| ≤ 1 and|ef(0)− ef (1)| ≤ 1 wherevf (x) denotes the
number of vertices labelled withx, ef(1) andef(0) respectively denote the number of edges
labelled with 1 and not labelled with 1. A graph with ak-difference cordial labeling is called a
k-difference cordial graph. In this paper we investigate 3-differencecordial labeling behavior of
some graphs.

1 Introduction

Graphs considered here are finite and simple. LetG1, G2 respectively be(p1, q1), (p2, q2) graphs.
The corona ofG1 with G2, G1⊙G2 is the graph obtained by taking one copy ofG1 andp1 copies
of G2 and joining theith vertex ofG1 with an edge to every vertex in theith copy ofG2. The
union of two graphsG1 andG2 is the graphG1 ∪G2 with V (G1 ∪G2) = V (G1) ∪ V (G2) and
E (G1 ∪G2) = E (G1) ∪ E (G2). The join of two graphsG1 andG2 is denoted byG1 + G2

and whose vertex set isV (G1 +G2) = V (G1)∪ V (G2) and edge setE (G1 +G2) = E (G1)∪
E (G2) ∪ {uv : u ∈ V (G1) , v ∈ V (G2)}. LetG = (V,E) be a graph withV = S1 ∪ S2 ∪ · · · ∪
St ∪ T where eachSi is a set of vertices having at least two vertices and having the same degree

andT = V −
t
⋃

i=1
Si. The degree splitting graph ofG denoted byDS (G) is obtained fromG

by adding verticesw1, w2 . . . , wt and joiningwi to each vertex ofSi (1 ≤ i ≤ t). For a graph
G, the splitting graph ofG, spl (G), is obtained fromG by adding for each vertexv of G a new
vertexv′ so thatv′ is adjacent to every vertex that is adjacent tov. Recently Ponraj et al. [3],
introduced the concept ofk-difference cordial labeling of graphs and studied the 3-difference
cordial labeling behavior of star,m copies of star etc. Also they discussed the 3-difference
cordial labeling behavior of path, cycle, complete graph, complete bipartite graph, star, bistar,
comb, double comb, quadrilateral snake,C

(t)
4 , S(K1,n), S(Bn,n). In this paper we investigate

3-difference cordial labeling behavior ofK1,n ⊙ K2, Pn ⊙ 3K1, mC4, spl(K1,n), DS(Bn,n),
Cn ⊙K2, and some more graphs [3, 4, 5]. Terms are not defined here follows from Harary [2]
and Gallian [1].

2 k-Difference cordial labeling

Definition 2.1.Let G be a(p, q) graph. Letf : V (G) → {1,2, . . . , k} be a map. For each
edgeuv, assign the label|f(u)− f(v)|. f is called ak-difference cordial labeling ofG if
|vf (i)− vf (j)| ≤ 1 and|ef (0)− ef(1)| ≤ 1 wherevf (x) denotes the number of vertices la-
belled withx, ef (1) andef (0) respectively denote the number of edges labelled with 1 and not
labelled with 1. A graph with ak-difference cordial labeling is called ak-difference cordial
graph.

First we look into the corona graphsK1,n ⊙K2, Pn ⊙ 3K1, andCn ⊙K2.

Theorem 2.2.K1,n ⊙K2 is 3-difference cordial.
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Proof. Let V (K1,n ⊙K2) = {u, ui, vi, wi, x, y : 1 ≤ i ≤ n} andE(K1,n ⊙K2) = { uui, uivi,
uiwi, viwi, xy, ux, uy : 1 ≤ i ≤ n }. Assign the labels 1,2,3 to the vertices u,x,y respectively.
Then assign the label 1 to all the verticesui (1 ≤ i ≤ n). Then we assign the label 2 to the
verticesvi (1 ≤ i ≤ n). Finally assign the label 3 to the verticeswi (1 ≤ i ≤ n). The edge
and vertex condition of this labeling is as follows:vf (1) = vf (2) = vf (3) = n + 1 and
ef (1) = 2n+ 2, ef (0) = 2n+ 1. Hencef is a 3-difference cordial labeling.

