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Abstract In this paper we study some growth properties of entire functions on the basis of
relative L*-type and relative L*-weak type of an entire function with respect to another entire
function.

1 Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be an entire function de-
fined on C. The maximum modulus function corresponding to entire f is defined as My (r) =
max {|f (z)| : |z| = r}. To start our paper we just recall the following definitions:

Definition 1.1. The order py and lower order Ay of an entire function f are defined as
log® M;(r)

2]
pr = limsupM and Ay = liminf o8

o0 logr r—00 logr '

where log[k] x = log (log[k_” l‘) fork=1,2,3,.... and log[O] x = .
Definition 1.2. The type o and lower type & ; of an entire function f are defined as

1 lo
oy = lim supw and oy = hmmfm

r—o00 rP r—>00 r

,0<pr <oo.

Datta and Jha [4] introduced the definition of weak type of an entire function of finite
positive lower order in the following way:

Definition 1.3. [4] The weak type 7 and the growth indicator 7 of an entire function f of finite
positive lower order Ay are defined by

log My (r)

Y and 75 = lim 1nf%

Ty = limsup
T—>00 T

r—»o0 r

, 0< Ay <o0.

Somasundaram and Thamizharasi [6] introduced the notions of L-order and L-type for
entire function where L = L (r) is a positive continuous function increasing slowly i.e., L (ar) ~
L (r) as r — oo for every positive constant ‘a’. The more generalised concept for L-order and L-
type for entire functions are L*-order and L*-type respectively. Their definitions are as follows:

Definition 1.4. [6] The L*-order pJLc* and the L*-lower order )\%* of an entire function f are
defined as '

2] (]
pf = lim sup1 g s (1) and )\L = lim 1nfM.
r—oo log [rel(n)] r—oo log [rel ()]
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Definition 1.5. [6] The L*-type a%* and L*-lower type EJI?* of an entire function f are defined
as

- log M . log M .
of =lim supo(Q and 7§ = liminfo(zz, 0<pf <.
r—00 [TeL(r)]pf r—o0 [TSL(T>:|pf

In order to determine the relative growth of two entire functions of same non zero finite
L*-lower order one may define the L*-weak type in the following way:

Definition 1.6. The L*-weak type TfL* of an entire function f is defined as follows:

. log M
T = liminf—2L ") (:) ,
X

0< A\ <oo.
r—00 [T@L(T)] ¥

Likewise the growth indicator 7? of an entire function f can be defined in the following manner:

?JLC* = limsup
r—00 [reL(r)]

log My (r) L*
If an entire function g is non-constant then M, () is strictly increasing and continuous
and its inverse M, ' : (|f (0)],00) — (0,00) exists and is such that lim M ! (s) = cc. In the
S§—00
line of Somasundaram and Thamizharasi [6] and Bernal [1], one may define the relative L*-order
of an entire function in the following manner :

Definition 1.7. {[3], [5]} The relative L*-order p%~ (f) and relative L*-lower Al" (f) of an entire
function f with respect to another entire function g are defined as
. log MY My (r) . log M 1My (r)
L : g L P g
= limsup————————= and A = liminf —————=
Pg (f) T_mgp log [reL(T)} g (f) r—oo  log [reL(T)]

In order to determine the relative growth of two entire functions having same non zero
finite relative L*-order with respect to another entire function, one may define the concept of the
relative L*-type and relative L*-lower type in the following manner:

Definition 1.8. The relative L*-type o” (f) and relative L*-lower type 55* (f) of an entire
function f with respect to g are defined as follows:
L My M (r) My M (r)

o, (f) =limsup—~ and 7L (f) = liminf—<

L*
g r—00 [’I"BL(T)JPHL* (f) g 14 (f) < 0.

T [rel(n)] Py (£)’ g

Analogusly, in order to determine the relative growth of two entire functions having
same non zero finite relative L*-lower order with respect to another entire function, one can
define the relative L*-weak type in the following way:

Definition 1.9. The relative L*-weak type TgL* (f) of an entire function f with respect to g of
finite positive relative L*-lower order A} " (f) is defined as:

. o MMy (r) .
7, (f) = liminf —* fm(f>70<%? (f) < 0.
[,reL(r)} g

Similarly, the growth indicator ?g* (f) of an entire function f with respect to another entire
function g can be defined in the following manner:

. MM
7L (f) = lim sup—~ s (7)

L 0< A (f) < .
9 —— [reL“)})\g 0 (f) <o0

g9

In the paper we study some relative growth properties of entire functions with respect
to another entire function on the basis of relative L*-type and relative L*-weak type. We do
not explain the standard definitions and notations in the theory of entire functions as those are
available in [7].
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2 Lemma
In this section we present a lemma due to Datta et al. [2]:

Lemma 2.1. [2] Let f and g be any two entire functions such that 0 < )\JQ* < pf* < oo and
0< Ay < pg < o0. Then

)\L* . /\L* L* /\L* L* . L*
2L <A\ (f) < min AP max { A P < ot (f)y <.
Pg Ag Py Ag ' Py Ag

