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Abstract. In this paper, some results given by Martindale III and Rickart are generalized

to the G−rings. Using generalized Peirce decomposition of a G−ring given by Mukherjee, it

is obtained that any multiplicative isomorphism of G−ring M onto an arbitrary G−ring N is

additive.

1 Introduction and Preliminaries

LetR and S be arbitrary associative rings (not necessarily with identity elements). A one-to-

one mapping σ ofR onto S such that σ(xy) = σ(x)σ(y) for all x, y ∈ R is called a multiplicative

isomorphism of R onto S. The question of when a multiplicative isomorphism is additive has

been considered by Rickart [8] and also by Johnson [3]. Martindale III is generalized the main

theorem of Rickart's paper in [6] and removed a condition from the theorem. Martindale III,

using Peirce decomposition of a ring, showed that any multiplicative isomorphism of R onto an

arbitrary ring S is additive.

The concept of a G−ring was introduced by Nobusawa in [5] as a generalization of the ring

theory and generalized by Barnes [1] as follows: Let (M,+) and (G,+) be additive Abelian

groups. If there exists a mapping M × G×M → M ( the image of (a, α, b) is denoted by aαb
where a, b ∈ M and α ∈ G ) satisfying the conditions

(i) (x+ y)αz = xαz + yαz,
(ii) xα(y + z) = xαy + xαz,
(iii) x(α+ β)z = xαz + xβz,
(iv) xα(yβz) = (xαy)βz

for all x, y, z in M and α, β in G, then M is called a G-ring.

Every ring is a G−ring and many notions on the ring theory are generalized to the G−ring.

Mukherjee [7] is generalized and extended some results on G−rings obtained by some re-

searchers.

In this paper, some results given byMartindale III and Rickart are generalized to the G−rings.

Using generalized Peirce decomposition of a G−ring given by Mukherjee, it is obtained that any

multiplicative isomorphism of G−ring M onto an arbitrary G−ring N is additive.

A G−ringM is said to be a prime gamma ring if and only if aGMGb = 0 for a, b ∈ M implies

a = 0 or b = 0 and M is called completely prime if and only if aGb = 0 implies a = 0 or b = 0.

Theorem 1.1. [9] LetM be a prime gamma ring. U be a nonzero ideal ofM. Then, for a, b ∈ M,
(i) if UGa = 0 or aGU = 0 then a = 0,
(ii) if aGUGb = 0 then a = 0 or b = 0.
An element e in a G-ring is said to be an idempotent, if there exists γ ∈ G such that eγe = e.

In this case we also say that e is γ-idempotent.

The following result can be termed as generalized Peirce Decomposition of a gamma ring

M.

Theorem 1.2. [7] If e is an idempotent of M then

M = eγMγe⊕ eγMγ(1− e)⊕ (1− e)γMγe⊕ (1− e)γMγ(1− e).

In this Theorem, taking e1, e2 instead of e and 1− e, respectively, we can write the Peirce
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Decomposition of a gamma ring M as

M = e1γMγe1⊕e1γMγe2⊕e2γMγe1⊕e2γMγe2.

Then letting Mij= eiγMγej , we may write M as

M = M11⊕M12⊕M21⊕M22.

It is also known that eiγej= ei, if i = j, and eiγej= 0, if i ̸= j.

2 The Main Part

De�nition 2.1. Let M and N gamma rings. A one-to-one mapping φ of M onto N such that

φ(xγy) = φ(x)γφ(y) for all x, y ∈ M will be called a multiplicative isomorphism of M onto

N .

In this part, e is an idempotent element ofM such that e ̸= 0 and e ̸= 1 (M need not have an

identity) and φ is a multiplicative isomorphism of M onto N . Also e1= e and e2= 1− e.
Theorem 2.1. Let M and N be two G-rings. Then φ(0) = 0.

Proof. Since 0 ∈ N and φ is onto, φ(x) = 0 for some x ∈ M. Then we have

φ(0) = φ(0γx) = φ(0)γφ(x) = 0.

Theorem 2.2. Let M be a prime G-ring, N be a G-ring. Then

(i) φ(x
11
+x12) = φ(x

11
) + φ(x

12
),

(ii) φ(x
11
+x21) = φ(x

11
) + φ(x

21
),

(iii) φ(x
22
+x12) = φ(x

22
) + φ(x

12
),

(iv) φ(x
22
+x21) = φ(x

22
) + φ(x

21
)

where xij∈ M ij .