Theorem 2.3.Pn ⊙ 3K1 is 3-difference cordial.

Proof. Let u1u2 . . . un be the pathPn. Let xi, yi, zi be the pendent vertices adjacent withui

where 1≤ i ≤ n. Let n = 3t + rwhere 0≤ r < 3. Assign the labels 1,2,3 to the first three
verticesu1, u2, u3 of the pathPn. Then assign the labels 1,2,3 to the next three verticesu4, u5, u6

of the path. Continuing this way assign the next three vertices and so on. Ifr = 0 we have
labeled all the vertices of the path. Ifr = 1 assign assign the label 1 to the next non labeled
vertex of the path. Ifr = 2 then assign the labels 1,2 to the next non labeled vertices of the path
Pn. Now our attention turn to the verticesxi, yi andzi. First we assign the label 1 to all the
verticesxi (1 ≤ i ≤ n) and assign the label 2 to all the verticesyi (1 ≤ i ≤ n). Finally assign
the label 3 to all the verticeszi (1 ≤ i ≤ n).

Tables1 and2 establish thatf is a 3-difference cordial labeling ofPn ⊙ 3K1.

Nature of n ef (0) ef (1)

n ≡ 1 (mod 3) 2n 2n− 1

n ≡ 0,2 (mod 3) 2n− 1 2n

Table 1.

Nature of n vf (1) vf (2) vf (3)

n ≡ 0 (mod 3) 4n
3

4n
3

4n
3

n ≡ 1 (mod 3) 4n+2
3

4n−1
3

4n−1
3

n ≡ 2 (mod 3) 4n+1
3

4n+1
3

4n−2
3

Table 2.

Theorem 2.4.Cn ⊙K2 is 3-difference cordial.

Proof. Let Cn be the cycleu1u2 . . . unu1. Let V (Cn ⊙ K2) = V (Cn) ∪ {vi, wi : 1 ≤ i ≤ n}
andE(Cn ⊙K2) = E(Cn) ∪ {uivi, uiwi, viwi : 1 ≤ i ≤ n}. Note thatCn ⊙K2 has 3n vertices
and 4n edges. First assign the label 2 to all the circle verticesui (1 ≤ i ≤ n). Then assign the
label 1 to the verticesvi (1 ≤ i ≤ n). Finally assign the label 3 to the verticeswi (1 ≤ i ≤ n).
Clearly all the edges in the cycle and the edgesviwi (1 ≤ i ≤ n) received the label 0. All
the other edges received the label 1. It is easy to verify thatvf (1) = vf (2) = vf (3) = n and
ef (0) = ef(1) = 2n. Hence this labelingf is a 3-difference cordial labeling.

Next is them copies of the cycleC4.

Theorem 2.5.mC4 is 3-difference cordial.

Proof. Assign the labels 1,2,3,1 consecutively to the vertices of the first copy of the cycleC4.
Then assign 2,3,1,2 to the next copy of the cycleC4. Next we assign the labels 3,2,1,3 to the
vertices of the third copy of the cycleC4. This labeling is displayed in figure1.

Then assign the label to the vertices of the fourth copy as in first copy andthe vertices of the
fifth copy as in second copy. The vertices of sixth copy as in the third copy. In general assign
the label to the vertices ofith copy as in thei − 3th copy. Obviously this labeling patternf is a
3-difference cordial labeling.
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Figure 1.

Next is the splitting graph of the star.

Theorem 2.6.spl(K1,n) is 3-difference cordial.

Proof. Let V (spl(K1,n)) = {u, v, ui, vi : 1 ≤ i ≤ n} andE(spl(K1,n)) ={ uui, uvi, vvi
: 1 ≤ i ≤ n }. Note thatspl(K1,n) has 2n+ 2 vertices and 3n edges. First we assign the label 1
to the vertex u. Then assign the label 1 to the

⌈

n
2

⌉

pendent verticesu1, u2, . . . u⌈n

2 ⌉
. Then assign

the label 2 to the remaining pendent vertices. Assign the label 2 to the vertexv. Then assign
the label 3 to the verticesv1, v2, v4, v5, v7, v8 . . . etc. Next we assign the label 1 to the vertex
v6, v12, . . . etc. Finally assign the label 2 to the vertexv3, v9 . . . etc.

