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Abstract. In this paper, we prove two common fixed point theorems for two weakly subse-
quentially continuous and compatible of type (E) for two pairs of self mappings, which satisfying
implicit relation in metric spaces, an example is given to illustrate our results.

1 Introduction

Jungck[12] introduced the concept of commuting mappings to establish a common fixed point
theorem for a pair of self mappings in complete metric space, Sessa[23] generalized it to the
weakly commuting mappings notion, later Jungck[13] defined compatible mappings in metric
space, which is weaker than the last notions. After that many authors gave various type of
compatibility, compatibility of type (A), type (B), type (C) and type (P) for two self mappings .S
and T on metric space (X, d) respectively in [14], [18],[20] and [19] as follows: the pair(S,T)
is compatible of type (A) if
lim d(STx,,T?z,) =0 and lim d(TSz,,S*z,) =0,

n—oo n—0o0

S and T are compatible of type (B) if

lim d(STzn, T?x,) < %[ lim d(STzy,Sz) + lim d(Sz,S2xn)] and

n— oo n—oo n—oo

lim d(TSzn, S2an) < % lim d(TSx,,gz) + lim d(Tz,T2xn)],
n—oo

n—oo [ n—oo

they are compatible of type (C) if

1
lim d(STz,, T?z,) < g[ lim d(STx,,Sz)+ lim d(Sz, T?z,) + lim d(Sz, T*z,)]
n—oo

n— oo n—oo n—oo

and

1
lim d(TSz,,S%z,) < g[ lim d(T'Sz,, Tz) + lim d(Tz,T?z,) + lim d(Tz,S%x,)],
n oo n—oo

n—o0 T—00

and said to be compatible of type(P) if
lim d(S*z,,T*z,) =0,

n—oo

whenever in the all above definitions, {x,, } is a sequence in X such that lim Sz, = lim Tz, =
n— o0 n—oo

z, for some z € X.
Aamri and Moutawakil [1] defined two self maps S and 7" on a metric space (X, d) are said to
be satisfy property (E,A), if there exists a sequence {x,} in X such that

lim Sz, = lim Tx, = z,
n—oo n—oo

for some z in X.
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2 Preliminaries
Pant[16] introduced the notion of reciprocal continuity as follows:

Definition 2.1. Self maps S and T of a metric space (X, d) are said to be reciprocally contin-

uous, if lim STz, = St and lim TSz, = Tt, whenever {z,} is a sequence in X such that
n—o0 n—00

lim Sz, = lim Tz, =t, forsomet € X.

n— oo n—roo

In 2009, Bouhadjera and Godet Thobie [8] introduced the concept of subcompatibility and
subsequential continuity as follows:
Two self-mappings S and T on a metric space (X, d) are said to be subcompatible, if there exists
a sequence {x, } such that

lim Sz, = lim Tz, =z and lim d(STz,,TSz,) =0,

n— oo n—oo n—oo

forsomet € X

Definition 2.2. The pair (S, 7)) is called to be subsequentially continuous, if there exists a se-
quence {z,} in X, such that lim Sz, = lim Tx, = t, forsome ¢t € X and lim STz, =

n—00 n— 00 n—oo
St, lim T'Sxz,) =Tt.
n—oo

Now, as a generalization to the Definition 2.2, define:

Definition 2.3. [6] Let S and 7" be two self maps of a metric space (X, d), the pair (S, T') is said

to be weakly subsequentially continuous (shortly wsc), if there exists a sequence {x,, } in X, such

that lim Sz, = lim Sz, =t, forsome ¢ € X and lim STz, = St or, lim T'Sxz,) = Tt.
n— oo

n—o0 n—oo n—00
Notice that subsequentially continuous or, reciprocally continuous maps are weakly subse-
quentially continuous, but the converse may be not.

Definition 2.4. The pair (S, 7T) is said to be S-subsequentially continuous, if there exists a se-
quence {z,} such that lim Sz, = lim Tz, =t, forsomet¢ € X and lim STz, = St.
n—oo n—oo n— oo

Definition 2.5. The pair (S, 7T) is said to be S-subsequentially continuous, if there exists a se-
quence {z,} such that lim Sz, = lim Sz, =t, forsome ¢t € X and lim TSz, = Tt.
n— oo n—o00 n—00

Example 2.6. Let X = [0,2] and d is the euclidian metric, we define S, T as follows:

14z, 0<z<1 l—2, 0<2x<1
Sr=1< , Tx =

Clearly that S and 7" are discontinuous at 1.

