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Abstract. This paper deals with an integral transformation associated with Whittaker func-

tions into Lauricella hypergeometric function of n variables. Its special cases yield various

new transformations involving Saran's function, Appell's functions, Horn's functions, Kampé

de Fériet function and generalized hypergeometric function. We also derive some (potentially)

useful generating relations for the hypergeometric functions of several variables.

1 Introduction

Numerous integral transforms (for example, Laplace, Fourier, Mellin, Hankel etc.) involving a

variety of special functions have been established by many researchers (for example, [1], [2], [3],

[11], [13], [14], [15], [16] etc.). Such transforms play an important role in many diverse �eld of

physics and engineering. In a sequel of such type of works, in this paper we present (presumably)

a new integral transform involving the product of Whittaker function Mk,µ(x) and generalized

Whittaker function Mk,µ1,µ2,··· ,µn
(x1, x2, · · · , xn), which is expressed in terms of Lauricella's

hypergeometric function of n variables F
(n)
C . Various new transformations (involving Saran's

function, Appell's functions, Horn's functions, Kampé de Fériet function and generalized hyper-

geometric function) are also obtained as special cases of our main result. Further, by using the

present transformations, we derive some (potentially) useful generating relations.

For the purposes of our present study, we begin by recalling here the de�nitions of some

known functions.

The Whittaker function Mk,µ was introduced by Whittaker [4] (see also Whittaker and

Watson [5]) in terms of con�uent hypergeometric function 1F1 (or Kummer's functions) as fol-

lows:

Mk,µ(x) = xµ+ 1

2 e−x/2
1F1

(
1

2
+ µ− k ; 2µ+ 1 ;x

)
. (1.1)

Further generalization of Whittaker function Mk,µ was introduced by Humbert [8, p.63,

Eq.(15)] in the following form:

Mk,µ1,µ2,··· ,µn(x1, x2, · · · , xn) = x1
µ1+

1

2x2
µ2+

1

2 · · ·xn
µn+

1

2 exp

[
−1

2
(x1 + x2 + · · ·+ xn)

]
×Y2

(n)
[
µ1 + µ2 + · · ·+ µn − k +

n

2
; 2µ1 + 1, 2µ2 + 1, · · · , 2µn + 1; x1, x2, · · · , xn

]
,

(1.2)

where Y2
(n) is the Humbert's con�uent hypergeometric function of n variables de�ned as fol-

lows (see [8, p.62, Eq.(11)]):

Y2
(n)[a; c1, · · · , cn; x1, · · · , xn] =

∞∑
m1,m2,··· ,mn=0

(a)m1+m2+···+mn

(c1)m1
· · · (cn)mn

x1
m1

m1!
· · · xn

mn

mn!
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(max{|x1|, |x2|, · · · |xn|} < ∞).

2 Main result

The following integral transform involving the product of Whittaker function Mk,µ(x) and gen-

eralized Whittaker function Mk,µ1,µ2,··· ,µn(x1, x2, · · · , xn) will be evaluated in this section:∫ ∞

0

uν−1e−puMρ,σ(xu)Mk,µ1,µ2,··· ,µn(y1u, y2u, · · · , ynu)du

=
xσ+ 1

2 y1
µ1+

1

2 · · · ynµn+
1

2G(σ + b+ 1
2
)

(p+ Y + x
2
)σ+b+ 1

2

∞∑
r=0

(σ + b+ 1
2
)r(σ − ρ+ 1

2
)r

(2σ + 1)r

{ 2x
2(p+Y )+x

}r

r!
(2.1)

×F
(n)
C

[
σ + b+

1

2
+ r, a; 2µ1 + 1, · · · , 2µn + 1;

2y1
2(p+ Y ) + x

, · · · , 2yn
2(p+ Y ) + x

]
,

where a = µ1 + µ2 + · · · + µn − k + n
2
, b = µ1 + µ2 + · · · + µn + ν + n

2
, Y = y1+y2+···+yn

2
,

ℜ(σ + b) > − 1

2
, ℜ(p+ Y ) > 1

2
|ℜ(x)| and F

(n)
C is the Lauricella's hypergeometric function of n

variables (see [8, p.60]).

