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Abstract In this paper, we investigate the transfer property of power serieswise Armendariz
to trivial ring extensions, direct product of rings and the homomorphic image. The article in-
cludes a brief discussion of the scope and precision of our results.

1 Introduction

Throughout this paper, all rings are associative with identity elements. It is suitable to use “local"
to refer to (not necessarily Noetherian) ring with a unique maximal ideal. A subring of a ring
need not have the same unit. The polynomial ring and the formal power series ring with an
indeterminate X over a ring R are denoted by R[X| and R[[X]] respectively, and nil(R) denotes
the set of nilpotent element (the nilradical) of R. 4

In [4], Armendariz proved that a;b; = 0 for all i, j whenever polynomials f = >"'— a;z"
and g = Y ;" bz’ over a reduced ring satisfy fg = 0. In [25], Rege and Chhawchharia
(1997) called such a ring (not necessarily reduced) Armendariz. Armendariz rings are thus a
generalization of reduced rings. It is easy to see that subring of Armendariz rings are also
Armendariz. Also, D. D. Anderson and V. Camillo [1], show that a ring R is Gaussian if and
only if every homomorphic image of R is Armendariz. See for instance [1, 4, 21, 25].

In [2], Ramon Antoine (2008) called nil-Armendariz rings if whenever the product of two
polynomials f(z) = >7;=¢ a;z’ and g(z) = >2777" bja’ in R[x] satisfies f(z)g(z) € nil(R)[z]
we have a;b; € nil(R) for each i, j. Armendariz ring is nil-Armendariz [2, Proposition 2.7]. It is
easy to see that a subring of nil-Armendariz ring is nil-Armendariz. In [23], Liu and Zhao (2006),
introduced weakArmendariz as generalization of Armendariz. A ring R is called a weakArmen-
dariz ring if whenever the product of two polynomials f(x) = >2i= a;a’ and g(x) = >>1 =" bz
in R[] satisfies f(z)g(z) = 0 we have a;b; € nil(R) for each i, j. It is clear that subring of
weakArmendariz ring is also weakArmendariz. Obviously, nil-Armendariz rings are weakAr-
mendariz rings. The following diagram of implications summarizes the relation between them
(see for instance [2, 23]) :

Reduced = Armendariz = nil — Armendariz —> weak Armendariz.

A ring R is semicommutative if for all a,b € R, ab = 0 implies a Rb = 0. This is equivalent
to the usual definition by Shin [11, Lemma 1.2] or Huh et al. [6, Lemma 1]. By Huh et al.,
reduced rings are semicommutative. Semicommutative ring is nil-Armendariz [23, Proposition
3.3] . Thus weakArmendariz rings and nil-Armendariz rings are a common generalization of
semicommutative rings and Armendariz rings. Also, a ring R is called abelian if every idempo-
tent in R is central. Armendariz rings are abelian by the proof of [1, Theorem 6]).

In [20], Kim et al. define power serieswise Armendariz rings as ring such that for every
f(z) = Y2 iz’ and g(z) = Y ;o) bz’ € R[[z]] such that fg = 0, then a;b; = 0 for every
i and j. Power serieswise Armendariz rings are clearly Armendariz rings, but the converse is
false by [3, Example 2]. Recall that a reduced ring is power serieswise Armendariz. It is easy to
see that subring of power serieswise Armendariz is also power serieswise Armendariz. See for
instance [2, 3, 11, 20].
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Let A be aring and a bi-module 4 E4. A o E is the set of pairs (a, e) with pairwise addition
and multiplication given by (a,e)(b, f) = (ab,af + eb). A o E is called the trivial ring exten-
sion of A by E (also called the idealization of E over A).

In this paper, we investigate the transfer property of power serieswise Armendariz to trivial
ring extensions, direct product of rings and the homomorphic image. Our results generate new
and original examples which enrich the current literature with new families of power serieswise
Armendariz rings.

2 Main Results

Now we study the transfer property of power serieswise Armendariz to the trivial ring extensions.

Let A be a ring. We claim that n-by-n upper triangular matrix rings over A are not power
serieswise Armendariz, where n > 2. It is enough to show that the 2-by-2 upper triangular matrix
ring over A is not power serieswise Armendariz because each subring of a power serieswise
Armendariz ring is also power serieswise Armendariz. Let S be the 2-by-2 upper triangular

1o\ (1 -1 0 0\ (o1
matrix ring over A, and let f(z) = (O O>+<0 O>x,andg(:c)_<0 1)—1—(0 1)3:

1 0\ (0 1
be polynomials in S[[z]]. Then f(z)g(xz) = 0, but (0 o) o 1) # 0. So S is not power
serieswise Armendariz and consequently every n-by-n upper triangular matrix rings over A is not
power serieswise Armendariz. But we may find subrings of the 3-by-3 upper triangular matrix

rings which may be power serieswise Armendariz, as shown by the next result.

