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Abstract In this paper we introduce and study a new subclass of meromorphically uniformly
convex functions with positive coefficients defined by a differential operator and obtain coeffi-

cient estimates, growth and distortion theorem, radius of convexity,integral transforms, convex
linear combinations, convolution properties and d—neighborhoods for the class o,(0, v, ).

1 Introduction

Let X denote the class of the functions of the form
¥(z) = ! + i amz™ (1.1)
o m=1 " ‘

which are regular in domain £ = {z € C : 0 < |z| < 1} with a simple pole at the origin
with residue 1 there. Let X, and £*(¢) and Xx(0),0 < o < 1, denote the subclasses of X
that are univalent, meromorphically starlike of order ¢ and meromorphically convex of order o
respectively. Analytically ¥(z) of the form (1.1) is in £*(p) if and only if

Re {—Zgég)} >0 z€E. (1.2)

Similarly, ¥ € (o) if and only if 9(z) is of the form (1.1) and satisfies

Re {— <1 + Zzlé’;))} >0, z€B. (1.3)

It being understood that if o = 1 then (z) = 1 is the only function which is £*(1) and Z;(1).
The classes £*(o) and X (o) have been extensively studied by Pommerenke [9], Clunie [1],
Royster [12] and others.

Since, to a certain extent the work in the meromorphic univalent case has paralleled that of
regular univalent case, it is natural to search for a subclass of X, that has properties analogous to
those of 7% (o). Juneja et al. [5] introduced the class X, of functions of the form

1 o)
Y - — m m’ m Z Oa 1.4
(2) . + g amz™,a (1.4)

m=1

£5(0) = £, N (o).
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For functions ¥(z) in the class £, we define a linear operator D! by the following form

D(z) = 9(z)

D{(z) = (1 -<)d(2) + <@7 >0

= (1 4+ V(z) + <29 (=) = Doi(2)
D20(z) = D(D"9(2))

1 oo
D")(z) = D¢(D?19(z)) = -+ Y [ +s(m+ D)]"amz™, forn € Ng=0,1,2,-- . (1.5)
m=1

The classes ¥ and various other subclasses of ¥ were studied rather extensively by Clunie [1]
and also see [9, 12, 14]. Motivated by works of Madhavi et al. [8], we define the following a
new subclass o, (0, v, s) of meromorphically uniformly convex functions in X, by making use of
generalized the differential operator.

Definition 1.1. For —1 < p < 1,¢ > 0 and v > 1, we let 0,(0,v,<) be the subclass of X,
consisting of the form (1.4) and satisfying the analytic criterion

2(D9(z))’
_Re{ Dri =)

+g}>v +1‘, (1.6)

D!Y(z) is given by (1.5) .

The function class o, (0, v, <) unifies well known classes of meromorphic uniformly convex
function with positive coefficients. To illustrate, we observe that the class 0, (0, v, 1) = 0,(0, v)
was studied by Madhavi et al. [8] .

The main object of the paper is to study some usual properties of the geometric function
theory such as coefficient bounds, growth and distortion properties, radius of convexity, convex
linear combination and convolution properties, integral operators and §—neighbourhoods for the
class o, (0, v,5).

2 Coefficient inequality

In this section, we obtain the coefficient bounds of function )(z) for the class o, (0, v, ).

Theorem 2.1. A function 9¥(z) of the form (1.4) is in o,(p,v,<) if

Z[l+g(m+1)]"[(l+v)(m+1)§+l—Q} lam] < (1—9), —1<pg<landv>1.(2.1)

m=1

Proof. It sufficient to show that
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We have v %9;9(()” n 1’ + Re { <Djj(<))> n 1}
<(1+v) Z(ggg((;))/ +1’
(140) 3 [+ lm+ D] (m+ 7]
- = 3 [ <lm+ )] a2

Letting z — 1 along the real axis, we obtain

(1+0) f [1+c(m+1)]"(m+ 1)s|an|

S m=1 -
i 2 [1+s(m + D] fan|

|z|
m=1

The above expression is bounded by (1 — p) if
Dl +sm+ DM (1+v)(m+ s+ 1ol lan| < (1-0).
m=1

Hence the theorem is completed. O
Corollary 2.2. Let the function 9(z) defined by (1.4) be in the class o,(0,v,s). Then

am < ) (=), 22)

1[1 +s(m+ D [(1+v)(m+1)s + 1 - g

ASIE

Equality holds for the function of the form

In(2) = S A T o) m Dex1=g ~ (2:3)

Remark 2.3.

