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Abstract. The concepts of k—prime ideals , k—weakly primary ideals, k— weakly prime
ideals in I'—semiring are introduced and their properties studied. We prove that the intersection
of a family of k—weakly prime (primary) ideals of I'—semiring that are not prime (primary) is a
k—weakly prime (primary) ideal.

1 Introduction

Semiring, the best algebraic structure which is a common generalization of rings and distribu-
tive lattices, was first introduced by American mathematician Vandiver [16] in 1934 but non
trivial examples of semirings have appeared in the studies on the theory of commutative ideals
of rings by German Mathematician Richard Dedekind in 19th century. Semiring is an univer-
sal algebra with two binary operations called addition and multiplication, where one of them
distributive over the other. Bounded distributive lattices are commutative semirings which are
both additively idempotent and multiplicatively idempotent. Most of the semirings have an order
structure in addition to their algebraic structure. A natural example of semiring, which is not a
ring, is the set of all natural numbers under usual addition and multiplication of numbers. In
particular, if I is the unit interval on the real line then (I, max, min) in which 0 is the additive
identity and 1 is the multiplicative identity.The theory of rings and the theory of semigroups have
considerable impact on the development of the theory of semirings. In structure, semirings lie
between semigroups and rings. In semiring multiplicative structure of semiring is not indepen-
dent of additive structure of semiring. Additive and multiplicative structures of a semiring play
an important role in determining the structure of a semiring. Semiring, as the basic algebraic
structure, was used in the areas of theoretical computer science as well as in the solutions of
graph theory, optimization theory and in particular for studying automata, coding theory and
formal languages. Semiring theory has many applications in other branches. Semirings play an
important role in studying matrices and determinants.

As a generalization of ring, the notion of a I'—ring was introduced by Nobusawa [ 14] in 1964.
In 1981, Sen [15] introduced the notion of a I'—semigroup as a generalization of semigroup.
The notion of a ternary algebraic system was introduced by Lehmer [8] in 1932. Lister [9]
introduced the notion of a ternary ring. Dutta and Kar [6] introduced the notion of regular ternary
semirings. In 1995, Murali Krishna Rao [10, 12, 13], introduced the notion of a I'—semiring
as a generalization of I'—ring, ring, ternary semiring and semiring. Murali Krishna Rao and
Venkateswarlu [11]introduced the notion of regular I'—incline and field I'—semiring. The set of
all negative integers Z is not a semiring with respect to usual addition and multiplication but Z
forms a I'—semiring.where I' = Z. The important reason for the development of I'—semiring is
a generalization of results of rings, ['—rings, semirings, semigroups, I'—semigroups and ternary
semirings.

It is well-known that ideals play an important role in the study of any algebraic structures,
in particular semirings. Lajos , Iseki characterized the ideals of semigroups and the ideals of
semirings respectively. Though semiring is a generalization of a ring, ideals of semiring do not
coincide with ring ideals. For example an ideal of a semiring needs not be the kernel of some
semiring homomorphism. To solve this problem, Henriksen [7] defined k—ideals in semirings
to obtain analogues of ring results. Anderson and Smith [2] introduced and studied the concept
of a weakly prime ideal of an associative ring with unity. Dubey [5] studied prime and weakly
prime ideals in semirings. Atani [3] studied k—weakly primary ideals over semirings and Atani
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et al.[4] studied weakly primary ideals of commutative rings. In this paper, we generalize the
results on prime, weakly prime, weakly primary ideal of ring theory and semiring theory studied
by several mathematicians to I'—semiring theory. We introduce the concept of k—weakly prime
ideals, k—weakly primary ideals in I'—semirings, study their properties and relations between
them.

2 Preliminaries
In this section, we recall some basic notions of semirings and I'—semirings.

Definition 2.1. [1] A set S together with two associative binary operations called addition and
multiplication (denoted by + and - respectively) will be called a semiring provided

(i) addition is a commutative operation.
(i) multiplication distributes over addition both from the left and from the right.

(iii) there exists 0 € Ssuchthatz +0=zandx-0=0-z=0forallz € S.

Definition 2.2. [10] Let (M, +) and (T, +) be commutative semigroups. If there exists a map-
ping M x T'x M — M (images to be denoted by zay, z,y € M, « € T') satisfying the following
axioms for all z,y,z € M and o, 8 € T,

(1) za(y+ 2) = zay + zaz,

(ii) (z +y)az = zaz + yaz,
(iii) z(a + B)y = vay + xBy

(iv) za(yBz) = (zay)Bz,
then M is called a I'—semiring.