Hence this labelingf is a 3-difference cordial labeling follows from the following table3 and
4.

Nature of n ef(0) ef(1)

n is even 3n
2

3n
2

n is odd 3n+1
2

3n−1
2

Table 3.

Nature of n vf (1) vf (2) vf (3)

n ≡ 0,3 (mod 6) 2n+3
3

2n+3
3

2n
3

n ≡ 2,5 (mod 6) 2n+2
3

2n+2
3

2n+2
3

n ≡ 4 (mod 6) 2n+1
3

2n+4
3

2n+1
3

n ≡ 1 (mod 6) 2n+4
3

2n+1
3

2n+1
3

Table 4.

The graphPn +K1 is called the fan graph and it is denoted byFn.

Theorem 2.7.The fan graphFn is 3-difference cordial.

Proof. Let V (Fn) = {u, ui : 1 ≤ i ≤ n} andE(Fn) = {uui, uiui+1 : 1 ≤ i ≤ n}. Note thatFn

has n+1 vertices and 2n-1 edges.
Case 1.n ≡ 0 (mod 3).

Assign the labels 1,3,2 to the first three vertices of the pathu1, u2, u3 respectively. Then
assign the labels 1,3,2 to the next three verticesu4, u5, u6 of the path. Proceeding like that, we
assign the next three vertices and so on. It is obvious that the last vertexun received the label 2.
Finally we assign the label 1 to the vertex u.
Case 2.n ≡ 1 (mod 3).

Fix the label 1 to the vertexu1. Then assign the labels 1,3,2 to the next three verticesu2, u3, u4

respectively. Next we assign the labels 1,3,2 to the next three vertices of the pathu5, u6, u7

respectively. Continuing this pattern until we reach the last vertexun. It is clear that 2 is the
label of the last vertexun. Finally assign the label 1 to the vertex u.
Case 3.n ≡ 2 (mod 3).
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Fix the labels 3,2 to the vertexu1 andu2 respectively. Assign the labels 1,3,2 to the next
three verticesu3, u4, u5 of the path. Next we assign the labels 1,3,2 to the next three vertices of
the pathu6, u7, u8 respectively.Proceeding like this until we reach the last vertexun. Clearly the
last vertexun received the label 2. Finally assign the label 1 to the vertex u.

The following table5 and6 shows that this labelingf is a 3-difference cordial labeling.

Nature of n ef (0) ef (1)

n ≡ 0 (mod 3) n n− 1

n ≡ 1,2 (mod 3) n− 1 n

Table 5.

Nature of n vf (1) vf (2) vf (3)

n ≡ 0 (mod 3) n
3 + 1 n

3
n
3

n ≡ 1 (mod 3) n+2
3

n+2
3

n−1
3

n ≡ 2 (mod 3) n+1
3

n+1
3

n+1
3

Table 6.

The graphPn + 2K1 is called the double fan and it is denoted byDFn.

Theorem 2.8.The double fanDFn is 3-difference cordial.

Proof. Let Pn be the pathu1u2 . . . un andV (2K1) = {u, v}.
Case 1.n ≡ 0 (mod 3).
Subcase 1.n ≡ 0 (mod 6).

Assign the labels 1,3,2,1,3,2 to the first six path verticesu1, u2 . . . u6 respectively. Then
assign the labels 2,3,1,2,3,1 to the next six verticesv7, v8 . . . v12 of the path. Next we assign the
labels 1,3,2,1,3,2 to the next six vertices and assign the labels 2,3,1,2,3,1 to the next six vertices
. Continuing in this pattern until we reach the last vertexun received the label 2 or 1 according
asn ≡ 6 (mod 12) or n ≡ 0 (mod 12). Finally we assign the labels 1,2 to the vertices u and v
respectively.
Subcase 2.n ≡ 3 (mod 6).

