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Abstract: Let R be an alternative ring (not necessarily with the identity element) and let N
be the set of non-negative integers. A family D = {d,},en of mappings d,, : R — R (not
necessarily additivity) such that dy = Iz, the identity map on R, is said to be a Jordan higher
derivable map if d,,(zy + yz) = > d;(z)d;(y) + > di(y)d;(z) holds for all z,y € R and
i+j=n i+j=n

for each n € N. In the present paper, it is shown that every Jordan higher derivable map d,, is
additive for each n € N under certain mild assumptions and hence D = {d,, },en is a Jordan
higher derivation on R.

1 Introduction

Throughout this paper, let R be an alternative ring unless otherwise mentioned. Forany z,y € R,
x oy = xy + yz will denote the Jordan product on R. A ring R (not necessarily associative or
commutative) is called an alternative ring if R satisfies 2>y = z(zy) and yz?> = (yx)x for
all z,y € R and flexible if z(yz) = (xy)z holds for all x,y € R. It can be easily seen that
all associative rings are alternative and every alternative ring is flexible. Hence throughout the
product zyx will denote the product x(yz) or (xy)z for all z,y € R. The study of nonassociative
rings has received fair amount of attention during the last few decades, and many authors studied
nonassociative algebras (see [15] and references therein), in particular, alternative rings after
the discovery of their connection with the theory of projective planes. A map (not necessarily
additive) d : R — R is said to be a derivable (resp. Jordan derivable) map if d(zy) = d(z)y +
zd(y) (resp. d(z oy) = d(z) oy + x 0 d(y)) holds for all z,y € R. If we consider d : R — R as
an additive maps in the above definitions, then a derivable map (resp. Jordan derivable) is called
a derivation (resp. Jordan derivation). An alternative ring R is said to be 2-torsion free if 2z = 0
implies that z = 0 for all z € R.

In the remaining part of the paper, we shall use the following notions : Let R be 2-torsion
free alternative ring with a nontrivial idempotent e; and formally set e = 1 — e; (R need not
have an identity element). It can be easily seen that (e;z)e; = e;(xe;), where 4,5 = 0,1 for
all z € R. By Peirce decomposition R = Ri1 + Rio + Ro1 + Roo, where R;; = e;Re; for
i,j € {0,1}. The notion z;; denote an arbitrary element of R;; and any element z € R can be
expressed as z = x1; + x10 + o1 + xoo. Peirce decomposition of alternative rings satisfy the
following relations :

(’L) Rq;jRjk - Rika when i,j, ke {O, 1},
(ZZ) Rinij Q Rji with x%j = TijYij + YijTij = 0,
for all Tij,Yi5 € RZJ
In recent years, the study of additivity of multiplicative maps on rings and algebras has at-
tracted a vide circle of algebraists (see for reference [3, 12, 10, 11] where further references can
be found). It was Martindale [12], who first studied this problem and raised the question : When

is a multiplicative map additive? He answered this question for a multiplicative isomorphism
of an associative ring with a family of idempotents under certain assumptions and proved that
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every bijective multiplicative map from a prime ring containing a nontrivial idempotent onto an
arbitrary ring is necessarily additive. About two decades later, Daif [3] investigated this problem
for multiplicative derivations on associative rings and obtained the following result:

Theorem 1.1. Let R be an associative ring (not necessarily with identity element) containing a
nontrivial idempotent e which satisfies:

(i) 2R = {0} implies x = 0,

(i7) eRx = {0} implies x = 0 (hence Rx = {0} implies x = 0),
(i11) exeR(1 — e) = {0} implies exe = 0.
If d is multiplicative derivation of R, then d is additive.

In the year 2010, Lu [11] studied the Jordan derivable maps on associative prime rings con-
taining a nontrivial idempotent and proved that if R is a 2-torsion free associative unital prime
ring which contains a nontrivial idempotent, then under certain restrictions every Jordan deriv-
able map on R is additive and hence a derivation. Further, Jing and Lu [10] generalized the result
due to Lu [11] for a larger class of rings viz. arbitrary associative ring with a nontrivial idempo-
tent. Very recently, Rodrigues et al.[13] initiated the study of this problem for alternative rings
and obtained the result due to Daif [3] in this setting for derivable maps. Further this problem
was studied by Ferreira and Ferreira [6] for Jordan derivable map in an alternative ring. More
precisely, they obtained the following result :

Theorem 1.2. Let R be an alternative ring containing a nontrivial idempotent and satisfying the
Sollowing conditions for i, j,k € {0,1}:

(i) If ajjzjp = 0 for all xj, € R, then a;; =0,
(it) If zijajr = O for all x;; € R;j, then aj, =0,
(i13) If aiixii + x4 for all zy; € Ry, then a;; = 0.
If d is a multiplicative Jordan derivation, then d is additive.

The concept of derivation was extended to higher derivation by Hasse and Schmidt [9]. Let
N be the set of all non-negative integers and D = {d,, },cn be a family of additive maps on
a ring R such that dy = Ig, the identity map on R. Then D is said to be a higher deriva-
tion(resp. Jordan higher derivation) on a ring R if for each n € N and for all z,y € R,
do(zy) = 3 di(x)d;(y)(resp. dn(2?) = Y. di(2)d;(x)). Further, many results were ob-

itj=n itj=n
tained for higher derivations by several authors (see [7, 8] and references therein.) Motivated by
this, Ashraf and Praveen [1] introduced the notion of higher derivable (resp. Jordan higher deriv-
able) map on a ring R. A family D = {d,, },en of mappings d,, : R — R (without assumption
of additivity) such that dy = I is said to higher derivable map (resp. Jordan higher derivable
map) if du(ry) = 5 di(w)ds (o) (resp. duly +y0) = S d()dslo) + 3 di(w)dy(x)
1+j=n i+j=n i+j=n

holds for all z,y € R and for each n € N. Furthermore, they provided a sufficient condition on a
ring R under which a Jordan higher derivable map becomes a higher derivation and generalized
the result due to Jing and Lu [10] in the setting of higher derivable maps. Motivated by these ob-
servations, in this article, we discuss the question raised by Martindale [12] for alternative rings
with Jordan higher derivable maps and prove that every Jordan higher derivable map is additive
under certain assumptions.

2 Jordan derivable maps

Motivated by Lu [11], Jing and Lu [10] studied the additivity of Jordan derivable maps on an
associative ring and prove the following result:

Theorem 2.1. Let R be a 2-torsion free associative ring containing a nontrivial idempotent and
satisfying the following conditions for i, j,k € {0,1}:

(’L) Ifa,-jxjk = OfOI’ all Tk € R]‘k, then ij = 0,
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(ZZ) Ifxijajk = 0 for all Tij € R,jj, then Ak = 0,
(’LZZ) Ifaiiacii + x4 fOV all x;; € Ry;, then a;; = 0.

If a mapping d : R — R satisfies d(zy + yx) = d(z)y + zd(y) + d(y)x + yd(z) holds for all
z,y € R, then d is additive and hence d is a Jordan derivation.

In this section, we generalize the above result for alternative rings and prove the following
result:

Theorem 2.2. Let R be a 2-torsion free alternative ring containing a nontrivial idempotent
satisfying a;jtj = 0 or tya;; = 0 implies that a;; = 0 for all t;, € Rjk,tki € Ry and
i,j,k € {0,1}. Ifamap d : R — R satisfies d(zy + yz) = d(z)y + zd(y) + d(y)z + yd(x) for
all x,y € R, then d is additive and hence d is a Jordan derivation on R.

In order to prove the above theorem, we need to prove the following facts :
Fact 2.1. d(0) = 0.
Proof.
d(0) = d(000)

= d(0)0 + 0d(0) + d(0)0 -+ 0d(0)
= 0.

Fact 2.2. For z;; € Rii, yjx € Rjk, where 4, j, k € {0, 1} and j # k such that
d(zi; +yji) = d(zi;) + d(yjx).