3 Theorems
In this section we state the main results of the paper.

Theorem 3.1. Let f and g be any two entire functions such that 0 < le;* <ooand0 < Ay <
pg < 00. Then
1 1 1
—L* 7 Xg L* ] g L* 7 7y
g - (o * o
max lf 1 : lf 1 <oy (f) < lf ] .
Tg Tg ) Og

Proof. From the definitions of a]%* and E]Lc*, we have for all sufficiently large values of r that

. ok
My(r) < exp [(a]% +g) [reL(T)} ! 1 3.1)
My (r) > exp [(Uf* — 6) [reL(T)]pf ‘| 3.2)
and also for a sequence of values of r tending to infinity, we get that
My (r) > exp [(af* —5) [reLO")}pf ] 7 3.3)
. pk”
Mg (r) < exp l(af +5) [re””} ! ] . (3.4)

Similarly from the definitions of o, and 7, it follows for all sufficiently large values of r that

My (r) < expl(og+e)-r]
Mg [exp[(og +) -]

S
o
3
A

ie, M7l (r) > [(é’%)l

My (r) < [(&) ] . (3.6)

Also for a sequence of values of r tending to infinity, we obtain that

and (3.5)

M (r) < <é’g_r€)>"g and (3.7)
o .
M (r) > <(U;’%:E)> . (3.8)
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From the definitions of ?f;* and TfL ", we have for all sufficiently large values of r that

Mg (r) < exp (?JQ* —l—s) {reL“)r?*- ’ (3.9

My (r) > exp (TfL —5) {reL(T)rr (3.10)

and also for a sequence of values of r tending to infinity, we get that

o

My (r) > exp (?J%*—g) {reL“)rf , (3.11)

My (r) < exp (TJzL*—i—s) [reL(T’)r’%* . (3.12)

Similarly from the definitions of 7, and 7, it follows for all sufficiently large values of r that
My(r) < exp[(Tg+e) 1]
M, [exp [(7g +e) - 7] ]

o) > (22"

K(iﬁl))ﬂ . (3.14)

Also for a sequence of values of r tending to infinity, we obtain that

M (r) < [( logr )A] and (3.15)

(Tg —¢)

M (r) > l(éji;)ﬂ . (3.16)

Now from (3.3) and in view of (3.13), we get for a sequence of values of r tending to infinity

that L
Mg_le (r) > Mg_1 [exp [(U? - 5) {reL(T)rf H
log exp |:(O’J£’* - 5) [reL(T)]p?*] %

(?g +¢)

IN

i.e., T

and (3.13)

S
=
A

ie., My My (r) >

i.e., Mg—le (r) > [(‘7%_6)] B : [’I“@L(r)] pfg .

L+
Since in view of Lemma 2.1, pAf— > pg* (f) and as € (> 0) is arbitrary, therefore it follows from

above that

S
M_le (T) O’Jg‘ X9

: g
s
[reL(T)] L J
R
9
9f

~
o
Q
S
—~
~
~
%

(3.17)
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Similarly from (3.2) and in view of (3.16), it follows for a sequence of values of r tending to
infinity that

(19 +¢)

(EL* — 5) to of
. — ! L(r) Ag
i.e., M, My (r) > [] : [re ] .

L*
Pf

Since in view of Lemma 2.1, it follows that <— > pk" (f). Also e (> 0) is arbitrary, so we get
from above that

- €T
MMy () [
hmsupgimz TL
r—00 [reL(T)] g M L g i

ie., o (f) > . (3.18)
L g -
Again in view of (3.6), we have from (3.1) for all sufficiently large values of r that
. pk”
My My (r) < M lexp l(af te) [ret]” H
L* o~
log exp {(af* + a) [rek(r)]"s } !
i.e.,Mg_le (r) < o —2)
g
O_L* + 5) Pg PJL{*
f
e, My ' My (r) < (7 Tl I 1
ie., My~ My (r) < ) [re } (3.19)

.
. . . P L* . . .

As in view of Lemma 2.1, it follows that pf—g < pg (f)-Since e (> 0) is arbitrary, we get from

(3.19) that

) M’le (r) [oL" ] Ps
hmsupgipwm < %
r—00 [7"€L(T>] 9 L ©9 |

L of |
€. < | = . 2
ie., o, (f) < > (3.20)
Thus the theorem follows from (3.17), (3.18) and (3.20). i

The conclusion of the following corollary can be carried out from (3.6) and (3.9); (3.9)
and (3.14) respectively after applying the same technique of Theorem 3.1 and with the help of
Lemma 2.1. Therefore its proof is omitted.
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Corollary 3.2. Let f and g be any two entire functions such that 0 < )\JL»* <ooand0 < Ay <
pg < 00. Then
1 1
=L*1% [=L"17%s
T T
L < mi f f
Jg (f) = min [ Tg 9 —

Similarly in the line of Theorem 3.1 and with the help of Lemma 2.1, one may easily
carried out the following theorem from pairwise inequalities numbers (3.10) and (3.13); (3.7)
and (3.9); (3.6) and (3.12) respectively and therefore its proofs is omitted:

Theorem 3.3. Let f and g be any two entire functions such that 0 < X¢" < pk" < oo and
0< Ay < pg < o0. Then

1 1 1
L* =g L*1 %5 [=L*77g
T . ) T T
. < TgL (f) <ming | = ) L
Tg Og Oy

Corollary 3.4. Let f and g be any two entire functions such that 0 < p]% " <ooand0 < Ag <
pg < 0o. Then
1 1
i gL e [GL™ ] e
E() = max{ ||
9y Tg
With the help of Lemma 2.1, the conclusion of the above corollary can be carry out from
(3.2),(3.5) and (3.2) , (3.13) respectively after applying the same technique of Theorem 3.1 and
therefore its proof is omitted.
Theorem 3.5. Let f and g be any two entire functions such that 0 < pJLc* <ooand 0 < Ay <

pg < 00. Then
1 1 1
—L* 2 —L*7 7y L* ] pg
o) . o) o

Tg Og Og

Proof. From (3.2) and in view of (3.13), we get for all sufficiently large values of r that

MMy (r) > M, [exp [(0? — 5) [reL(r)r?*H

log exp [(o’f;* - 5) [reL(r)]Pf*] o

e, MMy (r) >
e My Mr (1) 2 s+ )

g

ie., My My (r) > (

L

Now in view of Lemma 2.1, it follows that p)% >p
g

from above that

oL
L MIMy(r)  [aE ]
hmmfgiff*)z =

T—00 rg () Ty

[reL(T)] L J

—L* 7] i
i.e., 55 (f)

v

(3.21)
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Further in view of (3.7), we get from (3.1) for a sequence of values of r tending to infinity that
1 1 L L]
Mg My (r) < M, |exp (O'f + e) {re (”}

1
rg

log exp {(of* + s) [reL(T)]pJ%*}

i.e., M;le (r) <

(0g —¢)
L* 4 i p_If*
i.e., M;le (r) < |:(ng_;)):| . |:T€L(T):| s (3.22)

.
Again as in view of Lemma 2.1, % < pk” (f) and e (> 0) is arbitrary, therefore we get from
(3.22) that

My My (r) _|of |

lim infgimm <
r—00 [reL(T)] g | 0'g
- - L
. UL* Pg
ie., oL (f) < UL (3.23)
g

Likewise from (3.4) and in view of (3.6), it follows for a sequence of values of r tending to
infinity that

M My (r) < M, [exp [(af* —l—e) {TeL(T)}p’%*]]

1
Pg

log exp [(0? + 6) [reL(T)]p?*}

i.e., M_le (r) <

g (Eg —¢)
ok 4+ 5) fe o
e ML < ( f peE] e ‘
e, MM (r) < o= [re } (3.24)

Analogously, we get from (3.24) that

“IMy (r gL P
lim inf—2 fL(*(; < |
e [ret)]” Tg
- 45 L
L ok |
i.e., O < | = 3.25
ies 7 (<5 (3.25)

L* N
since in view of Lemma 2.1, ppfg < pL” (f)and e (> 0) is arbitrary.
Thus the theorem follows from (3.21), (3.23) and (3.25). i

Corollary 3.6. Let f and g be any two entire functions such that 0 < )\J’%* <ooand0 < Ay <
pg < 0c. Then

€1

1 1 1

L*71%s [=L*7%s [=L*77%g L* 7 %9

ot (pyemnd || L] ]
g - Tq | Ty "oy | Ty
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The conclusion of the above corollary can be carried out from pairwise inequalities no
(3.6) and (3.12);(3.7) and (3.9) ; (3.12) and (3.14); (3.9) and (3.15) respectively after applying
the same technique of Theorem 3.5 and with the help of Lemma 2.1. Therefore its proof is
omitted.

Similarly in the line of Theorem 3.1 and with the help of Lemma 2.1, one may easily
carried out the following theorem from pairwise inequalities no (3.11) and (3.13); (3.10) and
(3.16); (3.6) and (3.9) respectively and therefore its proofs is omitted:

Theorem 3.7. Let f and g be any two entire functions such that 0 < )\JLC* <ooand 0 < Ay <
pg < 0. Then

1

1 1
=L % [,L°]% —=L* 75
T T T
f f L f

Tg Tg Og

Corollary 3.8. Let f and g be any two entire functions such that 0 < )\JQ* < p]%* < oo and
0< Ay < pg <oc. Then

1 1 1 1
. FL° 75 [oL™ 170 [gL™ 1% [gL°]%
747 (f) > max [Uf] : [] , [f] , [Of]
Og Oy Ty Tg
The conclusion of the above corollary can be carried out from pairwise inequalities no
(3.3) and (3.5); (3.2) and (3.8); (3.3) and (3.13); (3.2) and (3.16) respectively after applying

the same technique of Theorem 3.5 and with the help of Lemma 2.1. Therefore its proof is
omitted.
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