As in subcase 1, assign the label to the verticesu, v, ui (1 ≤ i ≤ n − 3). Then we assign
the labels 2,3,1 or 1,3,2 to the verticesun−2, un−1, un according asn ≡ 0 (mod 9) or n ≡ 6
(mod 9). In this casesvf (1) = vf (2) = n+3

3 , vf (3) = n
3 .

Nature of n ef (0) ef (1)

n ≡ 3 (mod 6) 3n−1
2

3n−1
2

n ≡ 0 (mod 6) 3n−2
2

3n
2

Table 7.

Case 2.n ≡ 1 (mod 3).
Fix the labels 1,3,2,3 to the verticesu1, u2, u3, u4 respectively. Then assign the labels 1, 3, 2,

1, 3, 2 to the next six verticesv5, v6, . . . , v10 respectively. Next we assign the labels 2,3,1,2,3,1
to the next six verticesu11, u12, . . . , u16 respectively. Then we assign the labels 1,3,2,1,3,2 to the
next six vertices of the pathu17, u18, . . . , u22 and we assign the labels 2,3,1,2,3,1 to the next six
vertices of the path. Proceeding like this, we assign the next six vertices and so on. Note that in
this process, the last three verticesun−2, un−1, un received the labels 1,3,2 or 2,3,1 according as
n ≡ 7,10 (mod 12) or n ≡ 1,4 (mod 12). Finally we assign the labels 1,2 respectively to the
vertices u and v. The vertex condition isvf (1) = vf (2) = vf (3) = n+2

3 and edge condition of
this labelingf is given in table8.
Case 3.n ≡ 2 (mod 3).
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Nature of n ef (0) ef (1)

n ≡ 1 (mod 6) 3n−1
2

3n−1
2

n ≡ 4 (mod 6) 3n−2
2

3n
2

Table 8.

Fix the labels 1,3,2,3,1 to the first five verticesu1, u2, u3, u4, u5 respectively. Then assign
the labels 1,3,2,1,3,2 to the next six verticesv6, v7, . . . , v11 respectively. Next we assign the
labels 2,3,1,2,3,1 to the next six verticesv12, v13, . . . , v17 of the path respectively. Then assign
the labels 1,3,2,1,3,2 to the next six path vertices and assign the labels 2,3,1,2,3,1 to the next six
path vertices. Continuing this way, assign the labeling to the vertices of the path. It is easy to
verify that in this pattern, the last three verticesun−2, un−1, un received the labels 1,3,2 or 2,3,1
according asn ≡ 8,11 (mod 12) or n ≡ 2,5 (mod 12). Finally we assign the labels 1,2 to the
vertices u and v respectively. This labeling pattern is a 3-difference cordial labeling follows from
the vertex conditionvf (1) = n+4

3 , vf (2) = vf (3) = n+1
3 and table9.

Values of n ef (0) ef (1)

n ≡ 5 (mod 6) 3n−1
2

3n−1
2

n ≡ 2 (mod 6) 3n
2

3n−2
2

Table 9.

Next investigation is about the degree splitting graph of the bistarBn,n

Theorem 2.9.DS(Bn,n) is 3-difference cordial.

Proof. Let V (Bn,n) = {u, v, ui, vi : 1 ≤ i ≤ n} andE(Bn,n) = {uv, uui, vvi : 1 ≤ i ≤ n} .
Let V (DS(Bn,n)) = V (Bn,n) ∪ {w, z} andE(DS(Bn,n)) = E(Bn,n) ∪ {wui, wvi : 1 ≤ i ≤
n} ∪ {uz, vz}. Note thatDS(Bn,n) has 2n+4 vertices and 4n+3 edges.
Case 1.n ≡ 0 (mod 3).