Proposition 2.1. Let A be a reduced ring. Then
a b ¢

S={ |0 a d]|/a,b,c,de A}isapower serieswise Armendariz ring.

0 0 a
aq b1 C1
Proof. We use the method in the proof of [27, Proposition 2.5]. First notice thatfor [ 0 a; d; |,
0 0 ay
ay b o

0 ay dr| €S, wecan denote their addition and multiplication by
O 0 an

(a1,bi,c1,dp) + (a2, b2, c2,da) = (a1 + a2, by + ba, c1 + 2, di + da)
and
(a1,b1,c1,d1) (a2, by, c2,dr) = (@r1a2, a1by + brag, ajca + bidy + craz, ards + dyaz)

respectively. So every polynomials in S{[x]] can be expressed in the form
(po(x), p1(2), p2(x), p3(x)) for some p;(x) in Alfz ]]

Let f(z) = (fo(z), fi(x), f2(x), f3(x)) and g(z) = (go(z), g g2(2), g3(z)) be elements
of S[x]]. Assume that f(x)g(x) = 0. Then f(z)g(x ) (fo(z)g ( ) ( )g1(x)+fi(x)go(), fo(z)ga(z)+
fi(@)gs(x) + f2(2)90(2), fo(x)gs(x) + f3(x)g0(w)) = 0. So we have the following system of
equations:

@ fo(x)go(x) = 0;

(i) fo(z)gi(z) + fi(x)go(x) = 0;
(i) fo(z)g2() + f1(2)gs(x) + fo(x)go(x) = O;
(iv) fo(x)gs(x) + f3(x)go(x) =0
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From Equation (1), we see that go(x) fo(x) = 0 since A[[z]] is reduced. If we multiply equation

(2) on the right side by fo(z), then fo(x)g1(x) fo()+f1(2)go(x) fo(z) = 0. So fo(w)g1(x) folz) =

0, if we multiply by g;(x) on the right side and use the fact that R[[z]] is reduced, we have
fo(z)g1(x) = 0 and hence fi(x)go(z) = 0. Also if we multiply equation (4) on the right side by
fo(@), then fo(2)g3(x) fo(2)+ f3(x)go(2) fo(x) = 0. So fo(x)gs(x) = 0and hence f3(z)go(z) =

0. Now if we multiply equation (3) on the right side by fo(x), then fo(z)g2(2) fo(z)+f1(x)g3(z) fo(z)+
f()go(x) fo(x) = 0. So fo(z)ga(z) = 0 and hence equation (3) becomes fi(z)gs(x) +
f2(z)go(xz) = 0. If we multiply the last equation on the right side by f;(z), then we have

a; 61 C;
fi(z)g3(xz) = 0 and so fo(z)go(xz) = 0. Now let f(z) = >.;°0 | 0 a; d;| 2" and g(z) =
0 0 a;
-0 | 0 af d|a? where fo = > Tgaixt, fi = Y Tobiat, o = YTt f3 =
0 0 a

Yoo dizt, go = Zjoio a;xl, g1 = Z;io vix!, g = Z;io ity g3 = Z;io djx?. Then we
obtain that aia;- =0, aib; =0, biag = 0, a,»c} =0, bid; = O,cia’j =0, aid’j = 0 and
dia’; = 0 for all i,j by the preceding results, and condition that A is reduced. Consequently

a; bz C; a; b; C;

0 a; d; 0 a; d} ] foralle,j, therefore S is a power serieswise Armendariz ring. O

0O 0 a/)\O O d

7

Let S be a reduced ring and let

a ap a3 . . . QGp
0 a an3 . . . A2p
0 0 a . . . a3 ..

A, = { la,a;; € S}. Based on Proposition 2.1, one may
0o 0 0 . . . a

suspect that A,, may be also a power serieswise Armendariz ring for n > 4. But the following
example erases this possibility.