Proof. In order to derive (2.1), we denote the left-hand side of (2.1) by I, expressingMk,µ1,µ2,··· ,µn

as a series with the help of (1.2) and (1.3) and then interchanging the order of integral sign and

summation, which is guaranteed under the conditions, we get

I = y1
µ1+

1

2 y2
µ2+

1

2 · · · ynµn+
1

2

∞∑
m1,m2,··· ,mn=0

(a)m1+m2+···+mn

(2µ1 + 1)m1
(2µ2 + 1)m2

· · · (2µn + 1)mn

×y1
m1

m1!

y2
m2

m2!
· · · yn

mn

mn!

∫ ∞

0

ub+m1+m2+mn−1 exp[−(p+ Y )u]Mρ,σ(xu)du, (2.2)

where a = µ1 + µ2 + · · ·+ µn − k+ n
2
, b = µ1 + µ2 + · · ·+ µn + ν + n

2
and Y = y1+y2+···+yn

2
.

Using the following known integral formula (see [2, p.215, Eq.(11)]):∫ ∞

0

uν−1e−puMρ,σ(xu)du =
xσ+ 1

2G(σ + ν + 1

2
)

(p+ x
2
)σ+ν+ 1

2

2F1

(
σ + ν +

1

2
, σ − ρ+

1

2
; 2σ + 1;

2x

2p+ x

)
(
ℜ(σ + ν) > −1

2

)
,

in the above equation, we obtain

I = y1
µ1+

1

2 y2
µ2+

1

2 · · · ynµn+
1

2

∞∑
m1,m2,··· ,mn=0

(a)m1+m2+···+mn

(2µ1 + 1)m1
(2µ2 + 1)m2

· · · (2µn + 1)mn

×y1
m1

m1!

y2
m2

m2!
· · · yn

mn

mn!

xσ+ 1

2G(σ + b+m1 + · · ·+mn + 1

2
)

(p+ Y + x
2
)σ+b+m1+···+mn+

1

2

×2F1

(
σ + b+m1 + · · ·+mn +

1

2
, σ − ρ+

1

2
; 2σ + 1;

2x

2(p+ Y ) + x

)
.

Now expanding the hypergeometric function 2F1 in its de�ning series, and arranging the resulting

multiple series into the Lauricella hypergeometric function of n variables F
(n)
C , we arrive at the

right-hand side of (2.1). This completes the proof. 2
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Remark 2.1. On replacing p by p − 1

2
and ν by ν − ρ, and setting σ = ρ − 1

2
and x = 1 in

equation (2.1) and then using the relation

Mρ,ρ− 1

2

(z) = exp
(
−z

2

)
zρ,

we get the known result of Kamarujjama and Khan [11, p.68, Eq.(2.1)].

3 Special Cases

This section deals with certain new transformations involving Saran's function, Appell's func-

tions, Horn's functions, Kampé de Fériet function and generalized hypergeometric functions

pFq.

(1). On setting n = 2 in (2.1), we get the following transformation:∫ ∞

0

uν−1e−puMρ,σ(xu)Mk,µ1,µ2
(y1u, y2u)du =

xσ+ 1

2 y1
µ1+

1

2 y2
µ2+

1

2G(λ)

(p+ Y1 +
x
2
)λ

×FE

(
λ, λ, λ, σ − ρ+

1

2
, δ, δ; 2σ + 1, 2µ1 + 1, 2µ2 + 1;

2x

2(p+ Y1) + x
,

2y1
2(p+ Y1) + x

,
2y2

2(p+ Y1) + x

)
, (3.1)

where Y1 =
y1+y2

2
, λ = σ+ν+µ1+µ2+

3

2
, δ = µ1+µ2−k+1, ℜ(λ) > 0, ℜ(p+Y1) >

1

2
|ℜ(x)|

and FE is the Saran function de�ned as follows (see [8, p.66, Eq.(26)]):

