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Abstract. This paper deals with an integral transformation associated with Whittaker func-
tions into Lauricella hypergeometric function of n variables. Its special cases yield various
new transformations involving Saran’s function, Appell’s functions, Horn’s functions, Kampé
de Fériet function and generalized hypergeometric function. We also derive some (potentially)
useful generating relations for the hypergeometric functions of several variables.

1 Introduction

Numerous integral transforms (for example, Laplace, Fourier, Mellin, Hankel etc.) involving a
variety of special functions have been established by many researchers (for example, [1], [2], [3],
[11], [13], [14], [15], [16] etc.). Such transforms play an important role in many diverse field of
physics and engineering. In a sequel of such type of works, in this paper we present (presumably)
a new integral transform involving the product of Whittaker function M}, ,(x) and generalized
Whittaker function My, 1, i, ... . (1,22, -+ , ), which is expressed in terms of Lauricella’s
hypergeometric function of n variables Fé"). Various new transformations (involving Saran’s
function, Appell’s functions, Horn’s functions, Kampé de Fériet function and generalized hyper-
geometric function) are also obtained as special cases of our main result. Further, by using the
present transformations, we derive some (potentially) useful generating relations.

For the purposes of our present study, we begin by recalling here the definitions of some
known functions.

The Whittaker function M} , was introduced by Whittaker [4] (see also Whittaker and
Watson [5]) in terms of confluent hypergeometric function ; F} (or Kummer’s functions) as fol-
lows:

1
My u(x) = it e—/2 1B <2—|—u—k‘;2u—|—l;x>. (1.1)

Further generalization of Whittaker function M}, , was introduced by Humbert [8, p.63,
Eq.(15)] in the following form:

Lol 1 1
Mka”la,u@a"' Mn (xlv'r% T "rn) = x1m+2$2#b+2 e xn,un+2 €xXp |:_2 (1‘1 +ay+---+ xn)]

n

XlPZ(n) [M1+M2++un*k+ 7’ 2H1+1, 2#2+17 72:un+17 Ty, Ta, - axn:| )
(1.2)
where W, ™ is the Humbert’s confluent hypergeometric function of n variables defined as fol-

lows (see [8, p.62, Eq.(11)]):
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(max{|a:], [za], - |zn]} < o0).

2 Main result

The following integral transform involving the product of Whittaker function M, ,,(z) and gen-
eralized Whittaker function My, ,, s, ... u, (21,22, -+, z,,) Will be evaluated in this section:

o0
/ uyileipuMpyff (xu)Mk»m-ﬁzv“ sHn (ylu, YPu, - 7ynu)du
0

_xf’+%y1#1+%...yn“”%l"(cr—kb-i— f: (0 +b+3)r(0 - ){2p+Y+x}T

(2.1)
(p+Y + Z)otbts —~ 20'—1— 1) r!

2p+Y)+a2’ 2p+Y)+a

x FV [a—i—b—i— !

2—|—r, a; 21+ 1, 20, + 1;

where a = iy + o+ i — R+ 5.0 =gty Y = Rt

R(o+b) > -1 Rp+Y) > iR(x)| and F((;") is the Lauricella’s hypergeometric function of n
variables (see [8, p.60]).

Proof. In order to derive (2.1), we denote the left-hand side of (2.1) by I, expressing My, 1, .- ,10n
as a series with the help of (1.2) and (1.3) and then interchanging the order of integral sign and
summation, which is guaranteed under the conditions, we get

[ = gyithgreth Ly et (@)t
g - o m 7an:.m —0 (2p1+ Dy pz + Dimy -+ pin + D,
n" ™ Y [ e tmatm, —1
X m mal ] /0 u exp[—(p + Y)u|M, ,(zu)du, (2.2)

where a = iy +po+ -+ pin —k+ 5. b=+ o+ -+ pn+rv+5and Y = LRI

Using the following known integral formula (see [2, p.215, Eq.(11)]):

oo o+iT 1
vl —pu 27T (o4 v+ 3) < 1 1 o 2z
u’ e "M, s (2u)du = Filo+v+=,0—p+=;20+1; ——
/o po(zu) (p+ %)U+V+% 2 2 2p+2x
1
?R(O'—f-y) > _5 ,
in the above equation, we obtain
[ = gyithgreth Ly et (@) ot
. - o m 7,L7Z:m -0 (p1 + Vi, 22 + Dimy -+ Qo + 1)im,
™ g™ a7 (o b g + )
ml! mz! mn' (p+y+%)a+b+m1+~-+mn+%
1 1 2x
X2F1 (U+b+m1++mn+27 O'*P‘i‘i, 20+1, W) .