Definition 2.3. [10] A I'—semiring M is said to have zero element if there exists an element
O0e€ M suchthat0 4+ 2 =2 =2+ 0and Oax = 220 =0, forallz € M and o € T.

Example 2.4. Every semiring M is a I'—semiring with I' = M and ternary operation is defined
as the usual semiring multiplication

Example 2.5. Let M be the additive semigroup of all m x n matrices over the set of non negative
rational numbers and I" be the additive semigroup of all n x m matrices over the set of non
negative integers.Define the ternary operation M x I' x M — M by (a, o, b) — aab, using the
usual matrix multiplication M is a I'—semiring.

Definition 2.6. [10] A function f : R — M where R and M are I'—semirings is said to be
I'—semiring homomorphism if f(a 4+ b) = f(a) + f(b) and f(acd) = f(a)af(b) for all a,b €
Randa €T.

Definition 2.7. [11] Let M be a semiring. An element 1 € M is said to be unity if for each
x € M there exists o € I" such that xal = lax = =.

Example 2.8. Let M be the set of all rational numbers and I'=M is a semigroup with the usual
addition. Define the ternary operation M x I' x M — M by (a,«,b) — aab, using the usual
multiplication. Now M is a I'—semiring with unity .

Definition 2.9. [10] Let M be a I'—semiring and A be a non-empty subset of M. A is called a
I'—subsemiring of M if A is a sub-semigroup of (M, +) and AT'A C A.

Definition 2.10. [10] Let M be a '—semiring. A subset A of M is called a left(right) ideal of M
if A is closed under addition and MT' A C A(ATM C A). A is called an ideal of M if it is both
a left ideal and a right ideal.

Definition 2.11. [10] An ideal I of semiring M is called a k—ideal if b€ M,a+be Tanda eI
then b € I.
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Definition 2.12. [5] An ideal P of semiring M is called a prime ideal of M if for any a,b € M
andabe P then a€ Porbe P.

Definition 2.13. [5] An ideal P of semiring M is said to be k—prime ideal of M if P is a k—ideal,
forany z,y € M andzy € Pthenx € Pory € P.

Definition 2.14. [5] An ideal P of semiring M is said to be weakly prime ideal of M if 0 #
zay € Pyx,y € M thenx € Pory € P.

Every prime ideal of semiring M is a weakly prime ideal.

Definition 2.15. [5] A k—ideal P of semiring M is called a k—weakly prime ideal if P is a
weakly prime ideal of semiring.

Definition 2.16. [4] An ideal P of I'—semiring M is said to be primary ideal of M if zy €
P,x,y € M then x € P or y"™ € P,n is a positive integer.

Definition 2.17. [4] An ideal P of semiring M is said to be weakly primary ideal of M if O #
zy € Pyx,y € M then x € P ory™ € P,n is a positive integer. .

Definition 2.18. [4] A k—ideal P of semiring M is called a k—weakly primary ideal if P is a
weakly primary ideal.

3 k—weakly prime ideals

In this section, we introduce the notion of k—prime ideal, k—weakly prime ideal of '—semirings.
Throughout this paper M is a I'—semiring with unity element and zero element.

Definition 3.1. An ideal P of I'—semiring M is said to be k—prime ideal if P is a k—ideal,
zay € P,a el and z,y € Mthenxz € Pory € P.

Definition 3.2. An ideal P of I'—semiring M is said to be weakly prime ideal of M if 0 # zay €
Pael,x,ye Mthenx € Pory € P.

Every k—prime ideal of I'—semiring M is a k—weakly prime ideal.

Definition 3.3. A k—ideal I of I'—semiring M is called a k—weakly prime ideal if [ is a weakly
prime ideal.

Definition 3.4. Let I be an ideal of '—semiring M. Then radical of I is defined as the set of all
elements z € M such that (z«)"z € I for some n € Z*, for all @ € I and it is denoted by
rad(I).

Definition 3.5. An element x of I'—semiring M is said to be nilpotent if there exists a positive
integer n such that (za)"~!2 = 0, for some a € T.

We state the following lemmas, proofs of which are easy and straightforward and so we omit
the proofs.