Proof. First we prove that d(zoo+y10) = d(xo0)+d(y10). Now, for any zgo € Roo and y10 € Rio,
we have

[d(xo0 + y10) — d(x00) — d(y10)] © €1
= d((woo + y0)er + er(@oo + y10)) — (zoo + y10)d(er) — d(er) (oo + yi0)
—d(zo0e1 + e1200) + zood(e1) + d(er)zoo — d(yi0er + e1yi0) + yiod(er) + d(er)yio
= 0.
This implies that

e1[d(zoo + y10) — d(zoo) — d(yio)]er = 0,
ei[d(xoo + y10) — d(xo0) — d(y10)]eo = O,
eo[d(xoo + y10) — d(zo0) — d(yi0)]er =

Also, using Fact 2.1, we get

[d(zo0 + y10) — d(z00) — d(y10)] © t10
= d((z00 + y10)ti0 + tio(xoo + y10)) — (zoo + y10)d(t10)
—d(t10)(woo + y10) — d(zoot10 + tiozoo) + wood(tio)
+d(t10)m00 — d(y10t10 + t10y10) + y10d(t10) + d(t10)y10
= 0.

By assumption, we can find that eg[d(zop + y10) — d(we0) — d(yi0)]eo = O and hence

d(zo0 + y10) = d(wo0) + d(y10)-
In the similar way, we can prove the rest of cases. O
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Fact 2.3. For any x0, 410 € R10; o1, 201 € Ro1 and yoo, 200 € Roo,
(1) d(z10 4+ y102z00) = d(z10) + d(y10200),
(i1) d(zor + yoozo1) = d(xo1) + d(yoozo1)-

Proof. (i) For any 19, y10 € R10, 200 € Roo and using Facts 2.1, 2.2, we have

d(x10 +y10200) = d[(e1 +y10)(210 + 200) + (w10 + 200) (€1 + y10)]
= d(er +y10)(x10 + 200) + d(z10 + 200) (€1 + Y10)
+(e1 + yi0)d(z10 + 200) + (w10 + 200)d(e1 + y10)
= [d(e1) + d(y10)](z10 + 200) + [d(x10) + d(200)] (€1 + Y10)
+(e1 + y10)[d(x10) + d(200)] + (w10 + 200)[d(e1) + d(y10)]
= d(eizi0 + wi0er) + d(z10y10 + y10210) + d(e1200 + z00€1)
+d(y10200 + z00Y10)
= d(z10) + d(y10200)-
(44) Similar to (). o
Fact 2.4. For any x9, y10 € R1o and xo1, yo1 € Rot,
(i) d(x10 + y10) = d(z10) + d(y10),
(ii) d(xor + yor) = d(zo1) + d(yor).
Proof. (i) For any x19,y19 € R19, We obtain
[d(z10 + y10) — d(x10) — d(y10)] 0 €o
= d((z10 + y10)eo + eo(z10 + y10)) — (10 + y10)d(eo) — d(eo) (210 + Y10)
—d(x10e0 + eow10) + z10d(€0) + d(eo)x10 — d(y10€0 + oy10) + yr0d(eo) + d(eo)yio
= d(xi0 +y10) — d(w10) — d(y10)-
It follows that
eold(x10 + y10) — d(x10) — d(y10)]eo = O,
erd(z10 + y10) — d(z10) — d(y10)ler =
Now, for any z9, y10, t10 € R1o and using Fact 2.1, we obtain that
[d(z10 + y10) — d(z10) — d(y10)] o 10
= d((w10+ y10)tio + tio(z10 + y10)) — (10 + y10)d(t10) — d(t10)(x10 + y10)
—d(z10t10 + tioz10) + z10d(t10) + d(t10)z10 — d(y10t10 + ti0yi0)
+y10d(tio) + d(ti0)yio
= 0.

This implies that ¢1o[d(x10 + y10) — d(x10) — d(y10)] + [d(z10 + y10) — d(z10) — d(y10)]t10 Which
gives

eo[d(z10 + y10) — d(z10) — d(y10)]er = 0.
Similarly, we find that

ei[d(z10 + yi0) — d(z10) — d(y10)]eo = 0.

Hence,
d(z10 + y10) = d(x10) + d(y10)-

(44) Similar to (). o
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Fact 2.5. For any xq, yoo € Roo and x11,y11 € Ri1,
(i) d(xoo + yoo) = d(zo0) + d(yoo),
(1) d(zn +yn) =d(xn) +d(yn).
Proof. For any g, Yoo € Roo
[d(00 + yoo) — d(wo0) — d(yoo)] o e
= d((zo0 + yoo)er + e1(zoo + yoo)) — (woo + yoo)d(er) — d(er)(woo + yoo)
—d(wooer + e1wo0) + zood(er) + d(er)woo — d(yooer + eryoo) + yood(er) + d(er)yoo
= 0.
This implies that
e1]d(woo + yoo) — d(woo) — d(yoo)ler = 0,
e1]d(zoo + yoo) — d(z00) — d(yoo)leo = O,
eo[d(woo0 + yoo) — d(zo0) — d(yoo)ler =
Using Facts 2.1, 2.4, we get
[d(z00 + Yoo) — d(z00) — d(yoo)] © tio
= d((z00 + yoo)t10 + t1o(zoo + Yo0)) — (zoo + yoo)d(t10) — d(t10) (00 + Yoo)
—d(zo0t10 + t10zoo) + zood(t10) + d(t10)z00 — d(yootio + tioyoo)
+yo0d(t10) + d(t10)yoo
= 0.

This shows that eg[d(zoo + yoo) — d(zoo) — d(yoo)leo = O and by our assumption
d(z00 + yoo) = d(z00) + d(yoo). In the similar way, we can obtain (77). i

Fact 2.6. For any x9, € Rio and yo1 € Ro1, d(x10 + yo1) = d(x10) + d(yor)-
Proof. For any x19 € Ry and y9; € Ro1, we find that
[d(x10 + yo1) — d(z10) — d(yo1)] o eo
= d((z10+ yo1)eo + eo(m10 + yo1)) — (z10 + yo1)d(eo) — d(eo) (10 + Yor)
—d(z10€0 + eow10) + T10d(eo) + d(eo)z10 — d(yo1€0 + €oyor) + yord(eo) + d(eo)yor
= d(xi0 +yo1) — d(x10) — d(yo1)-
This implies that
erld(z10 + yo1) — d(z10) — d(yor)]ler = O,
eold(x10 + yo1) — d(z10) — d(yo1)]eo =
Also, for any z19 € Rio and yo; € Ro1, we get
[d(z10 + yo1) — d(x10) — d(yo1)] o t1o
= d((z10 + yo1)tio + tio(z10 + yo1)) — (z10 + yo1)d(t10) — d(t10)(z10 + yo1)
—d(z10t10 + toz10) + z10d(t10) + d(t10)z10 — d(Yor1tio + tioyor)
+yor1d(ti0) + d(ti0)yor
= 0.

By assumption it follows that ¢1o[d(z10 + yo1) — d(z10) — d(vo1)] + [d(x10 + yo1) — d(z10) —
d(y01)]t10 = 0. This yields that

eold(z10 + yo1) — d(z10) — d(yor1)]er = 0.

Similarly, we can find that ej[d(z10 + yo1) — d(z10) — d(yo1)leo = 0 and hence
d(z10 + yor) = d(x10) + d(yor). |
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Fact 2.7. For any zop € Roo and y11 € Ri1, d(zoo + yi1) = d(xoo) + d(y11).
Proof. For any zoy € Roo and y1; € Ry, we find that
[d(z00 + y11) — d(z00) — d(y11)] 0 eo
= d((wo0 + y11)eo + eo(xoo +y11)) — (zoo + y11)d(eo) — d(eo) (oo + y11)
—d(zooeo + eowoo) + wood(eo) + d(eo)zoo — d(yrieo + eoyn) + yiid(eo) + d(eo)yn
= 0.
This implies that
eo[d(xoo + y11) — d(xo0) — d(y11)]eo = O,
eold(zoo + y11) — d(zoo) — d(yn)]ler = 0,
e1]d(woo +y11) — d(woo0) — d(y11)]eo =
Now, using Facts 2.4, we arrive at
[d(zo0 + y11) — d(zo0) — d(y11)] © tio
= d((zoo + y11)tio + tio(zoo + y11)) — (zoo + y11)d(t0) — d(ti0) (oo + y11)
—d(z00t10 + t10z00) + z00d(t10) + d(t10)z00 — d(y11t10 + tioyin)
+ynd(tio) + d(tio)yn
= 0.