Assign the label 1 to the verticesui, vi (1 ≤ i ≤ n
3 ). Then we assign the label 2 to the vertices

ui+n

3
, ui+n

3
(1 ≤ i ≤ n

3 ). Next assign the label 3 to the verticesui+ 2n
3
, ui+ 2n

3
(1 ≤ i ≤ n

3 ). Now
we move to the vertices u and v. Assign the labels 2,2 to the vertices u and v respectively. Finally
assign the label 1,1 to the vertices w,z respectively.
Case 2.n ≡ 1 (mod 3).

Assign the label to the verticesu, v, w, z, ui, vi (1 ≤ i ≤ n− 1) as in case 1. Then assign the
labels 1,3 to the verticesun, vn respectively.
Case 3.n ≡ 2 (mod 3).

As in case 2, Assign the label to the verticesu, v, w, z, ui, vi (1 ≤ i ≤ n − 1). Then assign
the labels 2,1 to the verticesun, vn respectively. Clearly this labelingf is 3-difference cordial
labeling follows fromef (0) = 2n+ 1, ef(1) = 2n+ 1 and the table10.

Nature of n vf (1) vf (2) vf (3)

n ≡ 0 (mod 3) 2n
3 + 1 2n

3 + 1 2n
3 + 1

n ≡ 1 (mod 3) 2n
3 + 2 2n

3 + 2 2n
3 + 2

n ≡ 2 (mod 3) 2n
3 + 3 2n

3 + 3 2n
3 + 2

Table 10.

Now we investigate the jellyfish graph.

Theorem 2.10.The jellyfish graphJFn is 3-difference cordial.
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Proof. Let V (JFn) = {u, v, x, y, ui, xi : 1 ≤ i ≤ n} andE(JFn) ={ux, xv, uy, yv, xy, ui, vi :
1 ≤ i ≤ n}. ClearlyJFn has 2n+4 vertices and 2n+5 edges.
Case 1.n ≡ 0 (mod 3).

Assign the labels 1,2,3,3 to the vertices u,v,x,y respectively. Then assign the labels 1,2,3
to the first three verticesu1, u2, u3 respectively. Then assign the labels 1,2,3 to the next three
verticesu4, u5, u6 respectively. Proceeding like thiswe assign the next three vertices and so on.
Assign the label to the verticesvi (1 ≤ i ≤ n) is same as the pattern of assign the label to the
verticesui (1 ≤ i ≤ n). Assign the labels 1,2,3 to the verticesv1, v2, v3 respectively. Then assign
the labels 1,2,3 to the next three vertices. Continuing this way we assign the next three vertices
and so on. In this case the verticesun andvn received the label 3.
Case 2.n ≡ 1 (mod 3).

Assign the label to the verticesu, v, x, y, ui, vi (1 ≤ i ≤ n− 1) as in case 1. Then assign the
labels 2,1 to the verticesun, vn respectively.
Case 3.n ≡ 1 (mod 3).

As in case 2, assign the label to the verticesu, v, x, y, ui, vi (1 ≤ i ≤ n− 1). Next we assign
the labels 1,3 to the verticesun, vn respectively. Then the following tables11 and12 shows that
f is a 3-difference cordial labeling.

Nature of n ef(0) ef(1)

n ≡ 0 (mod 3) n+ 3 n+ 2

n ≡ 1,2 (mod 3) n+ 2 n+ 3

Table 11.

Nature of n vf (1) vf (2) vf (3)

n ≡ 0 (mod 3) 2n
3 + 1 2n

3 + 1 2n
3 + 2

n ≡ 1 (mod 3) 2n+4
3

2n+4
3

2n+4
3

n ≡ 2 (mod 3) 2n+5
3

2n+2
3

2n+5
3

Table 12.

Finally we investigate the graphs which are derived from cycles.

Theorem 2.11.Let Cn be the cycleu1u2 . . . unu1. Let G be the graph obtained fromCn with
V (G) = V (Cn) ∪ {vi : 1 ≤ i ≤

⌈

n
2

⌉

} andE(G) = {uivi, ui+1vi : 1 ≤ i ≤ n}. Then G is
3-difference cordial labeling.