Lemma 3.6. Let I,J be k—ideals of T'—semiring M. Then (I : J) = {r € M | raj €
I, foralla €T, j € J}is a k—ideal.

Lemma 3.7. Let I be a k—ideal of T—semiring M and {0} # AC M.Then I C (I: A) C (I:
AT A).

Lemma 3.8. Let I be a k—ideal of T—semiring M and x € M. Then (I : x) = {r € M | raz €
I, forall « € T'} is a k—ideal.

Lemma 3.9. Let M be a T'—semiring and x € M. Then (0 : z) = {r € M | raw = 0, for all
a € '} is a k—ideal.

Lemma 3.10. Let A be a non empty subset of ' —semiring M. Then
().(I:A)= NN {UT:a) (). IfACIthen(I:A) =M.

a€A
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Lemma 3.11. If an ideal of T'—semiring M is the union of two k—ideals then it is equal to one
of them.

Theorem 3.12. Let I be a k—ideal of I'—semiring M with unity. Then the following statements
are equivalent.

(i) Iis a k—weakly prime ideal

(ii) If A, B are right ideal and left ideal of T —semiring M respectively such that {0} # AT'B C
ITthen ACIorBCI.

(iii) If a,b € M such that {0} # oI’ MTb C I thena € I orb € I.
Proof. Let I be a k—ideal of I'—semiring M with unity.

(i) = (ii) : Suppose I is a k—weakly prime ideal of I'—semiring M, A and B are right ideal and left
ideal of I'—semiring M respectively such that {0} # ATB C I.
Let (A), (B) be ideals generated by A, B respectively.
Then {0} # (A)T(B) CI=AC(A)ClorBC(B)CI.

(ii) = (iii) : Let {0} # aI’'MIb C I,a,b € M.
Then {0} # aT’MT'MTb C I
= al'M C I or MT'b C I, (by (ii))
=ac€al'M CIorbe MI'bC I,since M has an unity .

(iii) = (i) : Suppose AI'B C I, for ideals A and B of I'—semiring M,A ¢ I and B ¢ I. Leta €
A\I,be B\ITandd' € ANI, ¥V € BNI.
Thena+a ¢ 1,0+ ¢ 1.
Therefore we have (a + a/)TMT'(b + b") ={0} which is a contradiction.
Hence [ is a k—weakly prime ideal.

O

Theorem 3.13. Let A be a k—ideal of I'—semiring M. If any ideals I, J of T —semiring M with
{0} #ITJ C AandI C Aor J C Athen Ais a k—weakly prime ideal of T —semiring M.

Proof. Let A be a k—ideal of I'—semiring M and ideals I, .J of I'—semiring M with {0} #*
ITJC Aand I C AorJ C A. Suppose 0 # zay € A.

=(zay)l’'M C A and MT'(zay) C A
=(xayI’ M)I'(MTzay) C A
=a2I'MT MTI'y C A.

Since zI'M and MTy are right ideal and left ideal respectively,by Theorem 3.12, 2I'M C A or
MTy C A. Since M is a I'—semiring with unity, there exist «, 8 € T such that zal = x and
1By = y. Therefore x € A ory € A. Hence A is a k—weakly prime ideal of I'—semiring M. O

Theorem 3.14. Let I be a k—weakly prime ideal but not a k—prime ideal of I'—semiring M. If
aab = 0, for some a,b € M\ I, € T then aal = Iaa = {0}.

Proof. Let I be a k—weakly prime ideal but not a k—prime ideal of '—semiring M and aad = 0,
for some a,b € M\ I,a €T.

Suppose aai; # 0, for some 41 € I1,« € I'. Then 0 # ac(b + 1) € 1.

Since I is a k—weakly prime ideal, we have a € T orb+1i; € |

= a € I orb € I, which is a contradiction.

Hence aal = {0}. Similarly we can prove Iaa = {0}. |

Theorem 3.15. Let I be a k—ideal of I'—semiring M.If I is a k—weakly prime ideal but not a
prime ideal then IT'T = {0}.

Proof. Let I be a k—ideal of I'—semiring M.Suppose [ is a weakly prime ideal but not a prime
ideal and IT'T # {0}. Then there exist i1,iy € I, € T such that i;iy # 0 and aad = 0 for
some a,b ¢ I. By Theorem 3.14, we have 0 # (a + i1)a(b +4p) = i1aip € 1
=a+ii€lorb+irel

= a € I orb € I, which is a contradiction.