This yields that e[d(zoo + wyn) — d(xze) — d(yii)ler = 0 and hence
d(zoo +y11) = d(zo0) + d(y11)- O

Fact 2.8. For any xoy € Roo; 201 € Roi; 210 € Rio and y11 € Ry,
(i) d(zoo + y11 + 210) = d(wo0) + d(y11) + d(210),
(ii) d(woo + y11 + 201) = d(woo) + d(y11) + d(z01)-
Proof. Now, using Fact 2.2, we get
[d(z00 + y11 + z10) — d(z00) — d(y11) — d(z10)] © €o
= d((xoo + y11 + z10)e0 + eo(oo + Y11 + 210)) — (Too + y11 + z10)d(e0)
—d(eo) (w00 + Y11 + 210) — d(20oeo + €ozo0) + zood(eo) + d(eo)zoo
—d(y11e0 + eoyr1) + ynd(eo) + d(eo)yi1 — d(z10e0 + €oz10) + z10d(eo) + d(eo)z10
= 0.
Therefore, we obtain that
eold(woo + y11 + 210) — d(wo0) — d(y11) — d(z10)]e0 = 0,
eold(woo + y11 + 2z10) — d(woo) — d(y11) — d(z10)]er = 0,
e1ld(woo + y11 + 2z10) — d(z00) — d(y11) — d(z10)]e0 =
Also, using Fact 2.4, we get
[d(z00 + y11 + 210) — d(200) — d(y11) — d(210)] © t1o
= d((l’oo +y11 + z10)tio + tio(woo + Y11 + Zlo)) — (o0 + y11 + z10)d(t10)
—d(t10) (200 + y11 + 210) — d(zooti0 + ti0zoo) + ood(t10) + d(t10)z00
—d(yitio + tioynr) + ynd(tio) + d(tio)yn — d(zi0t10 + t10210)
+2z10d(t10) + d(t10)210
= 0.
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From here we can find that
ei[d(zoo + y11 + z10) — d(xo0) — d(y11) — d(z10)]e1 = 0.

Hence,
d(zo0 + y11 + z10) = d(xeo) + d(y11) + d(z10)-

In the similar way, we can obtain (iz). i
Fact 2.9. For any gy € Roo; yo1 € Ro1; 210 € Rio and 11 € Ry,
(1) d(zoo0 + yo1 + z10) = d(zoo) + d(yo1) + d(z10),
(1) d(z11 +yo1 + z10) = d(z11) + d(yor) + d(z10)-
Proof. (i) Using Fact 2.6, we have

[d(z00 + yo1 + z10) — d(x00) — d(yo1) — d(z10)] 0 €1
= d((xoo + yo1 + z10)er + er(zoo + yo1 + Z]O)) — (200 + yo1 + z10)d(e1)
—d(e1)(woo + yo1 + z10) — d(zooer + e1z00) + zood(er) + d(er)zoo
—d(yore1 + eryor) + yord(er) + d(er)yor — d(z10e1 + e1z10) + z10d(er) + d(er)z10
= 0.
This implies that

ei[d(zoo + yo1 + z10) — d(zo0) — d(yo1) — d(zi0)]er = 0,
eold(woo + yo1 + z10) — d(xoo) — d(yo1) — d(z10)ler = 0,
er[d(zoo + yo1 + z10) — d(zo0) — d(yo1) — d(z10)]eo =

Also, using Facts 2.7, 2.8, we obtain that

[d(zoo + yo1 + z10) — d(x00) — d(yo1) — d(210)] © tio
= d((zo0 + yo1 + 210)t10 + t10(z00 + o1 + 210)) — (zoo + Yo1 + z10)d(t10)
—d(t10) (200 + yo1 + 210) — d(zoot10 + tiozoo) + ood(ti0) + d(t10)zoo0
—d(yoi1tio + tioyor) + yo1d(tio) + d(ti0)yor — d(z10t10 + t10210)
+2z10d(t10) + d(t10)210
= 0.

This yields that eg[d(xo0 + yo1 + 210) — d(z00) — d(yo1) — d(210)]eo = 0 and hence we arrive at
d(zoo + yo1 + z10) = d(zoo) + d(yo1) + d(z10). In the similar way, we can obtain (47). i

Fact 2.10. For any roo € Roo, Yo1 € R()l, 210 € Rio and wy; € Rit,
d(zo0 + yo1 + z10 + wi1) = d(zo0) + d(yo1) + d(z10) + d(wi1).
Proof. Using Fact 2.9, we find that
[d(zo0 + yo1 + z10 + wi1) — d(weo) — d(yor) — d(z10) — d(wi1)] o e
= d((woo + yo1 + 210 + wir)er + er(@oo + yor + 210 + wi1))
— (200 + yo1 + 210 +wi1)d(er) — d(er)(woo + yor + 210 + wi1) — d(zooer + e1xo0)
+zo0d(e1) + d(er)moo — d(yorer + eryor) + yord(er) + der)yor — d(z10e1 + €1210)

+z10d(e1) + d(er)zi0 — d(wiier + eqwiy) + wid(er) + d(er)wr
= 0.
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This implies that

er[d(zoo + o1 + z10 + wi1) — d(xoo) — d(yo1) — d(z10) — d(wir)]er = 0,
eo[d(zoo + yo1 + z10 + wi1) — d(xoo) — d(yo1) — d(z10) — d(wir)]er = 0,
ei[d(zoo + yo1 + z10 + wi1) — d(zoo) — d(yo1) — d(z10) — d(wir)]eo =

Now, using Fact 2.8, we get
[d(200 + yo1 + 210 + wi1) — d(200) — d(yo1) — d(z10) — d(wi1)] o o
= d((zoo + yo1 + 210 + wi1)ti0 + tio(@oo + Yor + 210 + wi1))
— (200 + yo1 + 210 + wi1)d(t10) — d(t10)(zoo + Yor + 210 + wir) — d(zoot10 + t10z0o)
+xo0d(t10) + d(t10)z00 — d(yortio + tioyor) + yord(ti0) + d(ti0)yor + z10d(t10)
—d(z10t10 + t10210) + d(t10)z10 — d(wiitio + trownr) + wid(tio) + d(tio)wiy
= 0.

By assumption, we have eg[d(zoo + yo1 + 210 + wi1) — d(zo0) — d(yo1) — d(z10) — d(wi1)]eo = 0,
which yields that d(l‘()o + Yo1 + 210 + ’U)11) = d(a)‘()()) + d(ym) + d(zlo) + d(wll). O

Proof of Theorem 2.2. Forany x,y € R, letx = x114+x10+2z01 +x00 and y = y11+y10+Yo1 + Yoo
for all z;;,v;; € Ri; where i, j € {0, 1}. On using Facts 2.4, 2.5 and 2.10, we have

dlz+y) = d(xn +z10+ xo1 + oo + Y11 + Y10 + Yo1 + Yoo)
d(z1 +yin) + d(zor + yor) + d(zo1 + yor1) + d(zoo + yoo)
d(x11) + d(yn) + d(zor) + d(yor) + d(zor) + d(yor) + d(zoo) + d(yoo)
d(z11 + z10 + o1 + 200) + d(y11 + Y10 + Yor + Yoo)
= d(z)+d(y).

This implies that d is additive on R and hence d is a Jordan derivation on R. O

3 Jordan higher derivable maps
Motivated by Ferreira and Ferreira [6], in this section we study the additivity of Jordan higher
derivable maps on alternative rings under certain assumptions as follows:

Theorem 3.1. Let R be an alternative ring with a nontrivial idempotent satisfying the following
conditions for i, j, k € {1,0}:

(Z) Ifaijxjk = OfO}" all Tk € Rjk, then Qij = 0,
(ZZ) Ifxijajk = OfOl" all Tij € Rij, then Ak = 0,
(ZZZ) Ifa”:c” + 04 f0r all X € Rii, then Qi = 0.

If the family D = {d,, }nen of mappings d,, : R — R such that dy = I satisfies d,,(zy + yz) =
Yo di(z)di(y) + > di(y)dj(x) for all x,y € R, then d,, is additive for each n € N and

i+j=n i+j=n
hence D = {dy, }nen is additive and hence D is a Jordan higher derivation on R.

Now we prove this theorem in following sequence of lemmas:
Lemma 3.2. d,,(0) = 0.

