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Abstract. The main purpose of this paper is to give some symmetric identities for Carlitz’s
twisted g-Euler polynomials related to the p-adic invariant integral on Z,, under symmetric group
of degree four denoted by Si.

1 Introduction

Recently, many mathematicians have studied on symmetric identities of some special functions.
For example, Duran et al. [3] on ¢g-Genocchi polynomials, Duran et al. [4] on weighted g¢-
Genocchi polynomials, Araci et al. [1] on the new family of Euler numbers and polynomials,
Araci et al. [2] on g-Frobenious Euler polynomials, moreover, Dolgy et al. [5] on h-extension
of ¢g-Euler polynomials and furthermore, Kim [6] on ¢-Euler numbers and polynomials of higher
order have worked extensively by using p-adic g-integrals on Z,,.

Along this paper, we use the following notations: N denotes the set of all natural numbers,
N* denotes the set of all positive natural numbers, Z, denotes the ring of p-adic rational integers,
Q denotes the field of rational numbers, Q,, denotes the field of p-adic rational numbers and C,
denotes the completion of algebraic closure of (Q,, in which p be an any odd prime number.

The normalized absolute value with respect to the theory of p-adic analysis is given by |p| p=
p~ . When one mentions g-extension, ¢ can be taken to be an indeterminate, a p-adic number ¢ €
Cp with |¢ — 1], < p 77 and ¢* = exp (zlogg) for |z|, < 1,0ra complex number ¢ € C with

L =14ttt

lg| < 1. For whichever z, the g-extension of z is defined as [z], =
Observe that lim,_,; [z] 4= (see [2-6, 8-10]).
For
feUD (Z,) ={f|f:Z, — C, is uniformly differentiable function} ,

the p-adic invariant integral on Z,, is defined [6] by

pfl
/f Y () = Jim 3 f(x) (L1)

=0

In view of the integral (1.1), one can derive with ease that

Ifl(fn):(_ +22 n - 1 )

where f,,(z) implies f(z + n). One can take a glance at the references [1], [2], [3], [4], [5], [8].
The Euler polynomials E,, () are defined by means of the the following Taylor series expan-
sion att = 0:

- t" 2
;}En(x)m—et el ([t < ). (1.2)

_I_
Subrogating z = 0 in the Eq. (1.2) yields E,(0) := E,, known as n-th Euler number (see e.g.,
(61, [71, [8], [9],).
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Let T, =n>1 Cpnv = limy_,o Cpn, in which Cv = {w cwP = 1} is the cyclic group

of order pVV. For w € T, we denote by ¢, : Z, — C, the locally constant function ¢ — w*.

For g € C}, with |1 — g| » < land w € T, in [9], Ryoo described the Carlitz’s twisted g-Euler
polynomials by the following p-adic invariant integral on Z,:

Engu(z) = / W [+ gl dp (y) (0> 0). (13)

D

Letting = 0 into the Eq. (1.3) gives E,, 4 ,(0) := E, 4., dubbed as n-th Carlitz’s twisted
g-Euler numbers.
Taking w = 1 and ¢ — 1 in the Eq. (1.3) yields to

B(x) = / (2 + )" dp_y ().

P

In the next section, we derive some novel symmetric identities of Carlitz’s twisted g-Euler
polynomials associated with the fermionic p-adic invariant integral on Z,, under S;.

2 Symmetric Identities for E,, ; ., (x) under S,

Let w; € N be a natural number which satisfies the condition w; = 1(mod2), in which i € Z lies
in 1 < i < 4. From the Egs. (1.1) and (1.3), we consider

WWrW3Y [ W1 W w3 YW wr w3 waTHwawr w3 i+waw wij+wswywo k]t
/ Wrw2 we[ ]‘1 d,u,l(y)
ZT’
pN -1
= lim Z(_1)yw"’lwzwsye[wlw2w3y+w1w2w3w4x+w4w2w3i+w4wl“’3j+w4w1w2qut
N—o00
y=0

wy—1 pN—l

= lim Z Z(_l)l+yww1wzum(l+w4y)

N—o0
=0 y=0

« e[wl wrw3 (l+way)+w wrws waT+wswrw3i+waw w3 j+waw; wzk]qt

Taking

wlfl wal w371

E E E (71)i+j+kww4w2w3i+w4w1w3j+w4w1wzk

i=0 j=0 k=0

on the both sides of the above equation yields

wi—1lwy—1ws—1
I = § E 2 (_1)i+j+kww4w2w3i+w4w1w3j+w4w1wzk (21)
=0 j5=0 k=0

« / ww]wzwgye[wlw2w3y+w1w2w3w4w+w4w2'w3i+w4'w]'w3j+w4w1w2k]qtdﬂ_l (y)
Zy

w;—1wy—1w3—1 w4—1pN71

— lim E : 2 : § : § : 2 :(_1)i+j+k+y+lw’wlwzw3(l+w4y)+w4w2w3i+w4wlw3j+w4w1wzk
N—o0

i=0 j=0 k=0 (=0 y=0

<e [wiwr w3 (I+way ) +w wr wW3wWs THWsWL W3 i+HWawW W3 J+HWaw W2 K] 4t

Notice that Eq. (2.1) is invariant for any permutation o € Ss. Therefore, we present the following
theorem.

