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Abstract. In the present paper, we study a differential subordination and obtain certain results
on close-to-convexity and univalence of normalized analytic functions.

1 Introduction

Let A be the class of analytic functions f, normalized by the conditions f(0) = f/(0) — 1 =0
in the open unit disk E = {z € C : |z] < 1}. The members of the class .A have the Taylor series
expansion of the following form

o0
z)=z+ Zakzk.
k=2

Let S denote the class of normalized analytic functions which are univalent in E. A function
f € Ais said to be starlike if it is univalent in E and f(E) is a starlike domain. It is well-known
that a function f € A is starlike if and only if

%(zﬁij)) >0,z €E. (1.1)

Let S* denote the class of starlike functions in 4. A function f € A is said to be convex if it is
univalent in E and f(E) is a convex domain. A necessary and sufficient condition for a function
f € Ato be convex is that

2 f" ( Z) >
§R<1+ >0, z € E. (1.2)
f'(z)
The class of convex functions is denoted by K. It is well known that
fekKezf € S~ (1.3)
A function f € A is said to be close-to-convex if there is a real number «, 2 <a< 5 and a

convex function g (not necessarily normalized) such that

m(aa fl(Z)) >0,z cE. (1.4)
g (2)

In case g is normalized, the class of close-to-convex functions is denoted by C. Moreover, in
view of (1.3), we have: A function f € A is said to be close-to-convex if there is a real number

a, — < a< 5 and a starlike function ¢ such that

2

R (e ZQS)) >0,z €eE. (1.5)
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Let M be the class of analytic functions ¢(z) in E, normalized by the condition ¢(0) = 1. Let A/
be the subclass of M consisting of all univalent functions ¢ for which ¢(E) is a convex domain.
Let P denote the well-known class of analytic functions p(z) with p(0) = 1 and R(p(z)) > 0,
z € E.
An analytic function g said to be subordinate to an analytic function f in |z| < 1, written as
g = f,ifg(z) = f(w(z)), where |w(z)| < 1in |z| < 1.
Let @ : C> x E — C and let p be an analytic function in E with (p(2), zp'(2); 2) € C* x E for
all z € E and let h be univalent in [E. Then the function p is said to satisfy first order differential
subordination if

®(p(2), 2p'(2); 2) < h(2), 2(p(0), 0;0) = £ (0). (1.6)

A univalent function q is called a dominant of the differential subordination (1.6) if p(0) = ¢(0)
and p < ¢ and for all p satisfying (1.6). A dominant § that satisfies § < ¢ for all dominants ¢ of
(1.6), is said to be the best dominant of the differential subordination(1.6). The best dominant is
unique up to a rotation of [E.

Recently, Srivastava et al. [3] considered the class R,,(q), the class of normalized analytic func-
tions in the open unit disk E satisfying the differential subordination

f(z)+ %(1 +e)2f"(2) < q(2),z € E,a € (—m, ], 1.7)

where the function ¢(z) is analytic in the open disk E such that ¢(0) = 1. They studied the above
differential subordination for o € (—m, ) and proved the following result:

Theorem 1.1. Let o € (—7,7) and let g € N. If f € R, (q), then

z

f1(2) <72 /0 (O < q(2),

. The result is sharp.

2
where v = Tron

In the present article, we generalize the subordination given in (1.7) and obtain sufficient condi-
tions for close-to-convexity and hence univalence for a function f € A, by selecting the starlike
function ¢ and the dominant q. We also study the coefficient estimate and Fekete-Szegs problem
for the class under consideration.

To prove the main results, we shall use the following lemmas:

Lemma 1.2. []] Let h be convex in E with h(0) = a and v € C with Ry > 0. If the function
p(2) = a+ pp2™ + pui12" + ... is analytic in E and p(z) + %zp'(z) < h(z),
then p(2) < q(2) < h(z),z € E, where q(2) = =5 [ h(€)é7~1d¢, z € E. The result is sharp.

nz

Lemma 1.3. [10] Let w(z) = .77, c,2™ be an analytic function in E such that, w(0) =

n=1
0,|w(2)| < 1. Itis known that |c;| < 1, |co| < 1 — |y |*

Lemma 1.4. [5] For every f(z) =z + Y o0, a,2™ € 5%,

an| <n,n=273..

Lemma 1.5. [9] Let ¢ € S* with ¢(z) = z+ Y, b, 2", then for ju real,

3—4u, forp<s;
by —pb3| < ¢ 1, fory <p<l,
4y —3,  foru>1.

2 Main results

Theorem 2.1. Let o € (—7,7), ¢ € N and ¢ be a starlike function. Let f € A satisfy

(1 n 1) 2f'(z) 1 [zzf”(Z) 2f'(2)¢'(2)

o) Tl e T ae) | Fak)EEE
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or, equivalently

SE) (2 (DY s

o () (55 e
then

G e e < a(o). s

12 <2 [a@e e <o)z <k,
where v = 1+26La.

then

!/
Proof. Write p(z) = () and vy =

2
é(2) 1+ e’
p(2) =14+ piz+pm2®+..
is analytic in E and Ry > O for o € (—m, 7). Thus

L (L QL[R2
pl) + e (2)_<1+7> o) H{ o) 2(2) }”( )

As g € N, by Lemma 1.2, we have

£<(>) < /0 4§ < q(2).2 € E. @D
Remark 2.2. If we choose ¢ € A such that R(¢(z)) > 0, then in view of (2.1), R (Zq{;(zj)) > 0.