Proof.
d,(0) = d,(000)
= d,(0)0+0d,,(0) +dn (0)0 + 0dy(0) +2 Y di(0)d;(0)
0<ijen
= 0.
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Lemma 3.3. For x;; € Ri;, yjx € Rjk, where i, j, k € {0, 1} and j # k such that
dn(Tii + Yji) = dn (i) + dn(yjx)-
Proof. Let us take i, j = 1 and k = 0. Then we have to prove that d,,(z11 + y10) = dn(x11) +
dn(Y10)-
dy[(z11 + y10)too + too(z11 + yio)]
= du(x11 + y10)too + toodn (11 + y10) + (w11 + y10)dn(too)
+dn(too)(x11 + y10) + Z di(z11 + y10)d; (too) + Z d;i(too)d;(z11 + Y10)-
0<ten 0<75n

On the other hand, we obtain that

dn[(z11 + y10)too + too(11 + Y10)]

dy (y10too + tooyio) + dn(z11too + tooz11)
= dy(x11)too + toodn(z11) + z11dn (too) + dn(too)z11 + Z d;i(z11)d;(too)

it+j=n
0<i,j<n
+ Z d;(too)d;j(z11) + dn(y10)too + toodn (y10) + yiodn (too) + dn(too)yio
i+ n
0<i],j<n
+ Z i(y10)d; (too) + Z d;(too)d;(y10)-
i+j=n i+j=n
0<i,j<n 0<ij<n

From last two expressions we conclude that
[dn(z11 4+ y10) — dn(@11) — dn(y10)]t0o0 + tooldn (11 + y10) — dn(211) — dn(y10)] = 0.
On applying assumptions, we find that
erldn(x11 + y10) — du(x11) — dn(yio)leo = 0,
eoldn (@11 + y10) — dn(z11) — dn(yi0)]eo = O,
eoldn(z11 +y10) — dn(z11) — dn(yi0)]er =
To show that e;[d,, (z11 + y10) — dn(z11) — dn(y10)]er = 0, we consider that
dn[(z11 + y10)t10 + tio(x11 + y10)]
= dy(yiotio + tioyio) + dn(x11t10 + troz11)
= du(z11)tio + tiodn (z11) + 211dn (t10) + dn(tr0)zn + Y di(n)d;(to)
i+j=n
0<i,j<n

+ Y dit)di (@) + dn(y10)ti0 + tiodn (y10) + Y10dn(ti0) + dn(t10)y10

i+j=n

0<i,j<n
+ > dilyo)di(to) + D di(tio)d;(yo).
i+j=n i+j=n

0<i,j<n 0<i,j<n

On the other way

dn[(x11 + y10)t10 + tio(z11 + Y10)]
= dyp(z11 + y10)ti0 + todn(z11 + y10) + (211 + Y10)dn (t10)

+dn (t10) (11 + y10) + Z di(z11 + y10)d; (tio) + Z di(tio)d;j(z11 + y10)-

itj=n itj=n
0<i,j<n 0<i,j<n
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From last two expression we arrive at e [d,,(z11 + y10) — dn(z11) — dn(y10)]er = 0, this proves
the result. In the similar way we can prove the rest of cases. O

Lemma 3.4. Fori # jandi,j € {0,1}
(1) dn(@ij + Yij2j5) = du(i5) + du(Yij255),
(i1) dp(xji + yj5250) = dn(x50) + dn(y;525i)-

Proof. Consider the case for i = 1 and j = 0. For any z19,y10 € Ri0, 200 € Roo and using
Lemmas 3.2 and 3.3, we have

dn (210 + Y10200)
= dn[(e1 + y10)(z10 + 200) + (10 + 200) (€1 + Y10)]
= dn(er +y10)(x10 + 200) + dn (210 + 200) (1 + Y10)
+(e1 + y10)dn (w10 + 200) + (210 + 200)dn (€1 + y10)

+ Y di(mio+ z00)di(er +yi0) + D diler +yi0)d; (10 + 200)

it+j=n it+j=n
0<i,j<n 0<i,j<n

= [dn(er) + d(y10)](z10 + 200) + [dn(10) + dn(200)](e1 + y10)
+(e1 4+ y10)[dn(z10) + dn(200)] + (@10 + 200) [dn(e1) + dn(y10)]

+ > di(mo)di(en) + > diler)d;(xo)

it+j=n it+j=n
0<i,j<n 0<i,j<n

+ g di(x10)d;(y10) + g di(y10)d;(210) E di(z00)d;(e1)
1+j=n it+j=n i+j=n
0<i,j<n 0<i,j<n 0<i,j<n

+ E d;(200) + E di(200)d;j(y10) + E di(y10)d;(z00)
i+j=n i+j=n i+j=n
0<i,j<n 0<i,j<n 0<i,j<n

= dy(erzio + zi0e1) + dn(z10Y10 + Y10710) + dn(e1200 + 200€1) + dn(y10200 + 200Y10)
= dp(z10) + dn(y10200)-

In the similar way we can prove the rest of the cases. O
Lemma 3.5. dn(l'” + yij) = dn(.%'”) + dn(yij),fOFi # J and@j S {07 1}

Proof. Consider the case of # = 1 and ;7 = 0. Then we have to prove that d,,(z19 + y10) =
dn(z10) + dn(Y10)-

dy [(z10 + Y10)too + too(z10 + yi0)]
= dy(x10 + Y10)too + toodn(z10 + y10) + (210 + Y10)dn (too)

+dn (too) (z10 + y10) + Z di(10 + y10)d; (too) + Z d;i(too)d; (10 + Y10)-

itj=n itj=n
0<i,j<n 0<i,j<n



60 Mohammad Ashraf and Aisha Jabeen

On the other way, we have

dn[(z10 + y10)too + too(x10 + y10)]
dyn (Y10too + Z10Y00)
= d,(yiotoo + tooyio) + dn(x10too + toox10)

= dy(x10)too + toodn(z10) + z10dn (too) + dn(too)x10 + Z d;i(z10)d; (too)

i+j=n
0<i,j<n
+ Z di(too)d;(x10) + dn(y10)too + toodn (y10) + yi0dn(teo) + dn(too)y1o
it
0o en
+ Y di(yo)di(to) + Y di(too)d; (yro)-
i+75=n i+j=n
0<i,j<n 0<i,j<n

Above two expressions implies that
[dn(z10 + y10) — dn(x10) — dn(y10)]t00 + tooldn (x10 + y10) — dn(210) — dn(y10)] = 0.

On applying assumptions, we find that

et[dn(z10 +y10) — dn(z10) — dn(y10)leo = 0,
eoldn (210 + y10) — dn(x10) — dn(yi0)leo = 0,
eoldn(z10 +y10) — dn(z10) — dn(y10)ler = 0.
Now we have to show that e [d,, (z10 + y10) — dn(z10) — dn(y10)]e1 = 0, on considering

dn[(wlo + y10)t10 + tio(z10 + yl())]
dy (y10tio + toyio) + dn(z10ti0 + ti0210)

= du(z10)t10 + t1odn (z10) + 210dn (t10) + dn(tr0)zi0+ Y di(210)d;(t10)

+ Y di(ti0)dj(10) + dn(y10)t10 + tiodn (¥10) + Y10dn(t10) + dn(t10)y10

i+j5=n
0<i,j<n

+ > dilyo)di(to) + D di(tio)d;(y0).

i+j=n i+j=n
0<i,j<n 0<i,j<n

On the other hand

dn[(z10 + y10)t10 + tio(z10 + y10)]
= dn(x10 + y10)tio + tiodn(zi0 + y10) + (z10 + Y10)dn(ti0)

+dn (t10) (w10 + y10) + Z di(w10 + y10)d; (ti0) + Z d;(t10)d;(z10 + Y10)-

i+j=n i+j=n
0<i,j<n 0<i,j<n

From above two expressions we arrive at e [d,, (x10+y10) —dn(x10) — dn (y10)]e1 = 0, this proves
the result. In the similar way we can prove the rest of cases. O

Lemma 3.6. d,, (x;; + i) = dn(zi) + dn(yis) for i € {0,1}.
Proof. Let us consider the case i = 1
0 = dn[(z11 + y11)too + too(x11 + y11)]
= dn(z11 +y11)too + toodn (11 + y11) + (211 + y11)dn(too) + dn(too) (x11 + y11)
+ Y dilzn +yn)dslto) + > di(too)d; (x4 yin).-

it+j=n it+j=n
0<i,j<n 0<i,j<n
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Again consider that

0 = dn[(l”n + y11)too + too(z11 + yll)}
= dy(x11too + toox11) + dn(Y11too + tooyir)

= du(z11)too + toodn (z11) + 211dn (too) + dn(too)xrs + D di(w11)d;(too)

i+j=n
0<i,j<n
+ Y di(too)d;(w11) 4 dn(y11)too + toodn (y11) + y11dn (too) + dn(too)y1s
1+ n
0<ij4n
+ > dilyn)di(teo) + D diltoo)d; (yn).
it+j=n it+j=n
0<i,j<n 0<i,j<n

Combining above two expressions and applying assumptions, we find that

eildn(zi +y11) — dp(z11) — dn(yi1)leo = 0,
eoldn(z11 +y11) — dn(z11) — dn(yi1)leo = 0,
eoldn (11 +yn) — dn(z11) —dn(yn)ler =

On using similar steps as used in last lemma we can find e; [d,, (x114+y11) —dy (211) —dn (y11)]e1 =
0, this proves the result. In the similar way we can prove the rest of cases. O

Lemma 3.7. dn(xl() + y01) = dn(xlo) + dn(ym).