FE(α1, α1, α1, β1, β2, β2; γ1, γ2, γ3; x, y, z) =
∞∑

m,n,p=0

(α1)m+n+p(β1)m(β2)n+p

(γ1)m(γ2)n(γ3)p

xm

m!

yn

n!

zp

p!
,

|x| < r, |y| < s, |z| < t, r + (
√
s+

√
t)2 = 1.

(2). On setting k = 0 and µ2 = µ1 in (3.1), and then using the following known transformation

(see [7, p.116, Eq.(4.1.16)]):

FE(a, a, a, b1, b2, b2; c1, b2, b2; x, y, z)

= (1− y − z)−aH4

[
a, b1; b2, c1;

yz

(1− y − z)2
,

x

(1− y − z)

]
, (3.2)

we get a new transformation∫ ∞

0

uν−1e−puMρ,σ(xu)M0,µ1,µ1
(y1u, y2u)du =

xσ+ 1

2 (y1y2)µ1+
1

2G(λ1)

(p− Y1 +
x
2
)λ1

×H4

[
λ1, σ − ρ+

1

2
; 2µ1 + 1, 2σ + 1;

y1y2
(p− Y1 +

x
2
)2
,

x

(p− Y1 +
x
2
)

]
, (3.3)

where λ1 = σ + ν + 2µ1 +
3
2
, ℜ(λ1) > 0 and H4 is the Horn's function (see [8, p.57]).

(3). On replacing x by 4x and setting y1 = y2 = x, ρ = k = 0 and µ2 = µ1 in (3.1) and then

using the following known transformation (see [12, p.130, Eq.(2.3)]):

FE(a, a, a, b, c, c; 2b, c, c; 4y, y, y)

= (1− 4y)−a
4F3


a
2
, a+1

2
, 2b+2c−1

4
, 2b+2c+1

4
;

c, 2b+1

2
, 2b+2c−1

2
;

(
4y

1− 4y

)2

 , (3.4)
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we get a new integral transform∫ ∞

0

uν−1e−puM0,σ(4xu)M0,µ1,µ1
(xu, xu)du =

22σ+1xσ+2µ1+
3

2G(λ1)

(p+ 3x)λ1

(
1− 8x

2p+ 3x

)−λ1

×4F3


λ1

2
, λ1+1

2
, σ+2µ1+1

2
, σ+2µ1+2

2
;

2µ1 + 1, σ + 1, σ + 2µ1 + 1;

(
8x

2p− 5x

)2

 , (3.5)

where λ1 = σ + ν + 2µ1 +
3

2
, ℜ(λ1) > 0 and pFq is the generalized hypergeometric function

(see [6, p.73]).

(4). On setting n = 1 in (2.1), we get the following integral transformation:∫ ∞

0

uν−1e−puMρ,σ(xu)Mk,µ1
(y1u)du =

xσ+ 1

2 y1
µ1+

1

2G(A)

(p+ y1+x
2

)A

×F2

(
A, σ − ρ+

1

2
, µ1 − k +

1

2
; 2σ + 1, 2µ1 + 1;

2x

2p+ y1 + x
,

2y1
2p+ y1 + x

)
, (3.6)

where A = σ + ν + µ1 + 1, ℜ(A) > 0, ℜ(p + y1
2
) > 1

2
|ℜ(x)| and F2 is the Appell's function

de�ned as follows (see [8, p.53, Eq.(5)]):

F2(a, b, b
′
; c, c

′
; x, y) =

∞∑
m,n=0

(a)m+n(b)m(b
′
)n

(c)m(c′)n

xm

m!

yn

n!
,

|x|+ |y| < 1.