Hence IT'T = {0}. ]
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The following example shows that an ideal I in a I'—semiring M satisfying IT'I = {0}. need
not be a weakly prime ideal

0
Example 3.16.Let M = 8 0 ’a €z p and T = M. Then M is a commutative
0 0 6 0
I'—semiring and I = 0 o 0 o is the ideal such that IT'T = {0}.

20 1 0 30 2 0 30

We have € 1. But , ¢ I
0 0 0 0 0 0 0 0 0 0

Hence [ is not a weakly prime ideal of I'—semiring M.

Definition 3.17. An element x in a I'—semiring M is said to be nilpotent if there exist a positive
integer n, o € I" such that (za)"z = 0.

Theorem 3.18. Let A be a k—weakly prime ideal of I'—semiring M and A be not a prime. Then
rad(A) = rad(0).

Proof. Let A be a k—weakly prime ideal of I'—semiring M and A not be a prime.

Clearly rad(0) C rad(A). By Theorem 3.15, we have AT A = 0.

= A C rad(0).

= rad(A) C rad(0).

Hence rad(0) = rad(A). i

Nil M denotes the set of all nilpotent elements of M.

Corollary 3.19. Let I be a k—weakly prime ideal of T —semiring M. If I is not a prime ideal of
M then I C Nil M.

Theorem 3.20. Every k—ideal of T'—semiring M is a k—weakly prime ideal if and only if for
any ideals A, B of I'—semiring M, we have ATB = A orAT'B = B or AT'B = {0}.

Proof. Suppose every k—ideal of '—semiring M is a k—weakly prime ideal.
Let A, B be ideals of I'—semiring M and AI'B # {0}. Then AI'B is a k—weakly prime ideal.
{0} # ATB C AI'B
= A=AT'Bor B = AI'B.
Converse is obvious. O

Corollary 3.21. Every k—ideal of I’ —semiring M is a k—weakly prime ideal. Then any ideal A
of T—semiring M is ATA = A or ATA = {0}.

Theorem 3.22, Let I be a k—weakly prime ideal and not a prime ideal of commutative I —semiring
M. If v € NilM then either x € I or 2I'l = {0}.

Proof. Let I be a k—weakly prime ideal and not a prime ideal of commutative I'—semiring M,
x € NilM and 2I'T # {0}. Then there exist a least positive integer n and o € I such that
(za)™z = 0.

0 # za(i + (va)" z) = zai € I, for some i € 1.

Suppose = ¢ I theni + (za)" 'z € [ = 0+# (za)" 'z el =z €I

Therefore for each x € NilM, zI'T # {0} then = € I.

Suppose z ¢ I, for some z € NilM. Then there exists the least positive integer n such that
(za)"z = 0.

Suppose iaz # 0, forsomea € T'and i € 1.

= ((2)" 22 +i)az =iz # 0

= (za)" 2z4+iclorzel.

In both cases, we have a contradiction. Hence IT'z = {0}. ]

Definition 3.23. An ideal I of I'—semiring M is said to be semiprime if I = rad(I).

Theorem 3.24. A semiprime ideal I of commutative I'—semiring M if and only if the quotient
T'—semiring M /I has no nonzero nilpotent elements.
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Proof. Suppose I is a semiprime ideal of commutative I'—semiring M. Let a + rad(I) be a
nilpotent element of M /rad(I). Then

(a+rad(I)a)""Y(a + rad(I)) = rad(I), for some positive integer n, a € T
=(ax)"a +rad(Il) = rad(I)
=(aa)"a € rad(I)
=(aa)™"a € I, for some positive integer m
=a € rad(l)
=a+ rad(I) = rad(I).

Hence M/, 4q(r) has no nonzero nilpotent elements.
Conversely suppose that M /I has no nonzero nilpotent elements and a € rad([I). Then

(ac)™a € I, for some positive integer n,« € T’
=(aa)"a+1=1
=(a+Da)" (a+1)=1
=q + I is a nilpotent of M /I
=a+1=1
=acl.

Therefore rad(I) C I. We have I C rad(I). Hence I = rad(I). Thus I is a semiprime ideal of
I'—semiring M. O

Theorem 3.25. Let I be a proper k—ideal of I —semiring M. Then I is a k—weakly prime ideal
of M ifandonly if (I :x) =1U(0:x),forz € M\ I.