(i) For the choice of ¢ = 1 in Theorem 2.1 and Corollary 2.2, we observed that the coefficient
estimates for the functions of the class,

(1-0)
m+2)"[(1+v)(m+1)+1- g

|am| < (

is coincide with Madhavi et al. [8] .

3 Distortion Theorems
In this section, we obtain the sharp for the distortion theorems of the form (1.4) .

Theorem 3.1. Let the function 9(z) defined by (1.4) be in the class o,(p,v,<). Then for 0 <

2| =r <1,
1 (1-0) 1 (1-0)
o (1420)"2¢(1 +v) +1—g] r= ) s +(1+2<) "2e(l+v)+1—o -1
with equality for the function
_1 (1-0) -
I(z) = 2 + 072020+ T1=g z, at z =r,ir. (3.2)



688 Akanksha S. Shinde, Rajkumar N. Ingle and P. Thirupathi Reddy

Proof. Suppose ¥(z) is in 0,,(p, v, ). In view of Theorem 2.1, we have

(14+20)"2c(1+0v) + 1= D am <> [L+s(m+ D"[(1+v)(m+1)s+1- g
m=1 m=1
<(1-o)
. . . S 1—p
which evidently yields mzzjl am < (ESREPEL +U) =g

Consequently, we obtain

1 1—o

1 o0 o0
Also, |9(z)| = |-+ Z Am? ' ’ — Z amlz|™
z
m=1 m=1
1 oo
> —=r A,
T
m=1
>1 e

P02 (0 +0)+1-g
Hence the result (3.1) follows.

Theorem 3.2. Let the function ¥(z) defined by (1.4) be in the class o,(0,v,<). Then for 0 <
|z =r <1,

1 1-¢ <)<+ 1 -0
i (e e s ey AUl (R v 7y ey e

The result is sharp, the extremal function being of the form (2.3)

Proof. From Theorem 2.1, we have
(o]
(1429)"25(1+v) +1 =g Y may,

< SO+ o+ DI+ o) (m+ s+ 1— g

m=1

1-9)

IN

which evidently yields 37 man, < +2<]n[2l(_1iu) T

m=1
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Consequently, we obtain

oo
19 (2)| < |5 + Z My ™
m=1
1 oo
sa3t Z Mam
m=1
< (1-0)

ol G N, P Y7 GRSy gy

1 o0
o E Mmay,r™ !

m=1

Also, |¥'(z)] >

1 o0
> 3 Z mam
m=1
L (1-0) :
2 (1420)"2¢(1+v)+1— g
This completes the proof. O

Remark 3.3.

(1) For the choice of ¢ = 1 in Theorems 3.1 and 3.2, we observed that the sharp for the
distortion theorems for the functions of the class are coincide with Madhavi et al. [8] .

4 Class preserving integral operators
In this section, we consider the class preserving integral operator of the form (1.4) .