(5). By using the following known transformation (see [9, p.270, Eq.(2)]):

F2[a, b, c; d, e; x, y] = F 1:1;1

0:1;1

[
a : b; c;

− : d; e;
x, y

]
, (3.7)

equation (3.6) reduces to∫ ∞

0

uν−1e−puMρ,σ(xu)Mk,µ1
(y1u)du =

xσ+ 1

2 y1
µ1+

1

2G(A)

(p+ y1+x
2

)A

×F 1:1;1

0:1;1

 A : σ − ρ+ 1

2
; µ1 − k + 1

2
;

− : 2σ + 1; 2µ1 + 1;

2x

2p+ y1 + x
,

2y1
2p+ y1 + x

 , (3.8)

where A = σ + ν + µ1 + 1, ℜ(A) > 0 and F l:m;n
p:q;s is the well known Kampé de Fériet function

(see [8, p.63]).

(6). On setting ρ = k = 0 in (3.6) and then using the following transformation (see [1, p.381]):

F2[α, β, β
′
; 2β, 2β

′
; 2x, y] = (1− x)−αH4

[
α, β

′
; β +

1

2
, 2β

′
;

x2

4(1− x)2
,

y

(1− x)

]
, (3.9)

we get ∫ ∞

0

uν−1e−puM0,σ(xu)M0,µ1
(y1u)du =

xσ+ 1

2 y1
µ1+

1

2G(A)

(p+ y1
2
)A

×H4

[
A, µ1 +

1

2
; σ + 1, 2µ1 + 1;

x2

4(2p+ y1)2
,

2y1
(2p+ y1)

]
, (3.10)

where A = σ + ν + µ1 + 1, ℜ(A) > 0 and H4 is the Horn's function.
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(7). Further, on setting ρ = k = 0 in (3.6) and then using the following known transformation

(see [17, p.11]):

F2

[
α, β − 1

2
, β

′
− 1

2
; 2β − 1, 2β

′
− 1; 2x, 2y

]
= (1− x− y)−α

×F4

[
α

2
,
α+ 1

2
; β, β

′
;

x2

(1− x− y)2
,

y2

(1− x− y)2

]
, (3.11)

we get ∫ ∞

0

uν−1e−puM0,σ(xu)M0,µ1
(y1u)du =

xσ+ 1

2 y1
µ1+

1

2G(A)

pA

× F4

[
A

2
,
A+ 1

2
; σ + 1, µ1 + 1;

x2

4p2
,
y1

2

4p2

]
, (3.12)

where A = σ + ν + µ1 + 1, ℜ(A) > 0 and F4 is the Appell's function (see [8, p.53]).

(8). If we consider y1 = x in (3.12) and then using the following transformation (see [10, p.101]):

F4(a, b; c, d; x, x) = 4F3

 a, b, c+d−1

2
, c+d

2
;

c, d, c+ d− 1;

4x

 , (3.13)

equation (3.12) reduces to∫ ∞

0

uν−1e−puM0,σ(xu)M0,µ1
(xu)du =

xσ+µ1+1
G(A)

pA

×4F3


A
2
, A+1

2
, σ+µ1+1

2
, σ+µ1+2

2
;

σ + 1, µ1 + 1, σ + µ1 + 1;

x2

p2

 , (3.14)

where ℜ(A) > 0 and pFq is the generalized hypergeometric function.

4 Generating Relations

This section deals with some generating relations of hypergeometric functions of several vari-

ables. We begin by recalling here the following known Kummer's �rst formula [6, p.125, Eq.(1)]:

e−w
1F1(α;β;w) =

∞∑
l=0

(β − α)l
(β)l

(−w)l

l!
. (4.1)

On replacingw bywu, multiplying both sides by uν−1e−puMρ,σ(xu)Mk,µ1,··· ,µn(y1u, · · · , ynu)
in (4.1), and then integrating with respect to u from 0 to ∞, we get∫ ∞

0

uν−1e−(p+w)uMρ,σ(xu)Mk,µ1,··· ,µn(y1u, · · · , ynu)1F1(α;β;wu)du

=
∞∑
l=0

(β − α)l
(β)l

(−w)l

l!