Proof. Let I be a proper k—weakly prime ideal of I'—semiring M. Clearly IU (0 : z) C (I : z).
Lety € (I : z). Then yax € I, forall a € T
Suppose yax # 0, forall « € I',x ¢ I. Then y € I, since I is weakly prime ideal.
Suppose yax = 0, forall « € T". Then y € (0 : x). Therefore (1 : ) CIU(0: x).
Hence forx € M\ I,(I:z)=1U(0: x).

Conversely suppose that 0 # zay € [,a € Tandz € M \ I. Then y € (I : z) and hence
y € I. Therefore I is a k—weakly prime ideal of M. O

The following corollary follows from Lemmas 3.8 , 3.9, 3.11 and Theorem 3.25

Corollary 3.26. If I is a k—weakly prime ideal of T —semiring M. Then (I : x) =1Tor (I :x) =
(0:x),forze M\ I.

Theorem 3.27. Let A be a k—weakly prime ideal of T'—semiring M and A be not a prime. Then
AT rad(0) = {0}.

Proof. Let A be a k—weakly prime ideal of I'—semiring M, A be not a prime and aab €
AT rad(0), where a € A,a € T'and b € rad(0). If b € A then aab € ATA = {0}. Hence
aab = 0.

Suppose b ¢ A then by Corollary 3.26, we have (A :b) = (0:b) or (A:b) = A.

Suppose (A :b) =(0:b). = aabec AC (A:b)=(0:0)

= aab=0,foralla €T.

So suppose (A : b) = A. Since b € rad(0), there exists n € Z* such that (ba)™b = 0, for all
aecl

And suppose (ba)" b # 0. Then 0 # (ba)" b€ (A:b) = A.

Since A is a weakly prime, b € A, which is a contradiction.

Hence AT rad(0) = {0}. i

Theorem 3.28. Let M be a I'—semiring and A, B be k—weakly prime ideals but are not prime.
Then AT B = {0}.
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Proof. Let M be a I'—semiring, A, B be k—weakly prime ideals but are not prime and aab €
AI'B,wherea € A,a €I',b € B.

Since BT B = {0}, we have B C rad(0). Then aab € ATB C AT'rad(0) = {0}.

Therefore aab = 0. Hence AT' B = {0}. o

The following theorems proofs are easy so we omit the proofs

Theorem 3.29. If f : M — N is a I'—semiring homomorphism of I'—semirings M and N and
P is a k—ideal of T —semiring M then f(P) is a k—ideal of T —semiring N.

Theorem 3.30. If f : M — N is a I'—semiring homomorphism of I'—semirings M and N and
P is a k—ideal of T—semiring N then f~'(P) is a k—ideal of T—semiring M.

Theorem 3.31.If f : M — N is a I'—semiring homomorphism of I'—semirings M and N
and P is a k—weakly prime ideal of T—semiring N then f~1(P) is a k—weakly prime ideal of
I'—semiring M.

Proof. Suppose f : M — N is aI'—semiring homomorphism of I'—semirings M and N and P
is a k—weakly prime ideal of T—semiring N. By Theorem 3.30, f~!(P) is a k—ideal.
Let 0 # zay € f~1(P),z,y € M, € I'. Then

0# f(ray) € P
=0 # f(z)af(y) € P
=f(z) or f(y) € P, since P is a k—weakly prime ideal

=z c fY(P)orye f1(P).
Hence f~!(P) is a k—weakly prime ideal of I'—semiring M. O

Theorem 3.32. Let A be a k—weakly prime ideal of T'—semiring and A be not a prime. If I and
J are ideals of M with {0} # IT'J C A then either I C A or J C A.

Proof. Let A be a k—weakly prime ideal of I'—semiring and I, J be ideals of M with {0} #
ITJ C AsuchthatI ¢ Aand J € A.

Suppose A is not a prime then AT A = {0}. Letaab € ITJ,ae I,be J,a €T.

First suppose thata € I\ A and aaJ C A, forall o € T

Sothat J C (A :a) C A, since A is a k—weakly prime ideal.

Since J € A,aaJ ={0},foralla €T.

Therefore aab = 0, forall « € T'.

Ifae ANI,be Athenaabe AT'A = {0}.

Similarly if b € J \ A, we can prove aab = 0.

Therefore IT'.J = {0}, which is a contradiction.