Theorem 2.1. Let w; € N be a natural number which satisfies the condition w; = 1(mod2), in
which i € Z liesin 1 < i <4 andn > 0. Then the following
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(_ 1)i+j+kwwo(4)wa(z)wa(s)i+wa(4) Wo (1) We(3)J T We (4) Wo (1) We(2) K

=0
X/ wwa(])wo'(z)wo(3)(l+wa(4)y)
Z

[wa(l)wa(Z)wa(3)y+wa(1)wa(z)wa(s)wamI+wg(4)wa(z)wa(3)i+wg(4)wa(1)wa<3)j+wcx(4)wa(1>wa(z)k]qtdlu 1(y)

holds true for any o € Sy.
From the definition of g-number [z], we readily derive that

[w1w2w3y + wiwrw3war + wawr w3t + wawiwsj + w4'lU1’UJ2k]q (2.2)
= [w1w2w3]q {y + wazr + —z + —J+ k} ,
wz W3] qwiwyws
which gives
/ WIW2W3Y [u”wzwzy+WIwzwzw4m+w4w2w3i+w4wlw3j+w4wlw2k]‘ltdp_1(y) (23)
Zyp

oo tn

Z wywaws); / whreresy [y + war + —z + —j+ k} dp—1(y) | —

Z w3 q“’l wy w3 n'

: P
> w. w. t
4 4 . 4
Z wlew% Emguiwaws werwaws | waw + —1i+ —j+ —k ) —.
0 w1 wy w3 n!
From Eq. (2.3), we have

/ w2 [ wrwsy + wiw w3wax + wawrwsi + wawiwsj + w4w1w2k]q du_1(y) 24)
Zp

W4, W4 . W4
= [’LU[’LUZU)?,]Z gm’qwlwz/W3’ww]wzw3 <’LU4.’,U + w71 + wij + wk) . forn 2 0.
1 2 3

Hereby, from the Theorem 2.1 and Eq. (2.4), we procure the following theorem.
Theorem 2.2. Let w; € N be a natural number which satisfies the condition w; = 1(mod2),
whichi € Zliesinl <i<4andn > 0. Forn > 0, thefollowing

Wo )~ Wo)— 1 wo3)—

I = [wonyw,pws)], Z 1)k
=0 j=0 k=0

KWL e@ W) Wo3)iTWe () We (1) W (3)] HWo (4) Wo (1) Wo(2) K

)

XE w1 W) We(3) o Po(l)Pe() Ve 3) (w (4).7;‘+ 7 7
m, w o
! Wo(l)  Wo2)  Wo(3)

holds true for any o € Sj.
By using the definitions of [z], and binomial theorem:

w w
{y+w4x+ it =i+ k;] 2.5)
w1 w»r w3 qUIv2ws
- n [w4]q - . . n—m
= E — 1 [wawsi + wiwsj + wiwak] e,
m [w1w2w3]q a

m=0

xqm(w2w3w4z+w1w3w4]+w]w2w4k) [y =+ 'lU4x]Z1lu1w2w3 .
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Appliying [, w™™*"3¥dy_;(y) on the both sides of the above gives

/Z wWrw2wsy [y —+ wax + %Z + %j + w4k’:| dpi_ (y) (2.6)

> 2 w3 qu1w2w3

n w n—m
= Z (n) & [wawsi + wiwsj + wiwak] W,
"0 m [w1w2w3]q g

Xqm(w2w3w4z+w1w3w4]+w1w2w4k) / P12y [y + w4x];ri)]11;21113 d,u_1 (y)
Ly

n w n—m
= Z (n) & [w2w3i + wiwsj + wlwzk‘]nw:m
m [w1w2w3]q a

m=0

m(wywswai+w, u13w4]+w|w2w4k)gm’qw] WywW3 gy W wWrw3 (’U}4$) .

xq

By the Eq. (2.6), we procure

[w1w2w3]2 (_1)i+j+k,ww4wzw3i+w4w1w3j+w4w1wgkr
i=0 j=0 k=0
w. w. w. "
4 . 4 . 4
X / wrY gy g + —i+ — 35 + k} dp—1(y) 2.7)
7 w1 wy w3 quIw2w3

wy—1wy—1

n
n —
— Z <m) [w1w211)3];n [w4]Z mEn,q“’lwzwz,www”zws (w41‘) Z Z

i=0 j=0
E (_ 1 )i+j+kww4w2w3i+w4w]w3j+w4w1wqum(w4w2w3i+w4w1w3j+w4w1w2k)
k=0

. . n—m
X [wawsi + wiwsj + wlwzk]qu,4

n
n p—
= Z <m) [’LU1UJ2U)3](T [UM]Z m quﬂqwzwz711;“’1“’2“’3 (U)4I) Un7qw47ww4 (wl , Wa, W3 ‘ m)’

m=0
where
(2.8)

Un,q,w(wh wa, W3 | m)

w1—1 wz—l w},I

— E 2 E (_1)i+j+kww2w3i+w1w3j+w1wzk

i=0 =0 k=0

qu(w2w3i+w1w3j+w1w2k) [w2w3i + w1w3j + U)lwzk}:;_m

Last of all, from Eqgs. (2.7) and (2.8), we obtain the following theorem.

Theorem 2.3. Let w; € N be a natural number which satisfies the condition w; = 1(mod2), in
whichi € Zliesin 1 < i <4 and n > 0. Hence, the following expression

i n m n—m
> (m) [woywoy o), [Wow],

=0

m
XE,, gUe)We@Pal) 4Pa()Ce@) el (wa(4)$) Uy g e (Wo(1), Wo(2), We(3) | M)

holds true for some o € S4.
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