∫ ∞

0

uν+l−1e−puMρ,σ(xu)Mk,µ1,··· ,µn(y1u, · · · , ynu)du.

On expanding 1F1 into series form, we arrive at

∞∑
i=0

(α)i
(β)i

wi

i!

∫ ∞

0

uν+i−1e−(p+w)uMρ,σ(xu)Mk,µ1,··· ,µn(y1u, · · · , ynu)du
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=
∞∑
l=0

(β − α)l
(β)l

(−w)l

l!

∫ ∞

0

uν+l−1e−puMρ,σ(xu)Mk,µ1,··· ,µn(y1u, · · · , ynu)du. (4.2)

By using the above equation (4.2), we derive various new generating relations for the hypergeo-

metric functions of several variables as follows:

(1). Now using the result (2.1) on both sides of (4.2) and after a little simpli�cation, we obtain the

following generating relation for the Lauricella's hypergeometric function of n variables F
(n)
C :

(
P

Q

)L ∞∑
i,r=0

(L)i+r (α)i(σ − ρ+ 1

2
)r

(β)i(2σ + 1)r

(
w
Q

)i

i!

(
x
Q

)r

r!

×F
(n)
C

[
L+ i+ r, a; 2µ1 + 1, 2µ2 + 1, · · · , 2µn + 1;

y1
Q
,
y2
Q
, · · · , yn

Q

]

=
∞∑

l,r=0

(L)l+r (β − α)l(σ − ρ+ 1

2
)r

(β)l(2σ + 1)r

(
−w

P

)l
l!

(
x
P

)r
r!

×F
(n)
C

[
L+ l+ r, a; 2µ1 + 1, 2µ2 + 1, · · · , 2µn + 1;

y1
P
,
y2
P
, · · · , yn

P

]
, (4.3)

where P = p+ Y + x
2
, Q = p+w+Y + x

2
, Y = y1+y2+···+yn

2
, a = µ1 +µ2 + · · ·+µn − k+ n

2
,

b = µ1 + µ2 + · · ·+ µn + ν + n
2
and L = σ + b+ 1

2
.

In (4.3), on expanding F
(n)
C in its de�ning series and then taking n = 2, and after a little simpli-

�cation, we get the following relation of Srivastava and Daoust function:

(
P1

Q1

)L1

F 2:1;1;0;0

0:1;1;1;1

 (L1 : 1, 1, 1, 1), (a1 : 0, 0, 1, 1) : (α, 1); (σ − ρ+ 1

2
, 1);

: (β, 1); (2σ + 1, 1);

; ;

(2µ1 + 1, 1); (2µ2 + 1, 1);

w

Q1

,
x

Q1

,
y1
Q1

,
y2
Q1



= F 2:1;1;0;0

0:1;1;1;1

 (L1 : 1, 1, 1, 1), (a1 : 0, 0, 1, 1) : (β − α, 1); (σ − ρ+ 1

2
, 1);

: (β, 1); (2σ + 1, 1);

; ;

(2µ1 + 1, 1); (2µ2 + 1, 1);

− w

P1

,
x

P1

,
y1
P1

,
y2
P1

 , (4.4)

where P1 = p + Y1 +
x
2
, Q1 = p + w + Y1 +

x
2
, Y1 = y1+y2

2
, L1 = σ + µ1 + µ2 + ν + 3

2
,

a1 = µ1 + µ2 − k + 1 and F 2:1;1;0;0

0:1;1;1;1
is the Srivastava and Daoust function (see [8, p.65]).