Hence either I C Aor J C A. O

Theorem 3.33. Let M be a I'—semiring and {A;};c1 be a family of k—weakly prime ideals that
are not prime. Then A = N{A; }ier is a k—weakly prime ideal of M.

Proof. Let M be al'—semiring , { A; };c; be a family of k—weakly prime ideals that are not prime
and A = N{A,;};cr. By Theorem 3.18, we have rad(A4;) = rad(0) # M and A; C rad(0) # M.
Hence A is a proper ideal of M.

Suppose that a,b € M such that 0 # aab € Abutb ¢ A.

Then there exists s € I such thatb ¢ Ag and 0 # aab € A C rad(As) = rad(0) = rad(4;),
forallie I, a €T.

Then there exists n such that 0 # (aa)™a € A;, forall i € I, o € T and therefore a € A;, for all
i € I, since A; is a k—weakly prime ideal.

Hence a € A. Thus A is a k—weakly prime ideal of M. |
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4 k—weakly primary ideals

In this section, we introduce the notion of primary ideal and k—weakly primary ideal of I'—semiring.

Definition 4.1. An ideal P of ['—semiring M is said to be primary ideal of M if zay € P,« €
I'z,y € M thenz € P or (y3)"y € P, for all 3 €T for positive integer .

Definition 4.2. An ideal P of I'—semiring M is said to be weakly primary ideal of M if 0 #
zay € P,a €Tl z,y € Mthenx € Por (y3)"y € P, forall 3 €T, n is a positive integer.

Definition 4.3. A k—ideal I of I'—semiring M is called a k—weakly primary ideal if [ is a
weakly primary ideal.

Theorem 4.4, Let I be a proper k—ideal of T'—semiring M. Then I is a k—weakly primary ideal
of M ifand only if (I : x) =I1U(0: ), forz € M \ rad(I).

Proof. Let I be a proper k—weakly ideal of ['—semiring M and z € M \ rad(I).

Clearly TU (0: ) C (I : z). Suppose y € (I : z).

Then zay € I, forall a € T

If zay # 0, forall « € T', then y € I, since [ is a k—weakly primary ideal of M.

If zay =0, forall« € T'theny € (0 : z).

Therefore (I :z) CITU(0: z).

Hence for x € M\rad(I), (I : z) = TU(0 : z). Conversely Suppose that 0 # zay € rad(I),a €
I'and x € M \ rad(I). Then y € (I : z) and hence y € I. Therefore I is a k—weakly primary
ideal of M. O

The following corollary follows from Lemmas 3.8, 3.9, 3.11 and Theorem 4.4

Corollary 4.5. If I is a k—weakly primary ideal of T—semiring M. Then (I : z) = I or
(I:2)=(0:2),forxze M\ rad(l).

Lemma 4.6. Let I be a k—primary ideal of T —semiring M. If a € I and a + b € rad(I) then
b e rad(I).

Proof. Let I be a k—primary ideal of I'—semiring M,a € I and a + b € rad(I).

Then there exists a positive integer n such that {(a + b)a}"(a +b) = ¢+ (ba)"b € I,

where ¢ € I, for all & € I" and hence (bo)"b € I, forall € T'.

Hence b € rad(I). o

Theorem 4.7. Let I be a k—weakly primary ideal of I'—semiring M. If I is not a primary then
ITT = {0}

Proof. Let I be a k—weakly primary ideal of I'—semiring A/ and I be not a primary.
Suppose IT'T # {0}. Then there exist z,y € I and « € T such that zay € I.

If zay = 0,zal C I then there exists d € I such that zad # 0

and hence zad = zad + ray = za(d + y).

Therefore z € I or ((d+ y)y)"(d+y) € I, forally € T.

Suppose x ¢ I. Then d + y € rad(I) and hence y € rad(I), by Lemma 4.6.
Suppose zal = {0}, yal = 0 and Il # {0}.

Then there exist e, f € I suchthateaf #0,a €T,0 £ caf = (z+e)aly+ f) el
=z+eclor((y+f)V)"(y+f)el

=szelory—+ ferad().

= zeloryerad(l).

= [ is a primary, which is a contradiction.

Hence IT'I = {0}. ]

Theorem 4.8. Let A be a k—weakly primary ideal of I —semiring M and A be not a primary.
Then rad(A) = rad(0).

