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Abstract. New information inequalities on new generalized f- divergence measure in terms
of Relative Arithmetic- Geometric divergence and Renyi’s entropy have been derived for com-
paring two discrete probability distributions and further, some results for the Triangular discrim-
ination, Chi- square divergence and Relative J- divergence have been obtained.

1 Introduction

Without essential loss of insight, we have restricted ourselves to discrete probability distribu-
tions, so let '), = {P = (p1,p2,p3,.-»pn) : pi > 0,511 p; = 1}, n > 2 be the set of all
complete finite discrete probability distributions. If we take p; > O for some i = 1,2,3...,n,
then we have to suppose that 0f (0) = 0f (2) = 0.

For real, continuous, convex function f : (0,00) — (—o00,00) and P = (p1,p2,..,Pn),Q =
(q1,9; -, qn) € 'y, Jain and Saraswat [5] introduced the following new generalized f- diver-
gence measure

n
Pi+ g
Sr(P,Q) = ; 1.1
7 (P.Q) ;qu( 5 ) (L1
where p; and ¢; are probabilities. The advantage of this generalized divergence is that many
divergence measures can be obtained from this generalized measure by suitably defining the
function f.

Now we are stating the followings theorems for evaluating the new information inequalities in

the next section.

Theorem 1.1. (Cerone etc. all [1]) Let [ : [a,b] C (0,00) — (—00,00) be an absolutely
continuous function on [a, b] with b > a > 0. Then for any x € [a, b], we have

‘f(x) (b—a)—/a @dt

A—
<2 iog g+ 22170 11, (12)

T

where B = B (a,b) = Vaband A = A(a,b) = 25> are Geometric and Arithmetic mean of a
and b respectively, | is the identity function, i.e., | (x) = z V x € [a,b] and

1£1= Fllow = ess sup | (f1— ) ()| < oo.

te€(a,b
The constant 2 is best possible.

Theorem 1.2. (Dragomir [3]) Let f : [a,b] — (—00,00) be continuous function on [a,b] and
differentiable on (a,b) with b > a and [a, b] not containing 0. Then for any x € [a,b], we have

|f(z) < [jﬁ (=)

I ,
Doa- it [ 1w 171 floe (3)
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The constant % is best possible.

Now we extend the work on Sy (P, Q) and derive the new information inequalities for com-
paring two discrete probability distributions in section 2, and also obtain interesting results in
section 3 by using these new inequalities. Several means, like: Arithmetic mean, Geometric
mean, Harmonic mean, Logarithmic mean, Centroidal mean, Root mean square, and Identric
mean are being used for summarize the calculations only.

2 New information inequalities

Now, we derive new information inequalities in terms of the Relative Arithmetic- Geometric
divergence and Renyi’s entropy separately by using theorems 1.1 and 1.2 respectively. The
results are on the similar lines to the results presented by (Cerone etc. all [1]) and (Dragomir
[3]) respectively.

Proposition 2.1. Let f : [, 3] C

Sunction on [, 8] with 0 < o <

involving Sy (P, Q) and G (P, Q)
f@ 4
t

(0,00) — (—00,00) be an absolutely continuous and convex
1 < B < oo,a # B. Then we have the following inequality
between probablllty distributions P,Q) € I'y,:

2
8-«

| <

S/ (P.Q) — - / G(Q.P)—logB+A—1][f1- flle.  @.1)

b —«
where Sy (P, Q) is defined by (1.1) and

Z (pz + Qz> pi + ¢ (2.2)
2p;

is the Relative Arithmetic- Geometric divergence (Taneja [8]).

Proof: Put ¢ = a,b = Bsuchthat 0 < a < 1 < 8 < oo with o # B and z = p’zjl'qb,
i=1,2...,nin 1nequa11ty (1.2), we obtain

pi+ai\2(B—a)g f(t
‘f( 24 > pit+ai / Fa

Now multiply the above expression by 2(’+q1) fori =1,2...,n, we obtain

af (pZ J;lql) —(pi + @) 2(51 ) /j fit)dt

i + Qi
[(pi +¢;) log (p zq_q ) — (pi + i) log B + 2Aq; — p; —Qi] 11 = flloo-

Di + q;

<2 Jlog P tog o PPy

1
<
S
Now sum over all from i = 1 to n and consider Y ;" ;p; = > .-, ¢; = 1, we get the desired

inequality (2.1) in terms of the Relative Arithmetic- Geometric divergence.

Proposition 2.2. Let f : [o, ] C (0,00) — (—00,00) be continuous convex function on [c, [3]
and differentiable on (o, 3) with0 < o < 1 < 8 < oo, # B. Then we have the following
inequality involving Sy (P, Q) and R, (P, Q) between probability distributions P, Q) € T',,:

Sp(P,Q) — /f t)dt
(2.3)
< zfajﬁ) Vs (R (P4 1 =) 1
where
:f:pi (2.4)
o 1

is the Renyi’s entropy of second order (Renyi [7]).
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Proof: Put ¢ = a,b = Bsuchthat 0 < a < 1 < 8 < oo with o # B and z = p;}—qb’
i =1,2...,n in inequality (1.3), we obtain

pi+Qi> 2Aq; 1 /ﬁ
— t) dt
‘f( 2¢; ) pita pB-a« af()

2(5—04)(11'
Pi + G

1 1 2
-+ Di + qi — 2AQz
4 4(8-a)q ( :

Now multiply the above expression by 2552 for i = 1,2...,n, we obtain

af <pz —;qz) —(pi + @) 2A(ﬂ1—a)/jf(t) dt

2
— (pi + qi + 2p; + 4A%q; — 4Ap; — 4A%’)
(B—a)” \G

Now sum over all from ¢ = 1 to n and consider > ;" ;p; = > .-y ¢; = 1, we get the desired
inequality (2.3) in terms of the Renyi’s entropy of second order.