Proof. For any 19 € R0 and yo; € Ro1, we find that

[dn(z10 4+ yo1) — dn(x10) — dn(yo1)] 0 €0
= dn((z10+yo1)eo + 60(3310 + ym)) — (z10 + yo1)dn(eo) — dn(eo)(x10 + yor1)

= > di(zio+yo)d — > di(eo)d;(x10 + yor) — dn (1060 + €0210)
i+j=n i+j=n
0<i,j<n 0<i,j<n
+210dn(€0) + dn(eo)zio+ Y di(2i0)d + Y di(eo)d;(w10) + yordn(eo)
it+j=n it+j=n
0<i,j<n 0<i,j<n
—dn (yore0 + eoyor) + dn(eo)yor + Z i(yo1)dj(eo) + Z d;(e0)d; (yor)
Ol<+ij,j<nn Ol<+zj,]:<nn

= dp(z10+ y01) — dn(z10) — dn(yo1).

This implies that

er[dn(z10 + yo1) — dn(z10) — dn(yor)ler = 0,
eoldn (10 + yo1) — dn(z10) — dn(yo1)]eo =



62 Mohammad Ashraf and Aisha Jabeen

Also, for any xjyp € R0 and yo; € Ro1, we get

[dn(z10 + Yo1) — dn(210) — dnlyor1)] © tio
= dn((w10 + yo1)t10 + t10(z10 + yo1)) — (@10 + Yo1)dn (t10) — dn(t10) (210 + yo1)

Z di(z10 + yo1)d;(tio) — Z di(t10)d; (10 + yo1) — dn (z10t10 + t10710)

it+j=n i+j=n
0<i,j<n 0<i,j<n
+210dn (t0) + dn(tio)zi0+ Y di(wi0)d;(to) + Y di(tio)d;(x10) + yordn(tio)
it+j=n i+j=n
0<i,j<n 0<i,j<n
—dn (yort10 + tioyor) + dn(tio)yor + Y di(yor)d;(tio) + Y di(ti)d;(yor)
it+j=n it+j=n
0<i,j<n 0<i,j<n

= 0.

By assumption it follows that t1o[d,, (210 + o1 ) — dn(210) — dn (Yo1)] + [dn (210 +yo1) — dn(210) —
dn(yo1)]t10 = 0. This yields that

eo[dn(z10 4+ yo1) — dn(x10) — dn(yo1)]er = 0.

Similarly, we can find that ei[d,(z10 + yo1) — dn(210) — dn(yo1)leo = O and hence
dn(z10 + yo1) = dn(x10) + dn(yo1) ]

Lemma 3.8. d,, (z; + yji + 2ij) = dn(23;) + dn(yji) + dn(zi5) fori € {0,1} and i # j.
Proof. Let us consider the possibility of i = 1 and j = 0, we have
dn[(x11 + yo1 + 210)t00 + too (211 + yo1 + 210)]
= (x11 + Yo1 + 210)dn (too) + dn(too)(x11 + Yo + 210)
+ Y di(zi +yor + z10)di(too) + D di(teo)d; (21 + yor + 210)
0<sn 0<i5n
On the other way
dn[(x11 + yo1 + 210)t00 + too(z11 + yo1 + 210)]
= du(210t00 + tooyo1)
= dn(210t00 + to0210) + dn(x11t00 + tooz11) + dn(Yoitoo + tooyor )

= 2z10dn(too) + dn(ton)z10 + toodn(210) + dn(210)te0 + Y di(z10)d;(too)

i+j=n
0<i,j<n
+ > di(too)d;(210) + z11dn (too) + dn(too)z11 + toodn (z11) + dn (z11)t0o
0275
+ Y dil@i)d;(too) + D di(teo)d;(i1) + yordn (too) + da(too)yor
i+j=n i+j=n
0<i,j<n 0<i,j<n
+toodn (yor) + dn(yo)too + D di(yor)d;(too) + > diltoo)d; (yor)-
i+j=n itj=n
0<i,j<n 0<i,j<n
It follows that
erldn(z11 + yo1 + 210) — dn(z11) = dn(yo1) — dn(210)]e0 = 0,
eoldn (11 4+ yo1 + z10) — dn(z11) — dn(yo1) — dn(z10)]e0 = 0,

eoldn(z11 + yo1 + 210) — dn(z11) — dn(yo1) — dn(z10)]er =
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Now applying similar steps as used in previous lemmas we can obtain that e;[d,, (z11 + yo1 +
210) — dn(211) — dn(yo1) — dn(z10)]e1 = 0, this leads to the result. Similarly, we can prove the
rest of cases. O

Lemma 3.9. For any zoy € Roo, yo1 € Ro1, 210 € Rio and wy; € Ryy,
dy (o0 + Yo1 + 210 + wi1) = dp(200) + dn(yo1) + dn(z10) + dp(wi1).
Proof. Consider that
dn[(x00 + yo1 + 210 + wi1)too + too(xoo + yor + 210 + wi1)]
= du(wo0 + yo1 + 210 + wi1)teo + toodn (oo + Yo + 210 + wi1)
+ (200 + yo1 + 210 + wi1)dn(too) + dn(too)(xoo + yo1 + 210 + wir)

+ E d;i(z0o + yo1 + z10 + wi1)d; (teo) + 5 d;(too)d; (zoo + yo1 + 210 + wi1).
i+j=n itj=n
0<i,j<n 0<i,j<n

On the other way

dn[(200 + yo1 + 210 + w11)too + too(Zoo + Yor + 210 + wi1)]
= dn(zootoo + tooToo) + dn(Yortoo + tooyor) + dn(wiitoo + toowrr) + dn(z10te0 + tooz10)
= dy(x00)too + toodn (z00) + zoodn (too) + dn(too)zoo + Z d;i(z00)d; (too)

i+j=n
0<i,j<n
+ > di(too)d;(x00) + dn(yo1 )too + toodn (Y01) + yordn (too) + dn (too)yor
i+j=n
057 en
+ Y diyo)d;(too) + Y di(too)d; (yor) + dn(210)t00 + toodn (210) + 210dn (fo0)
it+j=n it+j=n
0<i,j<n 0<i,j<n
Hdn(too)zio+ Y di(z10)d;i(too) + Y diltoo)d;(210) + du (wi1)too + toodn (wi1)
i+j=n itj=n
0<i,j<n 0<i,j<n
Fwindn (too) + dn(too)wn + Y di(win)d;(too) + Y diltoo)d;(wn).
it+j=n i+j=n
0<i,j<n 0<i,j<n
On combining above two expressions, we find that
e1[dn (o0 + yor + 210 +wir) — dn(wo0) — dn(yo1) — dn(210) — dn(wir)]leo = 0,
eoldn (oo + yor + 210 +wi1) — dn(wo0) — dn(yo1) — dn(210) — dn(wir)]eo = 0,

eoldn (00 + yo1 + 210 + wi1) — dn(200) — dn(yo1) — dn(210) — dn(wir)ler =
On applying similar method as used in previous lemmas, we get that
e1[dn (oo + yo1 + 210 +wi1) — dn(x00) — dn(yo1) — dn(210) — dn(wir)]er = 0.
This proves our result. O