Example 2.2. Let S be a ring. Then
a app a3 a4

Ay =A{ 0 a an ax la, a;; € S} is not power serieswise Armendariz.
0 0 a a34
0 0 0 a
01 0 O 01 -1 0
Proof. Let f(z) = 0000 + 00 0 0 T
0 0 0 O 00 0 O
0 0 0 O 00 0 O
0 0 0 O 0 0 0 O
and g(z) = 8 8 8 (1) + 8 8 8 1 x be polynomials in A4[[]].
0O 0 0O 0O 0 0O
01 0 O 0 0 0 O
1
Then f(x)g(x) = 0, but 8 8 8 8 8 8 g ) # 0, as desired. o
0 0 0 O 0 0 0 O
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Given aring A and a bimodule 4 E4, we have A o FE is isomorphic to the ring of all matrices

((7; m ),wherereAandmeE.
T

Corollary 2.3. Let A be a reduced ring. Then the trivial extension A o A is a power serieswise
Armendariz ring.

Proof. Notice that A oc A is isomorphic to S={

S O 2

0
0 |/a,b € A} (Itis easy to see that
a

b
a
0
a b 0
the mapping defined via o( (?) Z >) =10 a 0) is a ring isomorphism) and that each

0 0 «a
subring of a power serieswise Armendariz is also power serieswise Armendariz. Thus A oc A is
a power serieswise Armendariz ring by Proposition 2.1. O

From Corollary 2.3, one can may suspect that if A is power serieswise Armendariz then
A o A is power serieswise Armendariz. But the following example eliminates this possibility.

m

Example 2.4. Let T be a reduced ring. Then R = { ((7; ) /r,m € T} is a power serieswise

T e (60 6
e ealley o
(o) (;

g(z) = + z be polynomials in S[[z]]. Then

o) 6o 16 3) 6

/A, B € R} and let

x and,

o) GO (6o) 63)
o0 G o) 1G3) 6o

mendariz.

# 0. Thus S is not power serieswise Ar-

But we may have an affirmative answer to this situation, taking a condition “(A, M) is a local
ring and F a bimodule such that M F = 0and EM = 0".
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Theorem 2.5. Let A be a ring, E be a nonzero bimodule. Then: Assume that (A, M) is a local
ring and E a bimodule such that ME = 0 and EM = 0. Then, A o E is a power serieswise
Armendariz ring if and only if so is A.

Proof. If A oc E' is a power serieswise Armendariz, then so is A since A is a subring of A o E.
Conversely, assume that A is power serieswise Armendariz and let f = Y2 (a;,€;)z" , g =
> ioo(bs, fj)a? in (A o E)[[z]] such that fg = 0. It remains to show that (a;b;, a; f; +eib;) =0
for all i, j. For this purpose, we set f4 = > - a;z’ and g4 = Z;C:o bjz’ in A[[z]]. We have
faga = 0since fg = 0, then a;b; = 0 for all 4, j since A is power serieswise Armendariz. So it
suffices to show that a; f; + ¢;b; = 0. Two cases are possible:

15 case: a;,b; € M forall i, j. Then a; f; +e;b; = O forall i, j since ME = 0and EM = 0.

274 case: One of a;,b; ¢ M .
Without loss of generality, we may assume that a;, ¢ M for some positive integer k. Let iy be
the smallest integer such that a;, ¢ M, that is a;, is invertible (since (A, M) is local).
Note since that a;b; = 0 and since a;, is invertible, then b; = 0 for all j. Consequently, it
suffices to show that a, f; = 0 for all 4, j.
Remark that fg = 0 implies that ), =i @i f; =0 for every positive integer k.
For k = ip, we have a;, fo + a;,—1f1 + ... + ao fi, = a;, fo = 0, then fy = 0 since a,, is invertible.
For k = ip + 1, we have a1 fo + ai, fi + ... + aofig+1 = ai, f1 = 0, then f; = 0.
By induction we have f; = 0 for all j. Consequently, a; f; = 0, as desired.
Hence, in both cases a; f; + bje; = 0 for all 7, j making A oc E a power serieswise Armendariz
ring and this completes the proof of Theorem 2.5. O

Example 2.6. Let K be a field, K|[z]] is a local power serieswise Armendariz ring and (z) is
the unique ideal maximal. Then, K[[z]] « K is power serieswise Armendariz (which is never
reduced) by Theorem 2.5 since (z)S = 0, S(z) = 0 and K[[z]] is power serieswise Armendariz,
where S = K|[z]]/(z) =~ K.

Now we study the transfer property of power serieswise Armendariz to the direct product of
rings.