Now expanding the hypergeometric function  Fj in its defining series, and arranging the resulting

(n)

multiple series into the Lauricella hypergeometric function of n variables F},~, we arrive at the

right-hand side of (2.1). This completes the proof. O



SOME TRANSFORMATIONS AND GENERATING RELATIONS 167

Remark 2.1. On replacing p by p — % and v by v — p, and setting 0 = p — % and z = 1 in
equation (2.1) and then using the relation

Mp,pf%(z) = exp <_§) 2P,

we get the known result of Kamarujjama and Khan [11, p.68, Eq.(2.1)].

3 Special Cases

This section deals with certain new transformations involving Saran’s function, Appell’s func-

tions, Horn’s functions, Kampé de Fériet function and generalized hypergeometric functions
F,

plq-

(1). On setting n = 2 in (2.1), we get the following transformation:

a7ty Mt Iyt IT(N)
(p+ Y1+ %)

oo
/ uyileipuMWf(JCU)Mk,m,uz(ylua yzu)du =
0

1
xFg (A, A A, o—pts 0,05 20+ 1, 2ur + 1, 2up + 1

(3.1)

2 2y, 2y )
2p+ 1)+’ 2(p+ Y1)+’ 2(p+ Y1)+ )]

where Y} = 222 N =o4+v+u+m+3,6 = p+mpm—k+1,R(A\) >0, R(p+Y1) > LR(2)|
and F'g is the Saran function defined as follows (see [8, p.66, Eq.(26)]):

= A1 )m4n 61 m 52 n x™ yn 2P
FE(al,alvala ﬂlvﬂ%BZ; V15725735 .T,y,Z) = E : ( )(7:)+IE’(72))(’§3) ) -2 m) mﬁv
m n P ' nlpl

m,n,p=0
lz| <7 |yl <s, |2] <t 7’—|—(\/§—|—\/£)2 =1.

(2). On setting &k = 0 and pp = pq in (3.1), and then using the following known transformation
(see [7, p.116, Eq.(4.1.16)]):

Fg(a,a,a,b1,b2,b0; c1,b,b2; x,y, 2)

_ Yz x
=(1—y—2)"%Hy |a,by; b, cy; , , 3.2
I =] 32

we get a new transformation

272 (1) T\ )

o0
/ u e P M, o (w1) Moy, (Y1, you)du =
0

(p—Y1+3)M

1 Y1y T }
x H. )\,O'— +*,2 +1,2O'+1, Z\) ) T ) 33
4[1 P P-N1+%5)? (p-N1+3%) (33)

where \{ = o + v +2u1 + % R(A1) > 0and Hy is the Horn’s function (see [8, p.57]).

(3). On replacing x by 4z and setting y; = y» = z, p = k = 0 and pp = py in (3.1) and then
using the following known transformation (see [12, p.130, Eq.(2.3)]):

FE (a7 a,a, bv c, C; va ¢, C; 4y7 Y, y)

a+l 2b+42c¢—1 2b+2c+1.
2 ,

2

1 B 4 2
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>
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we get a new integral transform

oo 220+1xa+2#1+%1"()\1) 8z =X
vle P My o (dzu) M du = 5
e ()M e = s TR
AL A+l o+2u1+1 o+2u142, )
20 2 0 2 ’ 2 ’ 8
><4F3 2p — 52 ’ (35)

2m+l, o+, o+2m+1;

where \y = 0 +v 4+ 2 + %, R(A1) > 0and ,F, is the generalized hypergeometric function
(see [6, p.73)).