Proof of Theorem 3.1. Forany x,y € R, letx = x11+x10+x01+x00 and y = y11+y10+yo1 +Yoo
for all ;;,y;; € R;; where 4, j € {0, 1}. On using Lemmas 3.5, 3.6 and 3.9, we have

dn(z+y) = dn(zi +x10 + 201 + oo + Y11 + yio + Yo1 + Yoo)
dn(z11 + y11) + dn(zo1 + yo1) + dn(zo1 + yo1) + dn(xoo + yoo)
= dn(zn1) + duyn) + dn(zo1) + dn(yor) + dn(zo1) + dn(yor)
+dn(x00) + dn(Yoo)
= du(x11 + 10 + o1 + 200) + dn(y11 + Y10 + Yor + Yoo)
= dp(z) + dn(y).
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This implies that D = {d, } nen is additive on R and hence D = {d, },en is a Jordan higher
derivation on R. O

In case of 2-torsion free alternative rings we can drop the condition (74i) of above theorem
and we get the similar result as follows:

Theorem 3.10. Let R be a 2-torsion free alternative ring containing a nontrivial idempotent
satisfying a;jtj = 0 or tyia;; = 0 implies that a;; = 0 for all t;, € Rji,ti € Ry and
i, 4,k € {0, 1}. If the family D = {d,, }nen of mappings d,, : R — R such that dy = I satisfies
do(zy+yz) = > di(z)d;(y)+ > di(y)d;(x)forallz,y € R, then d, is additive for each

i+j=n i+j=n
n € N and hence D = {d,, } nen is additive and hence D is a Jordan higher derivation on R.

In view of Theorem 2.2, it is clear that d; is additive. We will use this result throughout this
section whenever needed without specific mention.
We facilitate our discussion with the following facts :

Fact 3.1. d,(0) = 0.
Proof.

d”(o) = dn(o o 0)
= d,(0)0 4 0d,,(0) + d, (0)0 + 0dy (0) +2 Y di(0)d;(0)

i+j=n
0<i,j<n

= d,(0)0 + 0d,, (0) + d,, (0)0 + 0d,, (0)

Fact 3.2. For z;; € Ry, yji € Rji, where ¢, j,k € {0,1} and j # k such that
dn<$ii + yjk) = dn(xu) + dn(yjk)~

Proof. First we prove that d,, (200 + y10) = dn(x00) + dn(y10). Now, for any zg9 € Roo and
Y10 € R0, we have

[dn (200 + y10) — dn(z00) — dn(y10)] 0 €1
= dy((zo0 + y10)e1 + e1(zoo + y10)) — (oo + y10)dn(e1) — dnler)(zoo + yi0)
- Z d;(xoo + y10)d;j(er) — Z di(er)d;j(zo0 + y10) — dn (zooer + e1200)

i+j=n 1+j5=n
0<i,j<n 0<i,j<n
+z00dn (e1) + dn(e1)xoo + Z di(xoo)d Z di(e1)d;(xoo) + y1odn(er)
i+j=n i+j=n
0<i,j<n 0<i,j<n
—dn (y10e1 + e1yi0) + dnlen)yio+ Y di(yo)di(er) + Y di(er)d;(yio)
i+j=n i+j=n
0<i,j<n 0<i,j<n

= 0.
This implies that

e1[dn(zoo + y10) — dn(xo0) — dn(yi0)ler = 0,
el [dn($00 + 410) — dn(z00) — dn(ylo)]eo = 0,
eoldn (200 + y10) — dn(zo0) — dn(yi0)ler =
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Also, using Fact 3.1, we get

[dn (200 + Y10) — dn(200) — dn(y10)] © t1o
= dn((woo + y10)t10 + t10(z00 + ¥10)) — (w00 + 10)dn (t10) — d(t10) (w00 + y10)

Z di(woo + y10)d;(t10) — Z di(t10)d;(x00 + y10) — dn (z00t10 + t10700)

itj=n i+j=n
0<i,j<n 0<i,j<n
+x00dn (t10) + dn(ti0)zoo + Z di(z00)d;(t10) + Z d;i(t10)d;(z00) + y10d(to)
i+j=n it+j=n
0<i,j<n 0<i,j<n
—dn (y10t10 + tioyio) + dn(tio)yio+ Y di(yio)d;(tio) + D di(ti)d;(y10)
i+j=n i+j=n
0<i,j<n 0<i,j<n

= 0.

By assumption, we can find that ey[d,,(zoo + y10) — dn(z00) — dn(y10)]eo = O and hence
dn (00 + y10) = dn(w00) + dn(y10)-
In the similar way, we can prove rest of the cases. O

Fact 3.3. For any 719, y10 € Ri0; %01, 201 € Ro1 and yoo, z00 € Roo,
(i) dn(z10+ y10200) = dn(x10) + dn(y10200),
(i) dn(zo1 + yoozo1) = dn(xo1) + dn(yoozo01)-
Proof. Same as the proof of Lemma 3.4. O

Fact 3.4. For any 19, y10 € Ri0 and xo1, Y01 € Roi,
(1) dn(z10 +y10) = dn(210) + dn(y10),

(22) dn(zo1 + yo1) = dn(zo1) + dn(yor)-

Proof. (i) For any x10, y10 € R19, We obtain

[dn (10 + y10) — dn(x10) — dn(y10)] © €0
= dy((z10 + y10)eo + eo(z10 + y10)) — (@10 + Y10)dn(e0) — dn(eo)(z10 + Y10)

- Z di(x10 + y10)d;(eo) — Z di(e0)d;(z10 + y10) — dn (z10€0 + €0 10)

i+j=n i+j=n
0<i,j<n 0<i,j<n
+210dn(e0) + dn(eo)zio+ Y di(zio)dieo) + Y di(eo)d;(210) + yr0dn(eo)
i+j=n itj=n
0<i,j<n 0<i,j<n
—dn (y10€0 + €oy10) + dnleo)yro+ Y di(yio)di(eo) + > di(eo)d;(y10)
i+j=n i+j=n
0<i,j<n 0<i,j<n

= dp(z10 + Y10) — dn(z10) — dn(Y10)-

It follows that

eoldn (210 + y10) — dn(x10) — dn(y10)]eo = O,
eildn(z10 + y10) — dn(x10) — dn(yi0)ler =
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Now, for any z19, y10, t10 € R1o and using Fact 3.1, we obtain that

[dn (210 + Y10) — dn(z10) — dn(y10)] © tho
= dn((@10 + y10)t10 + t10(z10 + ¥10)) — (@10 + Y10)dn (t10) — dn(t10) (210 + Y10)

Z di(z10 + y10)d;(tio) — Z di(t10)d;(x10 + y10) — dn (z10t10 + t10710)

it+j=n i+j=n
0<i,j<n 0<i,j<n
+x10dn(tio) + dn(ti0)zio+ D di(wio)d;(to) + Y di(tio)d;(z10) + yrodn(tio0)
i+j=n i+j=n
0<i,j<n 0<i,j<n
—dn (y10ti0 + tioyi0) + dn(tr0)yi0 + Y di(yio)d;(tio) + Y di(ti0)d;(yio)
it+j=n i+j=n
0<i,j<n 0<i,j<n
= 0.

This implies that

tio[dn (210 + y10) — dn(210) — dn(y10)] + [dn(z10 + Y10) — dn(210) — dn(y10)]t10 = 0.

This gives us eo[dn, (210 + y10) — dn(z10) — dn(y10)]er = 0. Similarly, we find that e, [d,, (z10 +
Y10) — dn(x10) — dn(y10)]e0 = 0 and hence d,, (x10 + yi0) = dn(x10) + dn(y10)-
(¢4) Similar to (¢). i

Fact 3.5. For any x¢, yoo € Roo and x11,y11 € Ri1,
(1) dn (oo + yoo) = dn(00) + dn (y00),

(it) dyp(z11 +yn) = dn(z11) + dn(yir).