1
We consider a sequence {x,,}, which defined for eachn > 1 by: z,, = —
clearly that li_)m Sz, = lim Tz, = 1, also we have:

n—r oo

lim STa, = lim S(1— ) =2 = (1),

n— 00 n— 00 n

then (S, T') is S-subsequentially continuous, so it is wsc .

On other hand, let {y,,} be a sequence which defined for each n > 1 by: y, = 1 + 1, we have
n

lim Sy, = lim Ty, =1,
n— o0 n— o0

but |
lim TSy, = lim T(1+ 2—) =1#£T(1),

n—00 n—00 n

then (.S, T') is never reciprocally continuous.
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Singh and Mahendra Singh [24] introduced the notion of compatibility of type (E), and gave
some properties about this type as follows:

Definition 2.7. Self maps S and 7" on a metric space (X, d), are said to be compatible of type
(B), if lim 7%z, = lim TSz, = Stand lim Sz, = lim STz, = Tt, whenever {z,} is
n—oo

n— 00 n—oo n—+oo

a sequence in X, such that lim Sz, = lim Tz, =t, for some t € X.
n— o0 n— oo

Remark 2.8. If St = T't, then compatible of type (E) implies compatible (compatible of type
(A), compatible of type (B), compatible of type (C), compatible of type (P)), however the con-

verse may be not true. Generally compatibility of type (E) implies compatibility of type (B).

Definition 2.9. Two self maps S and T" of a metric space (X, d) are S-compatible of type (E), if
lim S%z, = lim STz, = Tt, for some ¢t € X.

n— oo n—oo

The pair (S, T) is said to be T-compatible of type (E), if lim 7%z, = lim TSz, = St, for

n— oo n—oo
some ¢t € X.

Notice that if S'and T are compatible of type (E), then they are S-compatible and T-compatible
of type (E), but the converse is not true.

Example 2.10. Let X = [0, c0) endowed with the euclidian metric, we define S, T" as follows:

<z< z42 <zr<
Sy — 2, 0<xr<?2 Ty — 7= 0<zr<?2
z+1, z>2 0, T >2

1
Consider the sequence {x,,} which defined by: 2,, =2 — —, forall n > 1.
n

lim Sz, = lim Tz, =2,

n—oo n—oo
lim S%z, = lim STz,) =2=T(2)
n—oo n—oo
lim 7%z, = lim TSz,)=2=5(2)
n—oo n—roo

then (S, T') is compatible of type (E).
Let F is the set of of all continuous functions F : RS — R such:
(Fy) : Fisnon decreasing in ts and ¢s.
(F) : :For every u > 0 we have F(u,u,0,0,u,u) <0

Example 2.11.
ctstg

dt +et? +1’

where ¢,d,e > 0,a > 0 and b > a + c. Obviously that F(u,u,0,0,u,u) = (a + ¢ — b)u* < 0,
for all v > 0.

Example 2.12.

F(tlat27t37t47t57t6) = at% - bt% +

b3+ ctin:
tste + 1 ] ’

where 0 < b,¢ < 1,a > 1. Obviously that F'(u,u,0,0,u,u) = (1 — v/a)u <0, for all u > 0.
Example 2.13.

Pty o, 3, b, 5, t6) = 1 — [t} +

F(ty, by, t3, ta, ts) =t — [at, at?, at?]¥ + dv/Tsle,
where a > (1 +d)?and 0 < ¢,b < 1,p € N*,
Example 2.14.
1 t1

F(ty,ta, 3, ta, t5) =ty — [ath, at?, at?]s +

where 0 < ¢,b < ﬁ,pGN*.

The aim of this paper is to prove the existence and the uniqueness of a common fixed point,
for two pairs of self-mappings in metric space, which satisfying implicit relation, by using the
weak subsequential continuity with compatibility of type (E), due to Singh et al.[24], also to
support our results we will give an example.
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3 Main results

Theorem 3.1. Let (X, d) be a metric space, and let A, B, S and T be self mappings on X such
forall x,y € X we have:

F(d(Sz,Ty),d(Az, By),d(Az, St),d(By, Ty), d(Az, Ty),d(By, Sz)) > 0, (3.1

where F' € F, if the two pairs (A, S) and (B, T) are weakly subsequentially continuous (wsc)
and compatible of type (E), then A, B, S and T have a unique common fixed point in X.

