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Abstract. By means of Gegenbauer polynomials, two subclasses of analytic and bi-univalent
functions are introduced. Coefficient bounds and Fekete-Szegö inequalities for functions belong
to these subclasses are obtained.

1 Introduction

Orthogonal polynomials have been studied extensively as early as they were discovered by Leg-
endre in 1784 [17]. In mathematical treatment of model problems, orthogonal polynomials arise
often to find solutions of ordinary differential equations under certain conditions imposed by the
model.

The importance of the orthogonal polynomials for the contemporary mathematics, as well
as for wide range of their applications in the physics and engineering, is beyond any doubt. It
is well-known that these polynomials play an essential role in problems of the approximation
theory. They occur in the theory of differential and integral equations as well as in the math-
ematical statistics. Their applications in the quantum mechanics, scattering theory, automatic
control, signal analysis and axially symmetric potential theory are also known [12, 13].

Formally speaking, polynomials Pn and Pm of order n and m are orthogonal if∫ b

a

w(x)Pn(x)Pm(x)dx = 0. for n 6= m,

where w(x) is non-negative function in the interval (a, b); therefore, the integral is well-defined
for all finite order polynomials Pn(x).

A special case of orthogonal polynomials are Gegenbauer polynomials. They are representa-
tively related with typically real functions TR as discovered in [16], where the integral represen-
tation of typically real functions and generating function of Gegenbauer polynomials are using
common algebraic expressions. Undoubtedly, this led to several useful inequalities appear from
Gegenbauer polynomials realm.

Typically real functions play an important role in the geometric function theory because of
the relation TR = coSR and its role of estimating coefficient bounds, where SR denotes the class
of univalent functions in the unit disk with real coefficients, and coSR denotes the closed convex
hull of SR.

This paper associates certain bi-univalent functions with Gegenbauer polynomials and then
explores some properties of the class in hand. Paving the way for mathematical notations and
definitions, we provide the following section.

2 Preliminaries

Let A denote the class of functions of the form

f(z) = z +
∞∑
n=2

anz
n, (2.1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1}, and normalized by the conditions
f(0) = 0 and f ′(0) = 1. Further, by S we shall denote the class of all functions in A which are
univalent in U.
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A subordination between two analytic functions f and g is written as f ≺ g. Conceptually,
the analytic function f is subordinate to g if the image under g contains the image under f .
Technically, the analytic function f is subordinate to g if there exists a Schwarz function w with
w(0) = 0 and |w(z)| < 1 for all z ∈ U; such that

f(z) = g(w(z)).

Besides, if the function g is univalent in U, then the following equivalence holds:

f(z) ≺ g(z) if and only if f(0) = g(0)

and
f(U) ⊂ g(U).

Further on subordination principle we refer to [21].
The Koebe one-quarter theorem [14] asserts that the image of U under each univalent function

f in S contains a disk of radius 1/4. According to this, every function f ∈ S has an inverse map
f−1, defined by

f−1(f(z)) = z (z ∈ U),

and

f
(
f−1(w)

)
= w

(
|w| < r0(f); r0(f) ≥ 1

4

)
.

In fact, the inverse function is given by

f−1(w) = w − a2w
2 + (2a2

2 − a3)w
3 − (5a3

2 − 5a2a3 + a4)w
4 + · · · . (2.2)

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent in U. let =
denote the class of bi-univalent functions in U given by (2.1). For early results on bi-univalent
functions we refer to [18, 22].

For nonzero real constant α, a generating function of Gegenbauer polynomials is defined by

Hα(x, z) =
1

(1− 2xz + z2)
α , (2.3)

where x ∈ [−1, 1] and z ∈ U. For fixed x the function Hα is analytic in U, so it can be expanded
in a Taylor series as

Hα(x, z) =
∞∑
n=0

Cαn (x)z
n, (2.4)

where Cαn (x) is Gegenbauer polynomial of degree n.
Obviously, Hα generates nothing when α = 0. Therefore, the generating function of the

Gegenbauer polynomial is set to be

H0(x, z) = 1− log
(
1− 2xz + z2) = ∞∑

n=0

C0
n(x)z

n (2.5)

for α = 0. Moreover, it is worth to mention that a normalization of α to be greater than −1/2 is
desirable [13, 19, 24]. Gegenbauer polynomials can also be defined by the following recurrence
relations:

Cαn (x) =
1
n

[
2x (n+ α− 1)Cαn−1(x)− (n+ 2α− 2)Cαn−1(x)

]
, (2.6)

with the initial values

Cα0 (x) = 1, Cα1 (x) = 2αx and Cα2 (x) = 2α (1 + α)x2 − α.