Theorem 4.1. Let the function 9(z) defined by (1.4) be in the class o,,(p,v,<). Then

/ 1 > c
_ —c—1 c _ - m
¥(z) = cz /t ft)dt=-+ g o KU c>0 “4.1)

z
0 m=1

is in 0,(0,v,<), where

I-op

S(o,v,c,6) = 22U+ v[>2§+( 1(1+ —jz]l(c_ 2)2&:(21) - 2 [iggj o S
The result is sharp for 9(z) = é + (1+2§)n[2(§1(ff1))>+(1_g>]z.
Proof. Suppose ¥(z) = 1 + il amz™ is in o, (0, v,<). We have
I(z) = ez ftcf(t)dt =14 ioz et am2™, > 0.
It is sufficient t((; show that "
g‘;‘l [1+s(m+ 1)]”[(114—_1)6)(171-1- s+ 1-9] c+;z+ <1 43)
Since ¥(z) is in 0, (o, v, s ), we have
g Qtsm+ D +o(m+ et l-dy, | oy 44)

m=1
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Thus (4.3) will be satisfied if

= +s(m+D]P[(1+v)(m+ s+ 1—4] ¢
1-6 c+m-+1

m=1

< i [1+<(m + 1)]”[(11+_vg)(m +1)s+1— g

Solving for §, we obtain

5 < [(I+v)m+Ds+1-of(c+m+1)—c[(1+v)(m+1)s+1](1—0) Gim) (4.5)
[(T+v)(m+1)s+1—gl(c+m+1)—c(l -0

A simple computation will show that G(m) is increasing and G(m) > G(1). Using this, the

result follows. o

5 Convex linear combinations and convolution properties

In this section, we obtain sharp for ¥(z) is meromorphically convex of order § and necessary and
sufficient condition for () is in the class 0, (0, v,<). And also proved that convolution is in the
class o, (0, v,).

Theorem 5.1. If the function 9(z) = L + 3" a,,z™ is in 0,(0,v,<) then ¥(z) is meromorphi-

m=1
cally convex of order §(0 < § < 1) in |z| <7 =1(0,v,0), where

{(1 —8)(m+2)"[(1+v)(1 +m) + 1 — Q]}m'ﬂ
(1 —0)m(m+2-9) '

r(o,v,0) = égfl

The result is sharp.

Proof. Let ¥(z) be in 0,,(p, v,<). Then, by Theorem 2.1, we have

i[l +c(m+ D]*"[(14+v)(1 +m)s+1—gllam| < (1 — o). (5.1)

m=1

It is sufficient to show that ‘2 + zg:(,ij) ‘ < (1-=9)for|z| <7 =r(p,v,d,5), where r(o,v,d,5) is

specified in the statement of the theorem. Then

. S m(m+ 1)a,zm! S m(m A+ 1)ag,|z|™!
'2+ ’219 (Z) — m=1 < m=1
’ %) > =~
V'(2) ;71 + > mapzm! 1— > map|z|mt!
m=1 m=1
This will be bounded by (1 — ¢) if
3 m(m]Jriz{é)ammm“ <1. (5.2)

m=1

By (5.1), it follows that (5.2) is true if

2 — 1 D)]™[(1 1 1-—
mm+2-0) i [ stm  DPIO +o)mt Do log
1-6 1—po
1
(1=0)[I+c(m+D"[1+v)(m+ s+ 1—0] | ™"
< . .
or 1< { (1= om(m+2-95) G
Setting |z| = (g, v, d,<) in (5.3), the result follows. The result is sharp for the function.
1 (1-0)
ﬁm = m7 2 L.
G = T rme P+ o)m Deri=g° " ™
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(I—o) 2™ m > 1. Then

Theorem 5.2. Let 190(2) = % and ’19m(2) = é + [T+<s(m+ D] [(1+v) (m+1)s+1—g]

I(z) = L + 3 amz™ is in the class o, (0,v,<) if and only if it can be expressed in the form
m=1

9(2) =wofo(2) + D wmPm(z), where wy > 0,0, > 0,m > 1landwo + > wm = 1.

m=1 m=1

Proof. Let9(z) = wodo(2) + > wmPm(z) withwy > 0,w,, > 0,m > landwy+ > wy = 1.
m=1 m=1
Then

19(2’ = LU()19() Z wm m

oy (1-o) m
_5+;wm[1+<(m+1)]n[(1+u)(m+1)g+1_Q]Z

Since 3~ LLtstm + DI £ v)m+ Vs +1 o], (1-0)
— (1-2) " <tm+ D[+ v)(m+ D+ 1— ]