Since ¢ is starlike. Therefore f is close-to-convex and hence univalent.

Setting ¢(z) = z in Theorem 2.1, we obtain Theorem 1.1 proved by Srivastava et al. in [3].

We derive the following results by selecting the starlike functions

z

z
:1 S
¢(Z) _'_Z,Ze 7(1_2)271_22

respectively.

Corollary 2.3. For a € (—m,7) and g € N, if f € A satisfies

(143) s Z2f”(2)—< . >2f’(z)

142 14z
or, equivalently,
= oy () (FFEY L g0z ek
1“1‘2’ 'Y 1+Z q ) )

<q(2),z € E,

then ;
@< [ a<at). s e
2
1+ e’

Corollary 24. For a € (—7,7) and q € N, if f € A satisfies

where v =

e ? (1 — j) f(z)+ ?zf”(z) <q(z2),z €E,
or, equivalently
e *f(2) + (j) (e_zf'(z))/ < q(z),z € E,

then B
e f(2) < %/O q(€)7"d¢ < q(2),z € E,

z

where v = Tron
eb()é
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Corollary 2.5. For a € (—m,7) and g € N, if f € A satisfies

[(1 + 1) (1—2) - %(1 _ 22)} F2) + %2(1 _22f7(2) < q2), 2 € E,

Y
or, equivalently,

(1—2)%f'(2) + % [(1-2)2f(2)] <q(z),2 €E,
then

(1- 27 f(z) < L /0 O dE < q(2),2 € E,

2
2
1+ e’
Corollary 2.6. For o € (—7,7) and q € N, if f € A satisfies

where v =

[(1 + i) (1- 22— %(1 + 22)} F(2)+ 22(1 = 2) () < g(2), 2 € E,

5
or, equivalently

(1= () + 2 [(1-22)f(2)] <a(2),z €E,

~
then B

(=276 <% [ a©e e <a(e).z <
where v = I +2eba.

Theorem 2.7. For o € (—m,m), ¢ € N and ¢ € S8*. If f € A satisfies

2f'(z)  Ltee (zf’(z))'] 0

e T\

then there exists p € P such that,
2

1) =~ /0 ) Z’fﬁ? [ /0 ! @-lp@)df] dn,
1+ e’

Proof. Let f € A such that

where v =

%l (2) <1+em> <sz )]
Write e )+ +6La (zf’ > )
o) ,where p € P.
S
Writing Trem = ~, we obtain
58] =2
i 8 e

which is equivalent to

(2.2)
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Remark 2.8. In view of Remark 2.2, Condition (2.2) implies that f is close-to-convex and hence
univalent in E. In the next result, we study Fekete-Szego problem for the functions satisfying
condition (2.2).

3 Deductions

1+ A
Selecting ¢(z) = 1132 (-1 < B < A < 1) as a dominant in Theorem 2.1, we have
" _ //
1+ 2q"(2) = 1= B2 Therefore 3‘%(1—1— (Z)> > 0 for -1 < B < A < 1. Thus we
¢(z)  1+Bz 7 (z)

immediately arrive at the following result:
Let ¢ be a starlike function and let f € A satisfy

zf(z)+>z(zf%§))/< 1+ Az B

- 2 €1,
o) v\ () ) T 1+B”

then

2f'(2) v/zl—i—A{ o 14 Az

— d E

o) o Jo Tx Bt TSyl

where v = I +2 — for a € (—m, 7). Thus f is close-to-convex and hence univalent in IE.
e

1 1-2
Selecting g(z) = w

/! 1 1
qu((,;) =7 + ® . Therefore % (1 + 2 (z)) > 0. We notice that ¢(z) is a convex function and
q'(# -z

q(z)
we obtain the following result:
Let ¢ be a starlike function and let f € A satisfy

2f'(2) |,z (2f'(2)\ 1+ (1-2p)=
H( <>>*ZEE’

(0 < B8 < 1) as a dominant in Theorem 2.1, we have 1 +

¢(2) ¢ l—z
then
)< [ P
where v = Fprper for a € (—m, 7). Therefore f is close-to-convex and hence univalent in E.
Writing g(z) = e as a dominant in Theorem 2.1 , we obtain 1 + Z;/;i;;) =14z and

/!