First off, we present some special cases of the polynomials Cαn (x) :
1. For α = 1, we get the Chebyshev Polynomials.
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2. For α = 1
2 , we get the Legendre Polynomials.

Recently, many researchers have been exploring bi-univalent functions associated with or-
thogonal polynomials, few to mention [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 20, 23, 26, 25]. For
Gegenbauer polynomial, as far as we know, there is no work associated with bi-univalent func-
tions in the literatures. Initiating an exploration on properties of bi-univalent functions associated
with Gegenbauer polynomials is the main goal of this paper. To do so, we take into account, the
following definitions.

Definition 2.1 defines a class of convex bi-univalent functions associated with Gegenbauer
polynomial as follows.

Definition 2.1. A function f ∈ = given by (2.1) is said to be in the class BC(α) if the following
subordinations hold for all z, w ∈ U:

1 +
zf ′′(z)

f ′(z)
≺ Hα(x, z) (2.7)

and

1 +
wg′′(w)

g′(w)
≺ Hα(x,w), (2.8)

where x ∈ ( 1
2 , 1], the function g(w) = f−1(w) is defined by (2.2) and Hα is the generating

function of the Gegenbauer polynomial given by (2.3).

The following definition, defines a class of starlike bi-univalent functions associated with
Gegenbauer polynomial.

Definition 2.2. A function f ∈ = given by (2.1) is said to be in the class B∗(α) if the following
subordinations hold for all z, w ∈ U:

zf ′(z)

f(z)
≺ Hα(x, z) (2.9)

and
wg′(w)

g(w)
≺ Hα(x,w), (2.10)

where x ∈ ( 1
2 , 1], the function g(w) = f−1(w) is defined by (2.2) and Hα is the generating

function of the Gegenbauer polynomial given by (2.3).

3 Coefficient bounds for the function classBC(α)

This section is devoted to find initial coefficient bounds of the class BC(α) of bi–univalent
functions.

Theorem 3.1. Let the function f ∈ = given by (2.1) be in the class BC(α). Then

|a2| ≤
2 |α|x

√
2 |α|x√

|4α (α− 1)x2 + 2α|
(3.1)

and
|a3| ≤ α2x2 +

|α|x
3

. (3.2)

Proof. Let f ∈ BC(α). Then, Definition 2.1 allows the use of (2.7) and (2.8), and hence

1 +
zf ′′(z)

f ′(z)
= Hα(x,w(z)) (3.3)

and

1 +
wg′′(w)

g′(w)
= Hα(x, v(w)), (3.4)
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for some analytic functions

w(z) = c1z + c2z
2 + c3z

3 + · · · ,

and
v(w) = d1w + d2w

2 + d3w
3 + · · · ,

on the unit disk U withw(0) = v(0) = 0, |w(z)| < 1 (z ∈ U) and |v(w)| < 1 (w ∈ U). By virtue
of the generating function of the Gegenbauer polynomialHα defined in (2.3), the equations (3.3)
and (3.4), can be written as

1 +
zf ′′(z)

f ′(z)
= 1 + Cα1 (x)c1z +

[
Cα1 (x)c2 + Cα2 (x)c

2
1
]
z2 + · · ·

and

1 +
wg′′(w)

g′(w)
= 1 + Cα1 (x)d1w +

[
Cα1 (x)d2 + Cα2 (x)d

2
1
]
)w2 + · · · .