Further, on expanding FC
(n) in its de�ning series and then taking n = 1 in (4.3), and after a little

simpli�cation, we get the following relation for Srivastava triple hypergeometric series:

(
P2

Q2

)L2

F (3)

 L2 :: ; ; ; α; σ − ρ+ 1

2
; µ1 − k + 1

2
;

:: ; ; ; β; 2σ + 1; 2µ1 + 1;

w

Q2

,
x

Q2

,
y1
Q2



= F (3)

 L2 :: ; ; ; β − α; σ − ρ+ 1

2
; µ1 − k + 1

2
;

:: ; ; ; β; 2σ + 1; 2µ1 + 1;

− w

P2

,
x

P2

,
y1
P2

 , (4.5)



SOME TRANSFORMATIONS AND GENERATING RELATIONS 171

where P2 = p+ y1+x
2

, Q2 = p+w+ y1+x
2

, L2 = σ+µ1+ν+1 and F (3)[x, y, z] is the Srivastava
triple hypergeometric series (see [8, p.69]).

(2). If we consider n = 2 in (4.2) and then using the result (3.1), and after a little simpli�cation,

we get the following generating relation for Saran's function:(
R

S

)λ ∞∑
i=0

(α)i(λ)i
(β)i

(
w
S

)i
i!

FE

[
λ+ i, λ+ i, λ+ i, σ − ρ+

1

2
, δ, δ; 2σ + 1,

2µ1 + 1, 2µ2 + 1;
x

S
,
y1
S
,
y2
S

]
=

∞∑
l=0

(β − α)l(λ)l
(β)l

(
−w

R

)l
l!

FE

[
λ+ l, λ+ l, λ+ l, σ − ρ+

1

2
, δ, δ; 2σ + 1,

2µ1 + 1, 2µ2 + 1;
x

R
,
y1
R
,
y2
R

]
, (4.6)

where R = p + Y1 +
x
2
, S = p + w + Y1 +

x
2
, Y1 = y1+y2

2
, λ = σ + ν + µ1 + µ2 +

3

2
and

δ = µ1 + µ2 − k + 1.

Next, if we consider k = 0 and µ2 = µ1 in (4.6) and then using the transformation (3.2), after

some simpli�cation, we obtain the following generating relation for Horn's function:

(
R− y1 − y2
S − y1 − y2

)λ1 ∞∑
i=0

(α)i(λ1)i
(β)i

(
w

S−y1−y2

)i

i!

×H4

[
λ1 + i, σ − ρ+

1

2
; 2µ1 + 1, 2σ + 1;

y1y2
(S − y1 − y2)2

,
x

(S − y1 − y2)

]

=
∞∑
l=0

(β − α)l(λ1)l
(β)l

{
− w

(R−y1−y2)

}l

l!

×H4

[
λ1 + l, σ − ρ+

1

2
; 2µ1 + 1, 2σ + 1;

y1y2
(R− y1 − y2)2

,
x

(R− y1 − y2)

]
, (4.7)

where λ1 = σ + ν + 2µ1 +
3

2
.

Further, on replacing x by 4x, setting y1 = y2 = x, ρ = k = 0 and µ2 = µ1 in (4.6), and

then using the transformation (3.4), we get the following generating relation for the generalized

hypergeometric function pFq:

(
R1 − 4x

S1 − 4x

)λ1 ∞∑
i=0

(α)i(λ1)i
(β)i

(
w

S1−4x

)i

i!

×4F3


λ1+i
2

, λ1+i+1

2
, σ+2µ1+1

2
, σ+2µ1+2

2
;

2µ1 + 1, σ + 1 σ + 2µ1 + 1;

(
4x

S1 − 4x

)2



=
∞∑
l=0

(β − α)l(λ1)l
(β)l

{
−w

(R1−4x)

}l

l!

×4F3


λ1+l
2

, λ1+l+1

2
, σ+2µ1+1

2
, σ+2µ1+2

2
;

2µ1 + 1, σ + 1 σ + 2µ1 + 1;

(
4x

R1 − 4x

)2

 , (4.8)
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where λ1 = σ + ν + 2µ1 +
3

2
, R1 = p+ 3x and S1 = p+ w + 3x.