Theorem 2.7. Let (A;);=12,..n be a family of rings and let A := [\, A;. Then, A is power
serieswise Armendariz ring if and only if so is A; for eachi=1,... n.

Proof. Assume that A; x A, is a power serieswise Armendariz ring and we must to show that
Aj is a power serieswise Armendariz ring (it is the same for A,). Let f = Zfio a;z" and g =
> 2o bjz’ in Aj[[x]] such that fg = 0 and set fi := >7%((a;,0)z" and g; 1= 3772 (b;,0)z’ €
(A; % A3)[[al].

Hence, f1g1 = 0 (since fg = 0) and so (a;b;,0) = 0 since (A; x A,) is a power serieswise
Armendariz ring. Therefore, a;b; = 0, and this means that A, is a power serieswise Armendariz
ring.

Conversely, assume that A; and A, are power serieswise Armendariz rings and let f =
Yoicolaisei)xt and g = 37774(by, f)a? € (A1 x Ap)[[z]] such that fg = 0. Set fi :=
Yicpaix' € Alffa]l, 2= Y oent € Affa]l, ¢t = Yba? € Aif[z]] and g =
Z;io f;x? € As[[z]]. Then, fig1 = 0and f,g, = O since fg = 0. Hence a;b; = O and e; f; = 0
since A; and A, are power serieswise Armendariz rings. Therefore, (a;, ¢;)(b;, f;) = 0, and this
means that Ay x A, is a power serieswise Armendariz ring. O

Corollary 2.8. Let A be a ring and let n € N — {0} be an integer. Then, A™ is power srieswise
Armendariz if and only if so is A.

The following example show that the implication “A/I and I are power serieswise Armen-
dariz imply that so is A (where I is an ideal of A)" is false, in general.
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r F
Example 2.9. Let F be a field and consider the ring A = (O F) . Then A is not Armendariz

(by [18, Examples 1]) and so A is not power serieswise Armendariz. Now we claim that A/T
and I are power serieswise Armendariz for any nonzero ideal I of A. Note that the only nonzero

proper ideals of A are o , 0 F and 0 F . First, let I = Eor . Then
0 0 0 F 0 0 0 0

A/I ~ F and so A/I is power serieswise Armendariz.
It remains to show that I is power serieswise Armendariz. Let f(z) = Y . a2’, g(z) =

Yoo ajx’ in I[[z]] such that f(z)g(x) = 0 and set o; = C(l)i lg and 85 = c(; C(l)]>

Assume that oy # 0 and 5y # 0. Then agcy = apdy = 0. If a9 # 0, then ¢y = 0 and dy = 0,
which is a contradiction. So agp = 0 and hence by # 0. This implies that ap3; = 0 for all j.
Hence the coefficient of x in f(z)g(x) = 0is @18y = 0. Then ajcy = ardy = 0. If a; # 0, then
co = 0 and dp = 0, which is a contradiction. So a1 3; = 0 for all j.

Continuing this process, we show that «;3; = 0 for all ¢, j. Therefore, I is a power serieswise
Armendariz.

0 F . S .
Next let J = (0 F) . Then A/J ~ F and so A/.J is power serieswise Armendariz. By the

same method, we have that .J is power serieswise Armendariz.

Finally, let K = (g 1;) . Then A/K ~ F@ F and so A/K is power serieswise Armendariz.

Also K? = 0 and so K is power serieswise Armendariz.

Under the condition “I is reduced", we show that we have an affirmative answer to the above
implication.

Theorem 2.10. Let I be a reduced ideal of a ring A such that A/I is a power serieswise Armen-
dariz. Then A is power serieswise Armendariz.

Proof. Let f(z) = 3,5 @iz’ and g(x) = 3,5 bja’ in A[[z]] such that f(x)g(z) = 0.

Set f(x) = ;50 @ir" and g(x) = 37,5 bja’ in (A/1)[[x]].

Remark that f(z)g(x) = 323502 i = a;bj)x® = 0 implies that > it aibj = 0 for all k.
Also, f(z)g(z) = 0 imply that a;b; = 0 since A/I is power serieswise Armendariz. Hence
a;b; € I foralli,j.

We will show that a;b; = 0 by induction on ¢ + j.

Ifi 4+ 57 = 0 then apbp =0 .

Now suppose that £ is a positive integer such that a;b; = 0 when i + j < k. We will show that
aibj :0whenz—|—j =k.

By the hypothesis, agby,_1 = 0, then (by_1a)> = 0.

Thus

((a1bx—1)(aobr)?ar) (bx—1a0)* (bx—1(aobx)?) = 0.