R (1 + 4 (2) > 0. Therefore ¢(z) is a convex function and we obtain the following result:
q'(#
For a starlike function ¢ if f € A satisfies

Zf’(z) +E (zf’(z))/ e

¢(z) v\ (2)
then
zf'(2) i /z £ey—1
< = et dE < ef 2z e R,
o) T
where v = g for o € (—m, 7). Thus f is close-to-convex and hence univalent in E.
Setting ¢(2) = 1+ —l 1 S ? as a dominant in Theorem 2.1, a little calculation yields that
, ol log () ,
1+Zq/(('§)_l+( i ; ( >1+\f1 vE and%(l—{—u{((j)) > 0. Thus ¢(z) is a
7 vz og(=72) L

convex function and we obtain the following result.
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Suppose that ¢ be a starlike function and f € A satisfies

2f'(2) oz (z2f'(2)) 2 L1144z
o3 () < et
then
2f'(z) v [F 2, 14+ VE 2 1+v2
o M URE= 1 e SR L RTRR- L e SL
where v = H—% for a € (—m, ).

Selecting ¢(z) = z, f € A in above result , we obtain the following subordination result for the
functions in class £P,, the class of all normalized analytic functions in the unit disk E for which

1 1 + e " _ “ 2 1+ \f _
f(z)+ 3 z2f"(2) < Q(z) = 1+ l l—ﬁQ(O)_l’ZEE
This class was studied by L. Trojnar Spelina in [4].
If f € A satisfies
1 2 1+z
/ /4 “ 2
£+ 2" (2) < 1 log? T

then

f/(z)<7/02(1+:21 AtV 1)d§-<1+2l 21+ VE

z7 1-+€ 1—+/z

Theorem 3.1. Suppose o € (—n, ), p € P and ¢ be a starlike function. If f € A satisfies

N\ L [AM 2PEEE]
<1+7> o) H{ o) 92(2) }”’( heek

or, equivalently,

2f'(2) | (Z) (zf/(z))/ <p(z),z €E,

¢(2) v/ \ ¢(2)
then
(1= )+ 312 =3w)25 ] + (552, for <3,
jos = a3l < 4 312 - 30l + G, or $<psd
(1= 1)+ 312 =30 575 + [w(525)%,  for n>3,
2
where v = oo

Proof. Let f(2) =z + > po,arz® and ¢(2) = 2+ 3 00, byz
Writting
_ 212 (2 (@Y
ne =255+ (3) (35

=1+ (1 + i) (2ay — by)z + (1 - i) (b3 — by + 3az — 2azby)2?

+ (1 + %) (4a4 — by +2bybs — 3a3by + 2(121)% — 2a2b3)z3 + ..

As p; < p, there exists w(z) = >_p- | 2" such that w(0) = 0, |w(z)| < 1, such that

1+ w(z)
1—w(z)

Then (2&2 — bz)(l 7) = 201 = ay = %Cl =+ %2

pi(z) = =1+4+2cz+...

3.1
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and (14 2)(B3 — bs + 3a3 — 2a2by) = 2¢ = a3 = 4 [Mq + Zbyey + bg}
Now,
b B

brcr + {3 ”4}

2y [ 2 ]
— e+
3(v+2) 3(7+1) ’y—i—l

)+

2
az — pas| = |—pu(——
s = ] = |-n(

|ca

2
a3 — 3] < 4 [bs = wb3| + |52y = sy | aller| + [~ 1Pl + |52

where k = %‘.
By applying Lemma 1.4 for upper bound of |b,],

2y gl 2| n T Ve
< 3 [bs = wt3] +2 2= (=
and now by Lemma 1.3, for upper bound of ||,
a3 — paj)|
2
< $io = w3+ 2 sy = sl + 3| 0 = e+ |- () P
2 24 Yy Ve
— 4o = 2] 2| 2y — =]l + 3| | - 3 | e + ]M@H)ky
Again by applying Lemma 1.3, for upper bound of |¢|,
1 2 Y v\
—pdd < by — kb3 2| (2 ) |- u(—) |. 2
a3 — pa3] < 3 [bs — sba| + 21 ( 3 23 Pt Bl S (3.2)

Now, we consider the following cases to apply Lemma 1.5 for the upper bound of |b3 — /<;b§| ,

Casel p < 3
In this case, we apply Lemma 1.5 on the first term on R.H.S. of (3.2), we obtain

o - ) < 43 - 40) + 32 - 353 | + | w537

or

a3 = pa3| < (1= ) + 3|2 = 30) | + |2

Case 2 when % <up< ‘3—‘
By applying Lemma 1.5, we obtain
~y

1 2 ~y
— a3 < =+ 212 =3 | ——| + |- u(—=)?].
jas — naz| < 5+ 3 I u)l‘7+1+‘ “(wrl)

Case 3 when p > % In this case, (3.2) with Lemma 1.5 gives
a3 — pad] < $(4k —3) + 3 |(2 - 3p) ’Y+1’ + ‘— ﬁ)2‘
= (= 1)+ 2 |2 = 3 52| + | -7
Compiling all the above cases, we obtain
(1= p) + 312 =3 + [w(z2)?, for p<3;

las — pa3] < 4312 - 3u)llv+1|+\u(7+l)\, for 3 <p<
(=1 + 312 =3u)55 |+ u(55)%,  for p>

"’Q
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