(3). If we consider n = 1 in (4.2) and then using the result (3.6), after some simpli�cation, we

get the following generating relation for Appell's function F2:(
U

V

)A ∞∑
i=0

(α)i(A)i
(β)i

(
w
V

)i
i!

F2

(
A+ i, σ − ρ+

1

2
, µ1 − k +

1

2
; 2σ + 1, 2µ1 + 1;

x

V
,
y1
V

)

=
∞∑
l=0

(β − α)l(A)l
(β)l

(
−w

U

)l
l!

F2

(
A+ l, σ − ρ+

1

2
, µ1 − k +

1

2
; 2σ + 1, 2µ1 + 1;

x

U
,
y1
U

)
,

(4.9)

where A = σ + ν + µ1 + 1, U = p+ y1+x
2

and V = p+ w + y1+x
2

.

Further, by using the result (3.7) in (4.9), we obtain the following generating relation for Kampé

de Fériet function:

(
U

V

)A ∞∑
i=0

(α)i(A)i
(β)i

(
w
V

)i
i!

F 1:1;1

0:1;1

 A+ i : σ − ρ+ 1

2
; µ1 − k + 1

2
;

: 2σ + 1; 2µ1 + 1;

x

V
,
y1
V



=
∞∑
l=0

(β − α)l(A)l
(β)l

(
−w

U

)l
l!

F 1:1;1

0:1;1

 A+ l : σ − ρ+ 1

2
; µ1 − k + 1

2
;

: 2σ + 1; 2µ1 + 1;

x

U
,
y1
U

 . (4.10)

Setting ρ = k = 0 in (4.9) and then using the transformation (3.9), after some simpli�cation, we

get the following generating relation for Horn's function H4:

(
2U − x

2V − x

)A ∞∑
i=0

(α)i(A)i
(β)i

(
2w

2V−x

)i

i!
H4

[
A+ i, µ1 +

1

2
; σ + 1, 2µ1 + 1;

x2

4(2V − x)2
,

2y1V

(2V − x)

]

=
∞∑
l=0

(β − α)l(A)l
(β)l

{
−2w

(2U−x)

}l

l!
H4

[
A+ l, µ1 +

1

2
; σ + 1, 2µ1 + 1;

x2

4(2U − x)2
,

2y1U

(2U − x)

]
.

(4.11)

Further, if we consider ρ = k = 0 in (4.9) and then using the transformation (3.11), after some

simpli�cation, we obtain the following generating relation for Appell's function F4:

(
p

p+ w

)A ∞∑
i=0

(α)i(A)i
(β)i

(
w

p+w

)i

i!
F4

[
A+ i

2
,
A+ i+ 1

2
; σ + 1, µ1 + 1;

x2

4(p+ w)2
,

y1
2

4(p+ w)2

]

=
∞∑
l=0

(β − α)l(A)l
(β)l

(
−w
p

)l

l!
F4

[
A+ l

2
,
A+ l+ 1

2
; σ + 1, µ1 + 1;

x2

4p2
,
y1

2

4p2

]
, (4.12)

where A = σ + ν + µ1 + 1.

In (4.12), on taking y1 = x and then by using the transformation (3.13), we get the following

generating relation for generalized hypergeometric function pFq:

(
p

p+ w

)A ∞∑
i=0

(α)i(A)i
(β)i

(
w

p+w

)i

i!
4F3


A+i
2

, A+i+1
2

, σ+µ1+1

2
, σ+µ1+2

2
;

σ + 1, µ1 + 1, σ + µ1 + 1;

x2

(p+ w)2
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=
∞∑
l=0

(β − α)l(A)l
(β)l

(
−w
p

)l

l!
4F3


A+l
2

, A+l+1

2
, σ+µ1+1

2
, σ+µ1+2

2
;

σ + 1, µ1 + 1, σ + µ1 + 1;

x2

p2

 . (4.13)
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