(4). On setting n = 1 in (2.1), we get the following integral transformation:

0 ot g I (A
| e M o) Mgyt = Z A
0

(p+ 25%)4
1 1 2 201
x| A oc—p+ =, —k+=;20+4+1, 2u1 + 1; , , 3.6
2( gTPT M 2 #1 2+ +a 2p+y1+x) (3.6)

where A = o+ v+ + 1, R(A) > 0, R(p+ &) > $|R(z)| and F; is the Appell’s function
defined as follows (see [8, p.53, Eq.(5)]):

. . _ = (a)m+n(b)m(b/)n ™ y"
FQ(CL,b,b , G, Cy 5573/) - Z (C)'m(c/)n Wﬁ?

m,n=0

lz| + |y] < 1.

(5). By using the following known transformation (see [9, p.270, Eq.(2)]):

Bla,b,c; d,e; z,y] = Folfll;;ll

- s s

a: b, ¢

7 x|, 3.7
2 ol y] (3.7)
equation (3.6) reduces to

00 o+ M IT( A
v—1_—pu T2y 2 ( )
u’ e "M, ,(zu)M u)dy = ———————=

/ o )M (e =
A a—p-i—%; ul—k+%; o 2

2p+y1+2 2p+y +x
S T 2+ 1: D+ Y1 D+ Y1

, (3.8)

where A =0+ v+ p; + 1, R(A) > 0 and F;,ig?;" is the well known Kampé de Fériet function
(see [8, p.63)).

(6). On setting p = k& = 0 in (3.6) and then using the following transformation (see [1, p.381]):

332

Y
41 —2)?" (1 x)} » 39)

/ / ’ 1 ’
Pla, 3,8 26,28 1 2x,yl = (1 —2) “Hy |, B3 B+ 5:26

we get
OO v—1_—pu d $o+%y1ul+%F(A)
u’' e My o (xu) M u)dy = —————~———
/0 0,0 (zu) Mo i, (Y1) (p+ 1/21)A

2

1 T 2y
xHy |A, =; 1,2 1; , , 3.10
* [ pitgiodh ant 4(2p +y1)? (2p+y1)] (3-10)

where A =c 4+ v+ pu; + 1, R(A) > 0 and Hy is the Horn’s function.
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(7). Further, on setting p = k£ = 0 in (3.6) and then using the following known transformation
(see [17, p.11]):

1 . 1 /

a a+1 ' z? v
Fy |5, ——: B,8: ’ 7 o
x 4[2’ N e EAR e o
we get
. o3 mTIT( A
/ ul’flefi”“Mo,a(IU)MO,m (yru)du = zzylpAZ()
0

A A+1 v u
LTAART e 3.12
X 4[2’ PR R K o

where A = o+ v+ p1 + 1, R(A) > 0 and Fy is the Appell’s function (see [8, p.53]).
(8). If we consider y; = = in (3.12) and then using the following transformation (see [10, p.101]):

a b ct+d—1 c+d.
) b 2 ) 2 E
Fy(a,b; c,d; z,2) = 4 F3 4o | , (3.13)

¢, d, c+d—1;
equation (3.12) reduces to

e s} a+u1+1r* A
/ u’ e P My , (zu) My, (vu)du = 27T T(A)
0

pA
A A+1 o+pu+1 o+ +2,
29 2 0 2 ’ 2 ’ 1.2
X4F3 pfz 3 (314)

O-+1a Ml"‘l, U+M1+1,

where R(A) > 0 and , F} is the generalized hypergeometric function.

4 Generating Relations

This section deals with some generating relations of hypergeometric functions of several vari-
ables. We begin by recalling here the following known Kummer’s first formula [6, p.125, Eq.(1)]:

e "1F (o Bw) = Z (6(;)(;% (_w)l' (4.1)