Since

((albk,1)(aobk)2a1)(bk,1ao) el
(bk—lao)(bk—l (aobk)z) el
bk(aobk)al el
and I is semicommutative (reduced), it follows that
((arbr—1)(aobr)?ar) (by—1a0) (bx (aoby)ar) (br—1a0) (bx—1(aoby)?) = 0,

that is [(albk,l)(aobk)z]zal (bkfla())(bkfl (aobk)2) =0.
Continuing this procedure yields that

[(a1br—1)(aobx)*]* = 0.
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Thus (a1bx_1)(aoby)? = 0 since I is reduced.
Similarly we can show that (a;bx_;)(agbs)? = 0 fori = 2,3, ..., k.
We have >, ., a;b; = 0, if we multiply the last equation on the right side by (apby)?, then

k

(aobk)® = = (aibx—i)(aohx)* = 0,

i=1

which implies that agbr, = O since [ is reduced.
We have (a1b;—1) € I, by analogy with the above proof, we have

(aibp—i)(arbx_1)* =0

fori =2,3,..., k. If we multiply the equation >~ ., a;b; = 0 on the right side by (arbr_1)?%,

then
k

(a1br—1)® = = (aibr—i)(arbe—1)* = (aobr)(arbe—1)* = 0
i—2

which implies that (a;bg—1) = 0. Similarly, we can show that axb;_» = 0,..., axby = 0.

Thus a;b; = 0 when ¢ + j = k. Therefore, by induction, we have a;b; = 0 for all 7, j and this
shows that A is power serieswise Armendariz. O

Corollary 2.11. Let A be a ring. Then:
(i) Ais power serieswise Armendariz if and only if so is A[z].

(ii) A is power serieswise Armendariz if and only if so is A[[z]].

Proof. (i) If A[z] is power serieswise Armendariz then so is A since A is a subring of Afx].
Conversely, we have A ~ A[z]/(x) and (z) is reduced.

(i) If A[[z]] is power serieswise Armendariz then so is A since A is a subring of A[[z]]. Con-
versely, we have A ~ A[[z]]/(x) and (=) is reduced.
m

In a ring containing a central idempotent element, we have:

Theorem 2.12. Let A be a ring containing a central idempotent element e. Then, A is power
serieswise Armendariz if and only if so are eA and (1 — e) A.

Proof. If A is power serieswise Armendariz, then so are eA and (1 —e) A since e4A and (1 —¢)A
are subring of A.
Conversely, assume that eA and (1 — e) A are power serieswise Armendariz for a central idem-
potent element e and consider f(z) = Y Cjaia’, g(x) = X2 bja’ € Affz]] such that
f()g(x) = 0. Let fi(w) = e 35 ain’, g1 () = e 3720 bja? € eAl[al]
h(x) = (1 —e) 2 aia’, ga(w) = (1 =€) 325720 bz’ € (1 —e)A[[z]].
We have fi(x)gi1(z) = ef(z)g(z) = 0 and fr(x)g2(x) = (1 — ¢e)f(x)g(z) = 0. By the condi-
tions we have that ea;b; = 0 and (1 — e)a;b; = O for every i, j.
Hence a;b; = ea;b; + (1 — e)a;b; = 0 for every i,j. Thus A is power serieswise Armendariz.

]

Corollary 2.13. For an abelian ring A, the following statements are equivalent:
(i) A is power serieswise Armendariz.
(ii) eA and (1 — e) A are power serieswise Armendariz for every idempotent e of A.

(iii) eA and (1 — e) A are power serieswise Armendariz for some idempotent e of A.
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Proof. (1) = (2) is obvious since eA and (1 — e)A are subring of A.

(2) = (3) Straightforward.

(3) = (1) Let f(z) = S ar’, glx) = 22720 bja? € Al[z]] such that f(z)g(x) = 0. For

some e = e € A, let fi(z) = eY jopaiz’, gi(z) = e disobja’ € eAl[z]] and fo(x) =

(1—e) 2 aia’, go(w) = (1 =€) 377 bya? € (1 —e)A[[x]).

We have fi(x)g1(z) = ef(z)g(z) = 0and f(z)g2(z) = (1—e) f(x)g(x) = 0. By the conditions

we have that ea;b; = 0 and (1 — e)a;b; = O for every i, j.

Hence a;b; = ea;b; + (1 — e)a;b; = 0 for every i, j. Thus A is power serieswise Armendariz.
o
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