Proof. Since (4, S) is wsc, there exists a sequence {z,, } in X such that hm Az, = lim Sz, =
n— 00

z for some z € X and hm ASx, = Az, hm SAz, = Sz again {, S} is compatlble of type (E)

implies that
lim ASz, = hm A%z, = Sz

n—oo

and
lim SAz, = lim S%z, = Az,

n—oo n—oo
then Az = Sz, and z is a coincidence point for A and S.
Similarly for B and T, since (B,T') is wsc (suppose that it is B-subsequentially continuous)
there exists a sequence {y,, } in X such:

lim By, = hm Ty, =1t,

n—oo

for some ¢ € X and
lim BTy, = Bt,

n—oo

again (B, T) is compatible of type (E) implies that
lim BTy, = hm By, =Tt

n—r oo

lim T By, = hm Ty, = Bt,

n—oo

hence Bt = T't.
We claim Az = Bt, if not by using (3.1) we get:

F(d(Sz,Tt),d(Az, Bt),d(Az,Sz),d(Bt,Tt),d(Az,Tt),d(Bt,Sz)) =
F(d(Az, Bt),d(Az, Bt),0,0,d(Az, Bt),d(Az, Bt)) > 0,

which is a contradiction with (F).
Now we will prove z = Az, if not by using(3.1) we get:

F(d(Sz,,Tt),d(Ax,, Bt),d(Ax,, Sz,),d(Bt,Tt),d(Az,, Tt),d(Bt, Sz,)) > 0,
letting n — oo we get:
F(d(z,Tt),d(z,Bt),0,0,d(z,Tt),d(Bt, z)) =
F(d(z,Az),d(z, Az),0,0,d(z, Az),d(z, Az)) > 0,

which is a contradiction, then z = Az = S=z.
Nextly we shall prove z = t, if not by using (3.1) we get:

F(d(Sl'n, Tyn)a d(ALUn, Byn)v d(ALEn, an)a d(Bynv Tyn)v d(Axnv Tyn)v d(Byn» S"En)) >0,
letting n — oo we get:
F(d(z,t),d(z,t),0,0,d(z,t),d(t, z)) > 0,

which is a contradiction. Consequently, z is a fixed point for A, B, S and T'. For the uniqueness
suppose that there is another fixed point w and using (3.1) we get:

F(d(Sz,Tw),d(Az, Bw),d(Az, Sw),d(Bw, Tw),d(Az, Tw), d(Bw, Sz)) =
F(d(z,w),d(z,w),0,0,d(z,w),d(z,w)) >0,

which contradicts (F»), then z is unique. O
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Corollary 3.2. Let (X, d) be a metric space and let S, A : X — X be two self mappings such
forall x,y € X we have:

F(d(Sz, Sy), d(Ax, Ay), d(Az, Sx), d(Ay, Sy), d(Az, Sy), d(Ay, Sz)) = 0,

where F € F, assume that the pair (A, S) is wsc compatible of type (E), then A and S have a
unique common fixed point in X.

If we combine Theorem 3.1 with Example 2.14 (d = 0), we obtain:

Corollary 3.3. For the self mappings A, B, S and T on a metric space (X, d) such for all z,y €
X we have:
dP(Sz,Ty)) > ad?(Ax, By) + bd?(Ax, Sz) + cd”(By, Ty),

wherea > 1, ¢>0,b< 1 andp € N*, assume that the following conditions hold:
(i) (A,S) is A-subsequentially continuous and A-compatible of type (E),

(ii) (B, T) is B-subsequentially continuous and B-compatible of type (E).

Then A, B, S and T have a unique common fixed point.