:iwm:l—wogl.
m=1

By Theorem 2.1, ¥(z) is in the class o, (0, v,<).
Conversely suppose that the function ¥(z) is in the class o, (0, v, <), since

(1_9) m
T P+ o)mrerig° "7

<
am_[l

s [Lrstm+ DA+ o)t et =, g 123,

Wiy, =
=1 (1 - Q) m=1
It follows that 9(z) = woo(z) + Z Win O (2).
This completes the proof of the theorem O

For the functions J(z) = 1 + Z amz™and g(z) = 14 Z b, 2™ belongs to X,,, we denoted
by (9 x g)(2) the convolution of 19( ) and g(z) and deﬁned as

(9% g)(z 7+Zammz

oo
+ > byp2™ are in the class

m=1

Theorem 5.3. If the function 9(z) = L + 3 a,,2™ and g(z) =
1

1
z

op(0,v,) then (9 x g)(z) is in the class O'p(Q, v,5).
Proof. Suppose ¥(z) and g(z) are in o, (0, v,<). By Theorem 2.1, we have

i [lT4+cm+D]"[(1+v)(im+1)s+1—p

|
(i=0) =

m=1

andz Lt s+ D[+ v)m+ D +1-a],

(1-0)
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Since ¥(z) and g(z) are regular are in E, so is (9 * ¢g)(z). Furthermore

i [1+cm+D]"[(1+v)(m+1)s+1—g]

(=0 b

{4 s(m+ D1+ o) (m+ Ds+1-g])°
SZ{ -0 } ot

— [1+s(m+ D"[(1+v)(m+1s+1—g]
< (; (1 _ Q) am)
— [+ s(m+ D]"[(1+v)(m+1)s+1—g
(> = )
<1.
Hence, by Theorem 2.1, (¢ * ¢)(2) is in the class o, (g, v, ). i

Remark 5.4.

(i) For the choice of ¢ = 1 in Theorems 5.1, 5.2 and 5.3, we observed that the the results are
coincide with Madhavi et al. [8] .

6 Neighborhoods for the class o, (o, v, 7, <)

In this section, we define the §—neighborhood of a function 1J(z) and establish a relation between
d—neighborhood and o, (0, v, 7, <) class of a function.

Definition 6.1. A function ¥ € X, is said to in the class 0, (0, v, 7, <) if there exists a function
g € op(0,v,)) such that

’ﬂ<z>_1‘<(1—7), 2€B,0<y< 1. 6.
9(2)

Following the earlier works on neighborhoods of analytic functions by Goodman [2] and
Ruschweyh [13]. We defined the §—neighborhood of a function ¥ € X, by

z

1 oo 00
Ns(9) = {g €%, 1 g(x) = -+ > buz™ and Y mlay — bl < 5} 6.2)
m=1 m=1

Theorem 6.2. If g € 0,(0,v,s) and

1 2¢(14+v)+1— g
v=1 26(1 +v) 6.3)

then Ns(g) C op(0,v,7,5).
Proof. Let 9 € Ns(g). Then we find from (6.2) that

> mlam — b| <0 (6.4)
m=1

oo
which implies the coefficient of inequality Y |am, — by| < %, m € N.
- m:ll
Since g € 0,,(0,v,¢), we have > by, = 5772

s(14+v)+1—p°
m=1

> m_brn

o) _ [ o

9(2) =3 b
m=1

Hence, by Definition 6.1, 9 € o0,(p,v,v) for v given by (6.3), which completes the proof of
theorem. =

82¢(14v)+1—¢]
2¢(14wv)

So that ‘ = 1 — ~, provided ~ is given by (6.3).
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Remark 6.3.

(1) For the choice of ¢ = 1 in Theorem 6.2, we observed that the the result is coincide with

Madhavi et al. [8] .
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