Proof. (i) For x11, x12∈ M, since φ(x
11
) + φ(x

12
) ∈ N and φ is onto, we have an element

y ∈ M such that φ(y) = φ(x
11
) + φ(x

12
). Taking x11= e1γmγe1, x12= e1γmγe2 and

a11= e1γnγe1, for a11∈ M 11,where e1 is an idempotent element and e2= 1− e1,we have (x11+
x12)γa11 = x11γa11 + x12γa11 = x11γa11 since x12γa11 = 0. Then we get, ,

φ(yγa
11
) = φ(y)γφ(a

11
)

= (φ(x
11
) + φ(x

12
))γφ(a

11
)

= φ(x
11
)γφ(a

11
) + φ(x

12
)γφ(a

11
)

= φ(x
11
γa11) + φ(x

12
γa11)

= φ((x
11
+x12)γa11) + φ(0)

= φ((x
11
+x12)γa11).

Hence we obtain yγa11 = (x11+ x12)γa11 since φ is one to one. Similarly we can see

that yγa12= (x
11
+ x12)γa12 for a12∈ M12, yγa21= (x

11
+x12)γa21 for a21∈ M21, yγa22= (x

11
+

x12)γa22 for a22∈ M 22. Hence since
a11+a12+a21+a22= a ∈ M, it is obtained that (y − (x

11
+x12))γM = 0. Since M is a prime

G-ring, by Theorem 1.1, we have y − (x
11
+x12) = 0 or y = x11+ x12. That is

φ(x11 + x12) = φ(x
11
) + φ(x

12
).

(ii) It is obtained Mγ(y − (x
11
+x12)) = 0 with similar operations. Since M is a prime G-

ring, by Theorem 1.1, we get φ(x
11
+ x21) = φ(x

11
) + φ(x

21
), consequently.

(iii) and (iv) is can be seen similarly.

Theorem 2.3. Let M be a prime G-ring, N be a G-ring. Then

φ(u
12
+v12) = φ(u

12
) + φ(v

12
)

for all u12, v12∈ M12.



310 Kenan Ça�glar DÜKEL and Y�lmaz ÇEVEN

Proof: Since φ(u
12
) + φ(v

12
) ∈ N and φ is onto, we have an element y ∈ M such that

φ(y) = φ(u
12
) + φ(v

12
). For a11∈ M11, taking a11= e1γnγe1, u12= e1γmγe2 and v12= e1γrγe2,

we have u12γa11= 0 and v12γa11= 0. Hence

φ(yγa
11
) = φ(y)γφ(a

11
)

= (φ(u
12
) + φ(v

12
))γφ(a

11
)

= φ(u
12
)γφ(a

11
) + φ(v

12
)γφ(a

11
)

= φ(u
12
γa11) + φ(v

12
γa11)

= φ(0) + φ(0)

= 0.
Since φ is one to one, we get yγa11= 0. Similarly, we see that yγa12= 0 for a12∈ M12. Also

for a21= e2γkγe1∈ M21, using the fact that e1γa21= 0, e1γv12γa21= v12γa21 and u12γv12γa21= 0,
we obtain

φ(yγa
21
) = φ(y)γφ(a

21
)

= [φ(u
12
) + φ(v

12
)] γφ(a

21
)

= [φ(e
1
) + φ(u

12
)] γ [φ(a

21
) + φ(v

12
γa21)]

= φ(e
1
+u12)γφ(a21+v12γa21), by Theorem 2.2 (i) and (ii)

= φ((e
1
+u12)γ(a21+v12γa21))

= φ [(u12 + v12)γa21] .

Hence since φ is one to one, we get yγa21= (u
12
+v12)γa21. Similarly we see that

yγa22= (u
12
+v12)γa22. Therefore, it follows that (y − (u

12
+v12))γM = 0, and so by Theorem

1.1., y = u12+v12, that is φ(u12 + v12) = φ(u
12
) + φ(v

12
).