Theorem 3.4. Let (X, d) be a space metric and let A, B, S and T be self mappings on X, such
forall x,y € X we have:

F(d(S=z,Ty)),d(Ax, By),d(Az, Sz),d(By, Ty),d(Az, Ty), d(By, Sz)) > 0,
where F € F if the four mappings satisfying:
(i) (A,S) is S-subsequentially continuous and S-compatible of type (E),
(ii) (B, T) is B-subsequentially continuous and B-compatible of type (E),
then A, B, S and T have a unique common fixed point.
Remark 3.5. Theorem 3.4 remains true, if we replace:
+ (A, S) is A-subsequentially continuous and A-compatible of type (E),
+ (B, T) is T-subsequentially continuous and 7-compatible of type (E).

Theorem 3.6. Let (X, d) be a space metric and let A, B and {S;};en- be self mappings on X,
such for all x,y € X we have:

F(d(Siz, Si+1y)), d(Az, By), d(Az, Six), d(By, Si+1y), d(Az, Si11y), d(By, Siz)) > 0, (3.2)
where F' € F, moreover if the mappings satisfying:

(i) (A,S;) is wsc and compatible of type (E), for each i € N*.

(ii) (B, Sit1) is wsc and compatible of type (E).for each i € N*.
Then A, B and {S;};cn+ have a unique common fixed point.

Proof. For i = 1, we get that the four mappings A, B, S and S, satisfying the hypotheses of
Theorem 3.1, then they have a unique common fixed point z in X.

For i = 2, the self mappings A, B, S and S5 have a unique common fixed point w. If z # w, by
using 3.2 we get:

F(d(S»z, Szw),d(Az, Bw),d(Az, S»z2),d(B, Szw),d(Az, Ssw),d(Bw, S2z)) =

F(d(z,w),d(z,w),0,0,d(z,w),d(z,w)) >0,

which is a contradiction with (), hence z = w.
By continuing in this way, we get A, B and {S;};cn+ have a unique common fixed point z in X,
for each i € N*. |

Theorem 3.6 improves and generalizes theorem 3.4 of Djoudi[10].
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Corollary 3.7. Let (X, d) be a metric space and let A, B and S three self mappings satisfying
forall x,y € X:

F(d(Sz, Sy),d(Az, Ay),d(Az, St),d(Ay, Sy), d(Az, Sy),d(Ay, Sx)) > 0,

where F' € F, if the pairs (A, S) and (B, S) are wsc compatible of type (E), then A and S have
a unique common fixed point in X.

Example 3.8. Let X = [0,4] and d is the euclidian metric, we define A, B, S and T by

2. 0<z<2 0<z<2
Az =Bz =< 7 == Se=1{ " ==
1 2<x<4 1, 2<x<4
To — 4—z, 0<zx<2
3, 2<zx<4

We consider a sequence {x,,} which defined for each n > 1 by:

T, =2 — %, clearly that lim Ax, =2 and lim Sz, = 2, also we have:
n— o0 n—oo

lim ASxz, =2 = A(2)

n—o0

= 5(2)7

lim A%z, = 5(2) =2,
n— 00
then (A, S) is A-subsequentially continuous and A-compatible of type (E).
On the other hand, consider a sequence defined by: y,, = 2, for all n > 0. It is clear that
lim By, = lim Ty, =2,
n—oo

n—oo

and
lim BTy, = B(2)

n—oo
=T(2) =2,

lim B%y, =T(2) =2

n—oo
this yields that (B, T) is B-subsequentially continuous and B-compatible of type (E).
We will utilize Corollary 3.3, witha = 3, b = ¢ = 1 and p = 1, so for the inequality (2?), we
have the following cases:

(i) For z,y € [0,2], we have

d(Sz,Ty) =4 — (z +y) > l[4—(x+y)]

W

_ %[4d(Ax, Ay) + d(Az, Sz) + d(By, Ty)].

(ii) For z € [0,2] and y > 2, we have

1
d(Sz,Ty) =3 —x > E[17 — 4x]

1
= §[4d(Ax, By) + d(Az, Sz) + d(By, Ty)].
(iii) For z € (2,4] and y € [0, 2], we have

[15 — 4y]

sl =

d(Sz,Ty) =3~y >

[4d(Az, By) + d(Azx, Sz

~—

+d(By, Ty)].

W] =

(iv) For z,y € (2,4], we have

= %[46[(14,%7 By) + d(Az, Sz) + d(By, Ty)).

Consequently all hypotheses of Corollary 3.3 are satisfied, therefore 2 is the unique common
fixed for A, S and T

d(Sz,Ty) =2 >

W
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