A direct calculation shows that
2a2 = Cα1 (x)c1, (3.5)

6a3 − 4a2
2 = Cα1 (x)c2 + Cα2 (x)c

2
1, (3.6)

and
−2a2 = Cα1 (x)d1, (3.7)

8a2
2 − 6a3 = Cα1 (x)d2 + Cα2 (x)d

2
1. (3.8)

From (3.5) and (3.7), we have
c1 = −d1, (3.9)

and
8a2

2 = [Cα1 (x)]
2 (
c2

1 + d2
1
)
. (3.10)

Summing up (3.6) to (3.8), we get

4a2
2 = Cα1 (x) (c2 + d2) + Cα2 (x)

(
c2

1 + d2
1
)
. (3.11)

By using (3.10) in (3.11), we get[
4−

8Cα2 (x)

[Cα1 (x)]
2

]
a2

2 = Cα1 (x) (c2 + d2) . (3.12)

It is well known that [14], if |w(z)| < 1 and |v(w)| < 1, then

|cj | ≤ 1 and |dj | ≤ 1 for all j ∈ N. (3.13)

By considering (2.6) and (3.13), we get from (3.12) the desired inequality (3.1).
Next, by subtracting (3.8) from (3.6), we have

12a3 − 12a2
2 = Cα1 (x) (c2 − d2) + Cα2 (x)

(
c2

1 − d2
1
)
. (3.14)

Further, in view of (3.9), it follows from (3.14) that

a3 = a2
2 +

Cα1 (x)

12
(c2 − d2) . (3.15)

By considering (3.10) and (3.13), we get from (3.15) the desired inequality (3.2). This completes
the proof of Theorem 3.1.

Taking α = 1 in Theorem 3.1, we get the following corollary.

Corollary 3.2. Let the function f ∈ = given by (2.1) be in the class BC(1). Then

|a2| ≤ 2x
√
x,

and
|a3| ≤ x2 +

x

3
.
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4 Coefficient bounds for the classB∗(α)

This section is devoted to find initial coefficient bounds of the class B∗(α) of bi–univalent func-
tions.

Theorem 4.1. Let the function f ∈ = given by (2.1) be in the class B∗(α). Then

|a2| ≤
2 |α|x

√
2 |α|x√

|2α (α− 1)x2 + α|
(4.1)

and
|a3| ≤ 4α2x2 + |α|x. (4.2)

Proof. Let f ∈ B∗(α). From (2.9) and (2.10), we have

zf ′(z)

f(z)
= Hα(x,w(z)) (4.3)

and
wg′(w)

g(w)
= Hα(x, v(w)), (4.4)

for some analytic functions

w(z) = c1z + c2z
2 + c3z

3 + · · · (z ∈ U),

and
v(w) = d1w + d2w

2 + d3w
3 + · · · (w ∈ U),

such that w(0) = v(0) = 0, |w(z)| < 1 (z ∈ U) and |v(w)| < 1 (w ∈ U). It follows from (4.3)
and (4.4) that

zf ′(z)

f(z)
= 1 + Cα1 (x)c1z +

[
Cα1 (x)c2 + Cα2 (x)c

2
1
]
z2 + · · ·

and
wg′(w)

g(w)
= 1 + Cα1 (x)d1w +

[
Cα1 (x)d2 + Cα2 (x)d

2
1
]
)w2 + · · · .

A short calculation shows that
a2 = Cα1 (x)c1, (4.5)

2a3 − a2
2 = Cα1 (x)c2 + Cα2 (x)c

2
1, (4.6)

and
−a2 = Cα1 (x)d1, (4.7)

3a2
2 − a3 = Cα1 (x)d2 + Cα2 (x)d

2
1. (4.8)

From (4.5) and (4.7), we have
c1 = −d1, (4.9)

and
2a2

2 = [Cα1 (x)]
2 (
c2

1 + d2
1
)
. (4.10)

By adding (4.6) to (4.8), we get

2a2
2 = Cα1 (x) (c2 + d2) + Cα2 (x)

(
c2

1 + d2
1
)
. (4.11)

By using (4.10) in (4.11), we obtain[
2−

2Cα2 (x)

[Cα1 (x)]
2

]
a2

2 = Cα1 (x) (c2 + d2) . (4.12)
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Again, using the fact that if |w(z)| < 1 and |v(w)| < 1, then

|cj | ≤ 1 and |dj | ≤ 1 for all j ∈ N. (4.13)

By considering (2.6) and (4.13), we get from (4.12) the desired inequality (4.1).
Next, by subtracting (4.8) from (4.6), we have

4a3 − 4a2
2 = Cα1 (x) (c2 − d2) + Cα2 (x)

(
c2

1 − d2
1
)
. (4.14)

Further, in view of (4.9), it follows from (4.14) that

a3 = a2
2 +

Cα1 (x)

4
(c2 − d2) . (4.15)

By considering (4.10) and (4.13), we get from (4.15) the desired inequality (4.2). This completes
the proof of Theorem 4.1.