I\
1=0

On replacing w by wu, multiplying both sides by u” ~te P* M), , (xu) My 1, ... . (Y11, , Yntt)
in (4.1), and then integrating with respect to « from 0 to oo, we get

o0
/ u”_le_@*w)“Mp,a(mu)Mk,M,... o (Y1, - ypu) 1 B (o B wu)du
0

= (B —a) (—w) el o
:Z((ﬁ)z)l( l!) /0 u M e My o (20) My g (910, Y )
=0

On expanding ; F; into series form, we arrive at

< (q z’wi S il o
Z Eﬁi 7/0 u’t le (p+w) Mpﬁ(xu)Mk»ﬂl,'“,/Ln,(ylu,' .. ,ynu)du
i=0 v
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o0 . o 1 [e'o)
=:§£3(ﬁ1¢n?0l<;f)Jﬁ WM o (00) M e g (1 ). (42)
1=0 ’

By using the above equation (4.2), we derive various new generating relations for the hypergeo-
metric functions of several variables as follows:

(1). Now using the result (2.1) on both sides of (4.2) and after a little simplification, we obtain the
following generating relation for the Lauricella’s hypergeometric function of n variables F(C"):

X

<p>L§§<mHTm»w—p+;»(5Y(@y

@ i,r=0 (5)i(20+1)r 1! r!
% F™) {L+i+r7 @ 2 41,20 4 1, 2y 1 L2 yn}
) 1 i QR Q Q
[e%s) . ,
_§ D - —p D () ()
1L.r=0 (8)i(20 + 1), T "
& ' - TR
XFE Ll 0 2+ 12+ 10 20+ 1 5 20 28] (43)

where P=p+Y + 2 Q=p+w+Y + 2V =LEbotn g — g i+ +p —k+ %,
b=pmi+mp+-+p,+v+iandLl=0c+b+ 3.

In (4.3), on expanding Fé"> in its defining series and then taking n = 2, and after a little simpli-
fication, we get the following relation of Srivastava and Daoust function:

(Ly: 1,1,1,1), (a1 : 0,0,1,1) : (a,1); (0 —p+3,1);

(B, 1); 2o+ 1,1);

wo Ty Y

(2/1/1"'1,1), (2M2+1,1)7 Ql Ql Ql Ql

(Ly:1,1,1,1), (a1 : 0,0,1,1) 1 (B—a,1); (0 —p+3,1);

(8,1); (20 +1,1);

Qu+1,1); ua+1,1);

where L = p+ Y1+ 5. Q1 =p+w+YV1+5 Y1 =L L) =04+ p+v+3,

a; =pu1 +pr—k+ 1and Féifﬁﬁf is the Srivastava and Daoust function (see [8, p.65]).

Further, on expanding Fe™ inits defining series and then taking n = 1 in (4.3), and after a little
simplification, we get the following relation for Srivastava triple hypergeometric series:

Ly ;s a—p—l—%; u1—k+%;

(Pz)LZFo) T w oz oy
@ o oy By 2041 21+ 1; NI
Ly 5 3 5 B—ay o—p+h m—k+3 w o
—F® A 45
PP P (4.5)

[ S S Y 20+ 1; 21+ 1;
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where P, = p+ %52, Q) = p+w+ 22, Ly =04 p1+v+1and F®)[z,y, 2] is the Srivastava
triple hypergeometric series (see [8, p.69]).

(2). If we consider n = 2 in (4.2) and then using the result (3.1), and after a little simplification,
we get the following generating relation for Saran’s function:

RN (@) (8)' o L
(S> lzzo: (6)1 il g |:)\+Z,)\+Z,)\+Z,O'—p—|—2,5,5, 20 + 1,

2p1 + 1,20 + 1

nlS

)

oo w\!
:Z(ﬁ_a)l(’\h( ) Fr A+l,/\+l,)\+l,a—p+1,5,5; 20 +1,
B 2

v
757

W&

T Y1 Y2
21 41,20 + 1 7’7’7}, 4.6
mA L2+ 1 2 S (4.6)
where R=p+ Vi + % S=p+w+V1+ %Y =22 XN=0+v+pu +um+3and
8= +p—k+ 1.

Next, if we consider £ = 0 and pp = p; in (4.6) and then using the transformation (3.2), after
some simplification, we obtain the following generating relation for Horn’s function:

(R -y — yz)Al i (@)i(M)i (%)Z

S—-n-wn) = B i!