Proof. For any g, Yoo € Roo

[ (200 + Y00) — dn(00) — dn(yoo)] © €1
= dn((woo + yoo)er + e (3300 + yoo)) — (200 + yoo)dn(e1) — dn(er)(zoo + Yoo)

— > di(woo + yoo)d — > diler)d; (o0 + yoo) — dn (zo0er + €1200)
it+j=n it+j=n
0<i,j<n 0<i,j<n
+zoodn(er) + dn(e)zoo+ Y dilwoo)dj(er) + > di(er)d;(zo0) + yoodn (e1)
it+j=n it+j=n
0<i,j<n 0<i,j<n
—d,, (yooer + e1yoo) + dnlen)yoo + Y di(yoo)d + Y di(e))d;(yo)
itj=n i+j=n
0<i,j<n 0<i,j<n

This implies that

e1[dn (200 + yoo) — dn(xo0) — dn(yoo)ler = 0,
€1 [dn($00 + yoo) - dn(foo) - dn(yoo)]GO = 0,
eoldn (200 + yoo) — dn(xo0) — dn(yoo)ler =
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Using Facts 3.1 and 3.4, we get
[dn (200 + yoo) — dn(x00) — dn(y00)] © 1o
= dn((zoo + yoo)t10 + t10(moo + y00)) — (zoo + Yoo)dn (t10) — dn(t10) (@00 + Yoo)
Z di (00 + yo0)d;(ti0) — Z di(t10)d; (oo + Yoo) — dn (zoot10 + t10T00)

i+j=n it+j=n
0<i,j<n 0<i,j<n
+200dn (t10) + dn(ti0)zoo + Y di(woo)d;(to) + Y di(ti0)d;(z00) + yoodn (t10)
it+j=n it+j=n
0<i,j<n 0<i,j<n
—dn (yoot10 + t10Yo0) + dn(tr0)yoo + Y diyoo)d;(to) + Y di(ti0)d;(yoo)
05 jen 0<ijen
= 0.
This shows that eg[d,(xo0 + Yoo) — dn(zo0) — dn(yoo)leo = O and by our assumption
dn (200 + Yo0) = dn(z00) + dn(yoo). In the similar way, we can obtain (4i). O

Fact 3.6. For any x10, € R and yo; € Ro1, dn(x10 + y01) = dn(z10) + dn(yo1)-

Proof. For any 19 € R0 and yo; € Ro1, we find that

[dn (10 + yo1) — dn(x10) — dn(yo1)] © €0
= dn((z10 +yo1)eo + 60(2010 + ym)) — (z10 + yo1)dn(e0) — dn(eo)(x10 + yor1)

— > di(zio+yor)d — > di(eo)d;(x10 + yor) — dn (1060 + €0210)
it+j=n it+j=n
0<i,j<n 0<i,j<n
+210dn(€0) + dn(eo)zio+ Y di(zi0)d + > di(eo)d;(210) + yordn(eo)
it+j=n it+j=n
0<i,j<n 0<i,j<n
—dn (yoreo + eoyor) + dnlco)yor + Y di(yor)dj(eo) + > di(eo)d;(yor)
i+j=n i+j=n
0<i,j<n 0<i,j<n

= dn(z10 + Y1) — dn(z10) — dn(yo1)-

This implies that
e1[dn (210 + yo1) — dn(w10) — dn(yor)ler = 0,
eoldn (10 + yo1) — dn(z10) — dn(yo1)]eo =

Also, for any z19 € Rig and yo; € Ro1, we get

[dn (10 + yo1) — dn(x10) — dn(yo1)] © t1o

= dy((z10 + yo1)tio + tio(zio + yo1)) — (z10 + yo1)dn (ti0) — dn(t10)(z10 + yor)
= Y di(mo+yo)di(to) = Y di(tio)d;(z10 + yor) — dn (z10t10 + t10T10)

i+j=n itj=n
0<i,j<n 0<i,j<n
+x10dy (t10) + dn(t10)T10 + Z d;i(z10)d;(t10) + Z d;(ti0)d;(x10) + yordn(ti0)
itj=n i+j=n
0<i,j<n 0<i,j<n
—dy (yort10 + tioyor) + dn(tio)yor + Y di(yor)d;(tio) + > di(tio)d;(yor)
it+j=n it+j=n
0<i,j<n 0<i,j<n
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By assumption it follows that ¢19[dy, (210 +yo1) — dn(210) — dn (y01)] + [dn (10 +y01) — dn(210) —
dn(yo1)]t10 = 0. This yields that

eo[dn (10 + yo1) — dn(x10) — dn(yo1)]er = 0.

Similarly, we can find that ei[d,(z10 + yo1) — dn(210) — dn(yo1)leo = O and hence
dn (10 + yo1) = dn(x10) + dn(yo1) |
Fact 3.7. For any xop € ROO and Y11 € Rl], dn(xo() + y11) = dn(ﬂﬁoo) + dn(y“).
Proof. For any xgo € Roo and y;; € R11, we find that
[dn (00 + y11) — dn(z00) — dn(y11)] © €0
= dy((woo +yn)eo + 6o($oo + yn)) — (200 + y11)dn(e0) — dn(eo)(xoo + y11)
> di(woo+yn)di(eo) Y dileo)d;(woo + yi1) — dn(wooco + cozoo)
i+j=n i+j=n
0<i,j<n 0<i,j<n
+zo0dn (o) + dn(eo)zoo+ Y di(zoo)dj(eo) + > di(eo)d;(z00) + yi1dn(eo)
it+j=n it+j=n
0<i,j<n 0<i,j<n
—dn (y11eo + eoynt) +dnleo)yn + Y di(yin)di(eo) + > di(eo)d;(yir)
i+j=n i+j=n
0<i,j<n 0<i,j<n
= 0.
This implies that
eoldn (zoo + y11) — dn(z00) — dn(y11)]le0 = 0,
eoldn(xoo + y11) — dn(zo0) — dn(y11)ler = 0,
e1[dn (200 + y11) — dn(zo0) — dn(y11)]leo =
Now, using Fact 3.4, we arrive at
[dn (200 + y11) — dn(200) — dn(y11)] © o
= dn((zoo + y11)t10 + tio(moo + y11)) — (zoo + y11)dn(t10) — dn(t10) (@00 + y11)
> dilwoo +yin)di(tio) Y di(tio)d; (oo + yn) — dn (zoot10 + ti0T00)
it+j=n it+j=n
0<i,j<n 0<i,j<n
+200dn (ti0) + dn(ti0)zoo + > di(woo)d;(tio) + D di(tio)d;(zo0) + yridn(tio)
i+j=n i+j=n
0<i,j<n 0<i,j<n
—d (y11t1o + tioynn) + dn(tio)yn + Y di(yin)d;(tio) + Y di(tio)d;(yin)
i+j=n i+j=n
0<i,j<n 0<i,j<n
= 0.

This yields that e [d,, (xo0+y11) —dn (z00) —dn(y11)]er = 0and hence d,, (zoo+y11) = dn(z00) +
dn(y11)- O

Fact 3.8. For any xo0 € Roo; 201 € Roi; 210 € Rio and y11 € Ry,
(1) dn(zoo +y11 + 210) = dn(xo0) + d(y11) + dn(210),

(i) dy(zoo + yi1 + 201) = dpn(xo0) + dn(y11) + dn(z01)-
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Proof. Now, using Fact 3.2, we get

[dn (200 + Y11 + 210) — dn(200) — dn(y11) — dn(2z10)] 0 €0
= dn((zoo + y11 + 210)e0 + eo(woo + y11 + 210)) — (oo + Y11 + 210)dn (€0)
—dy (o) (xoo + Y11 + 210) Z di(zoo + y11 + z10)d;(eo)
i+j=n

0<i,j<n

— Y di(eo)d;(woo + Y11 + 210) — du (w00¢0 + €000) + Toodn (€0) + dn(€0)x00

i+j=n
0<i,j<n
+ E d 1‘00 60 + E d 60 IOQ) dy, (y1]60 + Goyn) + y]ldn(eo)
i+j=n it+j=n
0<i,j<n 0<i,j<n

+dn(€0)yll —d, (21060 + 60210) + z10dn (60) +d, (60)210 + Z y“)dj(eo)

it+j=n
0<i,j<n
+ E di(eo)d;(yin) + E d;i(z10)d;(eo) + E d;i(eo)d;(z10)
i+j=n it+j=n it+j=n
0<i,j<n 0<i,j<n 0<i,j<n

= 0.
Therefore, we obtain that
eoldn(zoo + y11 + 210) — dn(z00) — dn(y11) — dn(z10)]e0 =
eoldn (oo + y11 + 210) — dn(z00) — dn(y11) — dn(z10)]er =
ei[dn(zoo + y11 + 210) — dn(z00) — dn(y11) — dn(z10)]eo
Also, using Fact 3.4, we get
[dn (00 + Y11 + 210) — dn(00) — dn(y11) — dn(z10)] © o
= dn((zo0 + y11 + 210)t10 + t10(zoo + Y11 + 210)) — (zoo + Y11 + 210)dn (t10)
—do (t10)(zoo + y11 + 210) = Y di(woo + yn + 210)d; (tr0)
i+j=n