Taking α = 1 in Theorem 4.1, we get the following corollary.

Corollary 4.2. Let the function f ∈ = given by (2.1) be in the class B∗(1). Then

|a2| ≤ 2x
√

2x,

and
|a3| ≤ 4x2 + x.

5 Fekete-Szegö inequality for the classBC (α)

Fekete-Szegö inequality is one of the famous problem related to coefficients of univalent analytic
functions. It was first given by [15], who stated that, if f ∈ S, then

|a3 − ηa2
2| ≤ 1 + 2e−2η/(1−µ). (5.1)

This bound is sharp when η is real.
This section is devoted to find the sharp bounds of Fekete-Szegö functional a3 − ηa2

2 for the
class BC (α) of bi–univalent functions.

Theorem 5.1. Let the function f ∈ = given by (2.1) be in the classBC (α). Then for some η ∈ R,

|a3 − ηa2
2| ≤


|α|x

3 , |η − 1| ≤
∣∣∣ 1−2x2

6αx2

∣∣∣
2α2x3|1−η|
|1−2x2| , |η − 1| ≥

∣∣∣ 1−2x2

6αx2

∣∣∣ . (5.2)

Proof. Let f ∈ BC (α). By using (3.12) and (3.15) for some η ∈ R, we get

a3 − ηa2
2 = (1− η)

[
[Cα1 (x)]

3
(c2 + d2)

4 [Cα1 (x)]
2 − 8Cα2 (x)

]
+
Cα1 (x)

12
(c2 − d2)

= Cα1 (x)

[(
h(η) +

1
12

)
c2 +

(
h(η)− 1

12

)
d2

]
,

where

h(η) =
[Cα1 (x)]

2
(1− η)

4 [Cα1 (x)]
2 − 8Cα2 (x)

.

Then, we conclude that

|a3 − ηa2
2| ≤

{
|α|x

3 , |h(η)| ≤ 1
12

4 |α|x|h(η)|, |h(η)| ≥ 1
12 .

This proves Theorem 5.1.

Taking η = 1 in Theorem 5.1, we get the following corollary.

Corollary 5.2. Let the function f ∈ = given by (2.1) be in the class BC (α). Then

|a3 − a2
2| ≤

|α|x
3

.
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6 Fekete-Szegö inequality for the classB∗(α)

Since the bounds of |a2| and |a3| are obtained for f ∈ B∗(α) in Section 4, then we are ready to
find the sharp bounds of Fekete-Szegö functional a3 − ηa2

2 defined for f ∈ B∗(α).

Theorem 6.1. Let the function f ∈ = given by (2.1) be in the class B∗(α). Then for some η ∈ R,

|a3 − ηa2
2| ≤


|α|x, |η − 1| ≤

∣∣∣ 2αx2−2x2+1
2αx2

∣∣∣
8|α|3x3|1−η|
|2α(α−1)x2+α| , |η − 1| ≥

∣∣∣ 2αx2−2x2+1
2αx2

∣∣∣ . (6.1)

Proof. Let f ∈ B∗(α). By using (4.12) and (4.15) for some η ∈ R, we get

a3 − ηa2
2 = (1− η)

[
[Cα1 (x)]

3
(c2 + d2)

2 [Cα1 (x)]
2 − 2Cα2 (x)

]
+
Cα1 (x)

4
(c2 − d2)

= Cα1 (x)

[(
h(η) +

1
4

)
c2 +

(
h(η)− 1

4

)
d2

]
,

where

h(η) =
[Cα1 (x)]

2
(1− η)

2 [Cα1 (x)]
2 − 2Cα2 (x)

.

Then, we easily conclude that

|a3 − ηa2
2| ≤


|α|x, |h(η)| ≤ 1

4

4 |α|x|h(η)|x, |h(η)| ≥ 1
4 .

This proves Theorem 6.1.

Taking η = 1 in Theorem 6.1, we get the following corollary.

Corollary 6.2. Let the function f ∈ = given by (2.1) be in the class B∗(α). Then

|a3 − a2
2| ≤ |α|x.

7 Conclusion

This research paper has introduced two subclasses of bi-univalent functions by means of Gegen-
bauer polynomials. For these subclasses, some properties have been investigated; namely, coef-
ficient bounds and Fekete-Szegö inequalities.
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