. 1 Y12 x }
XHy | M +i,0—p+=; 2u1+ 1,20+ 1; ,
4{1 P o (S—yi —p)? (S—y1 — )

& - an )
_Z (B :

— I

1
x Hy [)‘1+l»0_l’+ 5 2u1+ 1,204+ 1; Y12 x }

(TR Ak r— (4.7

where)\1:a+z/+2u1—|—%.

Further, on replacing x by 4z, setting y; = y» = z, p = k = 0 and up = p; in (4.6), and
then using the transformation (3.4), we get the following generating relation for the generalized
hypergeometric function , Fy:

<R1 —496)A1 o (@)i(Ar);s (ﬁ)l

S —4z) £ (B) il
=0
A+ Ait+i+l o+2pu1+1 o+2u1+2.
2 2 ) 2 ) ) » 4y 2
xats (5 4$>
1 —

2un+1, o+1 o4+2m+1;

= (B=a)i(A) {ﬁ}l
_210: (B): I

A1+l A+I+1 o+2u+1 o+2u1+2.
2 0 2 2 2

) ) B 4 2
X 4 F3 <R1—4x> ) (4.8)
2u1+1, o+4+1 o+2u+1;
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where)\l:a+u+2u1—|—%,R1=p+3xand51=p+w—|—3x.

(3). If we consider n = 1 in (4.2) and then using the result (3.6), after some simplification, we
get the following generating relation for Appell’s function F;:

U\ = (a)i(4): (1) , ! I -
il ASetdASivid _ _ _ _. 1.2 - = 2L
<V> ;ZO @) R Ati,o—ptg m—k+t52041 2+ VT
—foj(ﬁ_o‘)l(A)l Co) Atl o—pta m—ktai20+1, 2 +1; 2 4
— 2 (5)l l' 2 5 P 27 M1 25 , <M1 s U7 U )
(4.9)

whereAza—O—V—i—M+1,U=P+%and‘/:p+w+ylzﬂj'

Further, by using the result (3.7) in (4.9), we obtain the following generating relation for Kampé
de Fériet function:

Ati: o—p+3 m—k+4

A oo w)?
u 5 (@)i(A)i (7)ot rou
V) 4 (8); it O ViV
i=0 : 20+ 1; 2p + 1
oo wh ! A+l: o—p+d m—k+3
_ Z (B—=a)(A) (=1) it ? Yroy (4.10)
G e 5ol @

1=0 20 + 1; 2u1 + 1

Setting p = k = 0 in (4.9) and then using the transformation (3.9), after some simplification, we
get the following generating relation for Horn’s function Hy:

2w !

W -2\ & (a)i(A); (ZV—x) . 1 z? 25,V
e Hy |A o+ 2+ 1

<2V—x> 2 B): il 4[ tomt et At b oy o (2V—x)}

—2w

= (B—a)(A) {(2U—x>} 1 ) 22 25U
—2 @) T [AH’ mt ot gt b ger (2U—x)}

1=0
(4.11)

Further, if we consider p = k£ = 0 in (4.9) and then using the transformation (3.11), after some
simplification, we obtain the following generating relation for Appell’s function Fj:

A o© _w ‘ . . 2 2
P (a)i(A); (p+w) [A—i—z A+i+1 T 1 }
£ . F , ;o0+1, w41 )
<p—|—w) ; (8): i! 4 2 2 7 m 4(p+w)? 4(p+ w)?
:i(ﬂ—a)l(/l)l (pw)lF4 A+1 A+l+]'0'—|-1 1 72 912 (4.12)
B): Il 2 0 2 ’ a2 A '

=0

where A=o0+v+p + 1.

In (4.12), on taking y; = x and then by using the transformation (3.13), we get the following
generating relation for generalized hypergeometric function ,Fy:

A+i A+i+1 o+pi+1 o+ +2,

%
b\ (o) (75) A
p+w 2 (8): b (p+w)?
o+1, m+1, o4+m+1;

=0
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—w) % A+2l+1 a+,§]+1 g+,§]+2_ )
= (5 an(a) (5) T , 7
:Z(ﬁ (ggi( : T ]”;—2 . (413)
= . U+17 /1/1‘|‘1, U+/,L1+17
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