Theorem 2.4. Let M be a prime G-ring, N be a G-ring. Then φ(u
11
+v11) = φ(u

11
) + φ(v

11
)

for all u11, v11∈ M11.
Proof. Since φ(u

11
) + φ(v

11
) ∈ N and φ is onto, we have an element y ∈ M such that

φ(y) = φ(u
11
) + φ(v

11
). For a12∈ M12, we get, since u11γa12, v11γa12∈ M12,

φ(yγa
12
) = φ(y)γφ(a

12
)

= [φ(u
11
) + φ(v

11
)] γφ(a

12
)

= φ(u
11
)γφ(a

12
) + φ(v

11
)γφ(a

12
)

= φ(u
11
γa12) + φ(v

11
γa12)

= φ(u
11
γa12+v11γa12), by Theorem 2.3.

Since φ is one to one, this shows that yγa12= u11γa12+v11γa12. That is, (y − (u
11
+v11))γa12= 0

or (y − (x
11
+u11))γM 12

= 0.Now let y = y11+y12+y21+y22. Then since e1γu11= u11, e1γv11= v11,
e1γy11= y11, e1γy12= y12, e1γy21= 0 and e1γy22= 0, we obtain

φ(y) = φ(u
11
) + φ(v

11
)

= φ(e
1
γu11) + φ(e

1
γv11)

= φ(e
1
)γφ(u

11
) + φ(e

1
)γφ(v

11
)

= φ(e
1
)γ [φ(u11) + φ(v11)]

= φ(e
1
)γφ(y)

= φ(e
1
)γφ(y

11
+y12+y21+y22)

= φ [e1γ(y11 + y12 + y21 + y22)]

= φ(y
11
+y12).

Since φ is one to one, we have y = y11+y12. Furthermore, we get

φ(y) = φ(u
11
) + φ(v

11
)

= φ(u
11
γe1) + φ(v

11
γe1), since u11γe1= u11, and v11γe1= v11

= φ(u
11
)γφ(e

1
) + φ(v

11
)γφ(e

1
)

= (φ(u
11
) + φ(v

11
))γφ(e

1
)

= φ(y)γφ(e
1
)

= φ(y
11
+y12)γφ(e1)

= φ((y
11
+y12)γe1)
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= φ(y
11
γe1+y12γe1)

= φ(y
11
), since y12γe1= 0.

Since φ is one to one, we have y = y11∈ M11. Therefore y − (x
11
+u11) ∈ M

11
. Then, by

theorem 1.1, (y − (x
11
+u11))γM 12

= 0 implies y − (u
11
+v11) = 0, that is, y = u11+v11. So we

obtain that φ(u
11
+v11) = φ(u

11
) + φ(v

11
) for all u11, v11∈ M11.

Theorem 2.5. Let M be a prime G-ring, N be a G-ring and φ : M → N be multiplicative

isomorphism. Then φ is additive on M11+M12.
Proof. Let x, y ∈ M 11+M12. For any a, b ∈ M11 and c, d ∈ M12, we have x = a+c, y = b+d.
Then
φ(x+ y) = φ((a+ c) + (b+ d))

= φ((a+ b) + (c+ d)), a+ b ∈ M11 and c+ d ∈ M12

= φ(a+ b) + φ(c+ d), by Theorem 2.2. (i), since a+ b ∈ M11,

c+ d ∈ M12

= φ(a) + φ(b) + φ(c) + φ(d), by Theorem 2.4. and Theorem 2.3.

= φ(a+ c) + φ(b+ d), by Theorem 2.2.(i)

= φ(x) + φ(y).

Theorem 2.6. LetM be a prime G-ring, N be a G-ring. Then any multiplicative gamma isomor-

phism φ of M onto N is additive.

Proof: Since φ(x) + φ(y) ∈ N for x, y ∈ M and φ is onto, we have an element z ∈ M such

that φ(z) = φ(x) + φ(y).
Let t ∈ eγM. Since

eγM = e1γM

= e1γ(e1γMγe1+e1γMγe2+e2γMγe1+e2γMγe2)

= e1γMγe1+e1γMγe2
= M11 +M12,

we obtain
φ(tγz) = φ(t)γφ(z)

= φ(t)γ(φ(x) + φ(y))

= φ(t)γφ(x) + φ(t)γφ(y)

= φ(tγx) + φ(tγy)

= φ(tγx+ tγy), by Theorem 2.5.