Proof. Assign the label 1 to the
⌈

n
2

⌉

cycle verticesu1, u2, . . . u⌈n

2 ⌉
. Then assign the label 3 to

the remaining cycle vertices. Next we assign the label 2 to all the verticesvi (1 ≤ i ≤ n). Then
the following tables13 and14 shows that this labelingf is a 3-difference cordial labeling.

Nature of n ef (0) ef(1)

n is even n n

n is odd n n− 1

Table 13.

Nature of n vf (1) vf (2) vf (3)

n is even n
2

n
2

n
2

n is odd n+1
2

n−1
2

n−1
2

Table 14.
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Theorem 2.12.The graphGn with the vertex setV (Gn) = {ui, vi, wi : 1 ≤ i ≤ n} and
E(Gn) = {uiui+1, vivi+1 : 1 ≤ i ≤ n − 1} ∪ {unu1, v1u1} ∪ {uivi, viwi : 1 ≤ i ≤ n} is
3-difference cordial.

Proof. Assign the label 1 to all the verticesui (1 ≤ i ≤ n) and assign the label 2 to all the
verticesvi (1 ≤ i ≤ n). Finally assign the label 3 to the verticeswi (1 ≤ i ≤ n). Clearly
vf (1) = vf (2) = vf (3) = n andef (0) = ef (1) = 2n. Hence this labelingf is a 3-difference
cordial labeling.

Theorem 2.13.Let C3 be the cycleu1u2u3u1. Let G be a graph obtained fromC3 with V (G) =
V (C3) ∪ {vi, wi, zi : 1 ≤ i ≤ n} andE(G) = E(C3) = {u1vi, u2wi, u3zi : 1 ≤ i ≤ n}. Then G
is 3-difference cordial ifn ≡ 0,2,3 (mod 4).

Proof. Case 1.n ≡ 0 (mod 4).
Assign the labels 1,2,3 to the cycle verticesu1, u2, u3 respectively. Then assign the labels

2,2,3,3 to the first four verticesv1, v2, v3, v4 respectively. Next we assign the label 2,2,3,3 to
the next four verticesv5, v6, v7, v8 respectively. Proceeding like this, we assign the next four
vertices and so on. Next we move to the verticeswi. Assign the labels 1,1,1,2 to the first four
verticesw1, w2, w3, w4 respectively. Next we assign the labels 1,1,1,2 to the next four vertices
w5, w6, w7, w8 respectively. Continuing this process, we assign the next four verticesand so on.
The last vertexwn received the label 2. Now our attention move to the verticeszi. Assign the
labels 1,2,3,3 to the first four verticesz1, z2, z3, z4 respectively. Next we assign the label 1,2,3,3
to the next four verticesz5, z6, z7, z8 respectively. Continuing this pattern, we reach the last
vertexzn. Clearly 3 is the label of the last vertexzn.
Case 2.n ≡ 2 (mod 4).

Assign the label to the verticesu1, u2, u3, vi, wi, zi (1 ≤ i ≤ n − 2) as in case 1. Next we
assign the label 3,3 to the verticesvn−1, vn respectively and assign the label 1,2 to the vertices
wn−1, wn respectively. Finally assign the label 1,2 to the verticeszn−1, zn respectively.
Case 3.n ≡ 3 (mod 4).

Assign the label to the verticesu1, u2, u3, vi, wi, zi (1 ≤ i ≤ n − 1) as in case 2. Next we
assign the labels 3,2,1 to the verticesvn, wn, zn respectively. The vertex condition for these three
cases,vf (1) = vf (2) = vf (3) = n + 1. The edge condition is given in table15. Hencef is a
3-difference cordial labeling.

Nature of n ef (0) ef (1)

n ≡ 0 (mod 4) 3n+2
2

3n+4
2

n ≡ 2 (mod 4) 3n+4
2

3n+2
2

n ≡ 3 (mod 4) 3n+3
2

3n+3
2

Table 15.
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