Proof. Let A be a k—weakly primary ideal of I'—semiring M and A not be a primary.

rad(0) C rad(A). By Theorem 4.7, we have AT A = {0}.

= A C rad(0).

= rad(A) C rad(0).

Hence rad(0) = rad(A). i
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The following theorem can be verified easily.

Theorem 4.9. Let M and S be I'y and I'ysemirings respectively. If we define

(1).(z,y) + (z,w) = (z + 2,y + w)

(#1).(z,9) (o, B) (2, w) = (zaz,yBw), for all (z,y), (z,w) € M x S and (o, B) € I'y x ['5. Then
M x Sis T’y x I'y—semiring.

Definition 4.10. Let M x S be aI'; xI';—semiring. Anelement (1,1) € M xS is said to be unity
of M x S if for each (a,b) € M x S there exists (a, 3) € I'y x I'; such that (a,d)(a, 8)(1,1) =

(a,b).

Proof of the following theorem which is similar to corresponding result in ring theory,so we
omit the proof

Theorem 4.11. Let M = My x M, where each M;,i = 1,2 be a commutative I'—semiring with

unity element. Then
(i). If I1 is an ideal of M then Rad(I; X M,) = Radl; x M.
(ii). If I is an ideal of My then Rad(M; x I) = My x Radl,.

Theorem 4.12. Let M = M, x My and " =Ty x Iy, where M; is a commutative I';—semiring
with unity, (i = 1,2). If Py is a primary ideal of T'1semiring M; then Py, x M, is a primary ideal
of I'y x I'y—semiring of M.

Proof. Let M = M; x My and I = T’y x I';, where M; is a commutative I'; —semiring with
unity, ( = 1,2) and P is a primary ideal of Iy —semiring M.
Let (a,b)(a, 8)(c,d) = (aac,bBd) € Py x My, where (a,b), (c,d) € My x My
and(a, 8) € I'; x I,
=aac € P;
=a € Pj or ¢ € RadPy, since P is a primary
=(a,b) € P, x M, or (¢,d) € RadP; x My = Rad(P, x M,), by Theorem 4.11.

Thus P; x M, is a primary ideal of M. O

Corollary 4.13. Let My x M, where M; is a commutative T;semiring with unity, (i = 1,2). If
P, is a primary ideal of T'ysemiring M, then My x P is a primary ideal of I’y x I'y—semiring
M1 X Mz.

Theorem 4.14. Let M = M, x My and T =T x I'5.
where M, is a commutative T;—semiring with unity, (i = 1,2.). If P is a weakly primary ideal
of T—semiring M then either P = {(0,0)} or P is a primary.

Proof. Let P = Py x P; be a weakly primary ideal of M. Suppose that P = {(0,0)}. Then there
exists an element (a,b) € P with (a,b) # (0,0).
=(0,0) # (a,1)(«, B)(1,0) € P, (, B) € 'y x I'.
=(a, 1) or (1,b) € RadP.
If (a,1) € Pthen P = P, X M. Let cad € Py when ¢,d € My, €Ty
(0,0) # (¢, 1)(a, B)(d, 1)
(cad,181) € P
= (¢,1) € Por(d,1) € RadP = Rad(P; x M) = RadP; x M.
=ce€ Pord € RadP;.

Therefore P is a primary. Hence by Theorem 4.12, P is a primary.
Now (1,b) € RadP = Rad(P; X P,) = P; X RadP;.

= (1,(68)""'b) € P, €T.So P = M; x P5.

Therefore P is a primary.Hence by Corollary 4.13, P is a primary.
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Theorem 4.15. Let M be a I'—semiring and {A;};c1 be a family of a k—weakly primary ideals
that are not primary. Then A = N{ A;};c1 is a k—weakly primary ideal of M.

Proof. Let M be a I'—semiring,{ A; };cs; be a family of k—weakly primary ideals that are not
prime and A = N{A4;}ier.

By Theorem 4.8, we have rad(A;) = rad(0) # M for each i, so A is a proper ideal of M.
Suppose that a,b € M such that 0 # aab € Aand b ¢ A.

= there exists s € I, such that b ¢ A, and 0 # aab € A,

= a € rad(As) = rad(0) = rad(A;), foralli € T

= there exists n such that 0 # (aa)™a € A;, foralli € T

= (aa)"a € A.

Thus A is a k—weakly primary ideal of M. O
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