So, since φ is one-to-one, we have tγz = tγx+ tγy. Then tγ(z − (x+ y)) = 0 or

eγMγ(z − (x+ y)) = 0. By Theorem 1.1. (ii), we have z = x+ y. Then we obtained that

φ(x+ y) = φ(x) + φ(y) for all x, y ∈ M.
De�nition 2.2. A gamma ring M is called a Boolean gamma ring if mγm = m for all m ∈ M
,γ ∈ G.
Theorem 2.7. Let M be a Boolean gamma ring. Then m = −m for all m ∈ M.
Proof. Since M Boolean gamma ring, (m+m)γ(m+m) = m+m. Then we have

m+m = (m+m)γ(m+m)

= mγm+mγm+mγm+mγm

= m+m+m+m.
Using the cancellation rule in the gamma ring M , we get m+m = 0 or m = −m.

Theorem 2.8. If M is a Boolean gamma ring, then M is commutative.

Proof. Since M Boolean gamma ring, (m+ n)γ(m+ n) = m+ n. Then we have

m+ n = (m+ n)γ(m+ n)

= mγm+mγn+ nγm+ nγn

= m+mγn+ nγm+ n.
Using the cancellation rule in the gamma ring M , we get mγn+ nγm = 0. Hence, by The-

orem 2.7, we obtain mγn = nγm.

Theorem 2.9: Let M be a Boolean G−ring and N arbitrary gamma ring. Then any multi-

plicative isomorphism φ of M onto N is additive.

Proof: Let φ multiplicative mapping from M onto N. Then N is also a Boolean gamma ring.
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Let x and y arbitrary elements in M. Since φ(x) + φ(y) ∈ N and φ is onto, there exist m ∈ M
so that φ(m) = φ(x) + φ(y). The following equations can be obtained using mapping φ is

multiplicative,

φ(xγm+ yγm) = φ((x+ y)γm)

= φ(x+ y)γφ(m)

= φ(x+ y)γ(φ(x) + φ(y))

= φ(x+ y)γφ(x) + φ(x+ y)γφ(y))

= φ(xγx+ yγx) + φ(xγy + yγy)

= φ(x+ yγx) + φ(xγy + y),

(1)

φ(xγm) = φ(x)γφ(m)

= φ(x)γ(φ(x) + φ(y))

= φ(xγx) + φ(xγy)

= φ(x) + φ(xγy),

(2)

and similarly

φ(yγm) = φ(y) + φ(xγy). (3)

Our aim is to show φ(x+ y) = φ(x) + φ(y) for all x, y ∈ M . In the above equalities, if xγy = 0

(so yγx = 0 by commutativity), we have for (1), (2) and (3)

φ(xγm+ yγm) = φ(x) + φ(y) = φ(m), (4)

φ(xγm) = φ(x), (5)

φ(yγm) = φ(y) (6)

respectively. Since the mapping φ is one-to-one, equations (4), (5) and (6) imply xγm+ yγm = m,

xγm = x and yγm = y. It follows that m = x+ y and thus we obtain

φ(x+ y) = φ(x) + φ(y). (7)

If xγy = y, then we get the following for (1), (2) and (3), respectively,

φ(xγm+ yγm) = φ(x+ y) + φ(y + y)

= φ(x+ y) + φ(0) by Teorem 2.7.

= φ(x+ y),

(8)

φ(xγm) = φ(x) + φ(y) = φ(m), (9)

φ(yγm) = φ(y + y) = 0. (10)

Since the mapping is one-to-one, equations (8), (9) and (10) imply

xγm+ yγm = x+ y, xγm = m and yγm = 0.Thus, since m = x + y, it follows that

φ(x+ y) = φ(x) + φ(y).
Now, x+ y can be written as x+ y = (x+ xγy) + (y + xγy) and also we have

(x+ xγy)γ(y + xγy) = 0 by Theorem 2.7. So, using the result of the �rst case in the above, we
obtain

φ(x+ y) = φ((x+ xγy) + (y + xγy)) = φ(x+ xγy) + φ(y + xγy). (11)

Furthermore, since xγ(xγy) = xγy and yγ(xγy) = xγy (by comutativity), using the result of

the second case in the above, we have

φ(x+ xγy) = φ(x) + φ(xγy), φ(y + xγy) = φ(y) + φ(xγy). (12)

Substituting the obtained equations in (12) to (11), we obtain

φ(x+ y) = φ(x) + φ(y)

for all x, y ∈ M .
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