0<i,j<n

— > di(tio)d;(2oo + yn + 210) — dn (zoot10 + t10T00) + Toodn (t0) + dn (t10)T00

i+j=n
0<i,j<n
+ > dilwoo)di(to) + Y di(tio)d;(wo0) — dn (ynitio + tioyn) + yidn(tio)
i+j=n it+j=n
0<i,j<n 0<i,j<n
+d(t10)yn — dn (210t10 + t10210) + 210dn (ti0) + dn(tio)zi0+ Y di(ynn)d;(to)
i+j=n
0<irg<n
+ > dilt)di(yn) + D di(z0)di(to) + D di(tio)d;(z10)
i+j=n it+j=n iti=n
0<i,j<n 0<i,j<n 0<i,j<n

= 0.
From here we can find that e [d(xoo + y11 + 210) — d(w00) — d(y11) — d(210)]er = 0, and hence
dy (o0 + Y11 + 210) = dn(200) + dn(y11) + dn(210). In the similar way, we can obtain (ii). O
Fact 3.9. For any zo € Roo; yo1 € Ro1; z10 € Rip and 211 € Ry,
(i) dn (200 + yo1 + 210) = dn(200) + dn(yo1) + dn(210),
(ii) dn(x11 +yo1 + 210) = dn(211) + dn(yo1) + dn(210)-
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Proof. (i) Using Fact 3.6, we have

[dn (200 + yo1 + 210) — dn(200) — dn(yo1) — dn(2z10)] 0 €
= dn((woo + yo1 + 210)e1 + 61(9600 + yo1 + 210)) — (@00 + yo1 + z10)dn(e1)

E d;i(zoo + yo1 + z10)d E d;(e1)d;j(zoo + yo1 + z10)
it+j=n i+j=n
0<i,j<n 0<i,j<n

—dn(e1)(z00 + yo1 + 210) — dn (To0e1 + €1200) + zoody (e1) + dy (e1)z00
+ Y dizoo)di(en) + > diler)d;(xo0) — dn(yorer + ervor) + yordn (er)

i+j=n it+j=n
0<i,j<n 0<i,j<n
+dn(e1)yor + Z i(yor)dj(er) + Z di(e1)d;(yor) — dn (z10€1 + €1210)
it+j=n i+j=n
0<i,j<n 0<i,j<n
+z10dp, (61)+d (61)210+ Z d ZIO 61 + Z d 61 210)
i+j=n it+j=n
0<i,j<n 0<i,j<n

This implies that

e1[dn(zoo + yo1 + 2z10) — dn(z00) — dn(yo1) — dn(z10)]er = 0,
eoldn(zoo + yo1 + 210) — dn(z00) — dn(yo1) — dn(z10)]er = 0,
e1[dn(zoo + yo1 + 210) — dn(z00) — dn(yo1) — dn(z10)]e0 =

Also, using Facts 3.7 and 3.8, we obtain that

[dy (200 + o1 + 210) — dn(z00) — dn(yo1) — dn(210)] © tio
= dn((zoo + yo1 + 210)t10 + tio(zoo + Yo1 + 210)) — (Zoo + Yo1 + 210)dn (t10)
> di(woo+yor + 210)di(to) — Y diltio)d;(xoo + yor + 210)

it+j=n i+j=n
0<i,j<n 0<i,j<n

—dy (t10) (@00 + Yo1 + 210) — dn (Toot10 + t10200) + Zoodn (t10) + dn (t10)T00
+ > dilwoo)d;(tio) + Y di(to)d;(w00) — dn (yortio + tiogor) + yordn (tio)

i+j=n i+j=n
0<i,j<n 0<i,j<n
Hdn(tio)yor + Y dilyor)d;(tio) + D di(ti0)d;(yor) — dn (z10t10 + t10210)
itj=n it+j=n
0<i,j<n 0<i,j<n
+210dn(t10) + dn(t10)210 + Z d;i(210)d;(t10) + Z di(t10)d;(z10)
i+j=n i+j=n
0<i,j<n 0<i,j<n

This yields that eg[d,, (zoo + yo1 + 210) — dn (x00) — dn (y01) — dn(210)]e0 = 0 and hence we arrive
at dy, (oo + yo1 + z10) = dn(00) + dn(yo1) + dn(210). In the similar way, we can obtain (éi). O

Fact 3.10. For any zoo € Roo, %01 € Ro1, z10 € Rio and wi; € Ryi,

dn (200 + yo1 + 210 + wi1) = dn(z00) + dn(yo1) + dn(210) + dpn(wir).
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Proof. Using Fact 3.9, we find that

[dn (200 + yo1 + 210 + wi1) — dn(z00) — dn(yo1) — dn(210) — dn(wi1)] o €
= d, ((9600 + yo1 + z10 + wii)er + ei(zoo + Yo + 210 + wll))
—(xoo + Yo + z10 + wir)d(er) — dn (6 )(3600 + yo1 + 210 + wi1)

E di(zoo + yo1 + z10 + wi)d E di(e1)d;(zoo + yo1 + z10 + wir)
i+j=n i+j=n
0<i,j<n 0<i,j<n

—dn (zooer + €1200) + Toodn (€1) + dn(e1)z00 + Z i (wo0)d;(er)

it+j=n
0<i,j<n

+ Z di(e1)d;(zoo) — dn (y0161 + 612/01) + yoidn(er) + dn(e1)yo

i+j=n
0<i,j<n
+ Z i (yo1)dj(er) + Z di(e1)d;j(yo1) — dn (21061 + 61210) + ziodn(€1)
Oltfjgn Ol<tjj:<nn
+dn(er)zi0 + Z di(z10)d Z di(e1)d;(z10) — dn (wllel + 6111)11)
it+j=n i+j=n
0<i,j<n 0<i,5<n
+wi1dn (61)+d (61)11)11 + Z wll)dj(el)+ Z di(el)dj(w“)
Oit?jgn 01<+7.‘?]:2‘n
= 0.
This implies that
e1dn (oo + yo1 + z10 + wi1) — dn(z00) — dn(yo1) — dn(210) — dp(wir)ler = 0,
eoldn (zoo + yo1 + 210 + wi1) — dn(x00) — dn(yo1) — dn(210) — dn(wir)ler = 0,

e1[dn(zoo + yo1 + 210 + wi1) — dn(@00) — dn(yo1) — dn(210) — dn(wir)]eo =
Now, using Fact 3.8, we get
[dn (200 + yo1 + 210 + wi1) — dn(x00) — dn(yo1) — dn(z10) — dn(wi1)] o tio
= dy((zoo + yo1 + 210 + wi1)t10 + tio(zoo + Yo + 210 + wi1))
— (oo + yo1 + z10 + wi1)dy (tio) — dn(tio)(zoo + yo1 + 210 + wir)
> di(xoo + yor + 210 + win)d;(to) — > di(tio)d;(zoo + yor + 210 + win)

itj=n it+j=n
0<i,j<n 0<i,j<n
—dp (zoot10 + t10200) + Zoodn (t10) + dn(t10)00 + Z di(z00)d;(t10)
i+j=n
0<i,j<n
+ Y di(ti0)d;(zo0) — dn (Yortio + tioyor) + yordn (o) + dn(ti0)yor
i+j=n
0<i,j<n
+ Z i(yo1)d;(to) + Z di(t10)d;(yor) — dn (210t10 + t10210) + dn(t10)210
i+j=n i+j=n
0<i,j<n 0<i,j<n
+20dn(tio) + Y di(z10)d;(to) + Y di(t10)d;(z10) — dn (wiitio + trown)
itj=n it+j=n
0<i,j<n 0<i,j<n
Fwiidn(tio) + dn(tio)win + Z di(wi1)d;(t10) + Z d;i(t10)d;(win)
i+j=n it+j=n
0<i,j<n 0<i,j<n
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By assumption, we have eg[d,, (oo +yo1 +210+w11) —dn(200) — dn (Y1) — dn (z10) — dn (w11)]eo =
0, which yields that d,,(xo0 + yo1 + 210 + wi1) = dn(w00) + dn(yo1) + dn(210) + dn(wir). O

Proof of Theorem 3.10. Same as the proof Theorem 3.1. O
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