<

11 = fllo-

<5_a

<ot 151~ Flse.

3 Results by using obtained new inequalities

In this section, we obtain new results on existing divergence measures; Triangular discrimination,
Chi- square divergence and Relative J- divergence, in terms of Relative Arithmetic Geometric
divergence and Renyi’s entropy of second order separately.

Result 3.1. For P,Q €', and 0 < a < 1 < B < oo with a # (3, we have

1
A(P,Q)—2<1+BZ—ZL)‘ <4F; sup g1 (t). 3.1
t€la,B]
2
A(P,Q)—A(A+L—2)‘<F2 sup g1 (t), (3.2)
where L= L (o, 8) = mgg& is the Logarithmic mean of o and 3 with o # B, also
1
F = 7Q[G(Q,P)—logB+A— 1]
and
p=bmol 1 (R, (P,Q)+4(A—1) -1}

and A (P, Q), sup,¢(, g5 91 (t) are evaluated below in the proof.
Proof: Let us consider

2 -
f@:“_”JE&w%ﬂu:mmw:%#mmﬂw:%.

Since f”(t) > 0Vt > 0and f(1) = 0, so f(t) is strictly convex and normalized function
respectively. Now for f (), we obtain

1 ¢ 1
5212 g —QA(P,Q), (33)

where A (P, Q) is the Triangular discrimination (Dacunha- Castelle etc. all [2]). Also

B Bt —1 2 By _9n 1 2 B
/ f(t)dt:/ t : ) dt:/ %dt: [’;—2t+1ogt}
o o o o (34)

=_(8-0a’)—2(B—a)+ (logB—loga).




NEW INFORMATION INEQUALITIES IN TERMS OFE... 317

8 B (4 _1)2 B2 _ B
&dt: udt: ﬂdt: t—l—Zlogt
o o 12 o 12 t

@ (3.5)
:(5_a)+6;a—2(logﬁ—loga).
Let
o T PR il NI C R VR
o () =11 DOl =|—5—t= —tlf—ll—{g(lw ifo<t<1’

and

2 ift> 1
/ t — 2 1 - )
i (1) {-é ifo<t<l

It is clear that ¢} (¢£) < 0in (0,1) and > O in (1, 00), i.e., g1 (¢) is strictly decreasing in (0, 1) and
strictly increasing in (1, 00), so

11— flloe = sup |(f'1—f) ()= sup g1(t)

te(a,B] te[a,B]
[ maz[g (o), g1 (8)) = 2la@Hn@=aB] o< < |
91(B) ifo=1
_ (1;0) + (5;1) + ‘(1;‘1) _ (5;1) ifo<a<l (3.6)
A1) ifa=1
e q2|L -1 ifo<a<l
= fa=1

where H = H (o, ) = % is the Harmonic mean of o and /3.
The results (3.1) and (3.2) are obtained after putting (3.3), (3.4), (3.5), and (3.6) in inequalities
(2.1) and (2.3) respectively.

Result 3.2. For P,Q € T',, and 0 < o < 1 < 8 < 0o with o # 3, we have

X* (P,Q) —4(A+ L -2)] <8F sup g:(t). (3.7)
t€la,B]
PE(PQ) —4(A+ R=2)| <28 swp o2 (1), (3:8)
tela,B
o 2(a2+a5+52) . .
where R = R(«,8) = ~ s the Centroidal mean of o and 8. Also I, F defined

earlier and x* (P, Q), SUP;¢(q,g] 92 (t) are evaluated below in the proof.
Proof: Let us consider
f@)=(t=1)°,t€(0,00), f (1) =0,f" (1) =2(t 1) and f" (1) =2.

Since f”(t) >0V ¢ > 0and f(1) = 0, so f(t) is strictly convex and normalized function
respectively. Now for f (¢), we obtain

1 ¢ (pi — Qi)2 1 2
P. = — _— = — P. .
Sy (P, Q) 2 ;:1 p aX (P,Q), (3.9)
where x? (P, Q) is the Chi- square divergence (Pearson [6]). Also

fo@)ﬁzzlf@1fdhz[f@22ﬁ+ndt:{it2+4

=%(ﬂ*a)(og—i-aﬂ—l—ﬂz)—(527a2)+(ﬂ7a).

B

Q

(3.10)
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3 Bt —1)? p § ’

/ %dt: (t tl) dt:/ <t+1—2)dt:[t2+10gt—2t}

. N o a 3.11)
62_(12

— + (log 8 —loga) —2 (B —a).

Let

t2—1 ift>1

g () = |(f'1-£) @) = z(tl)t(tl)z’:(tJrl)'t1|:{—t2+1 ifo<t<1’

and

9 (t) =

2t ift>1
-2t if0o<t<1’

It is clear that ¢} () < 0in (0, 1) and > O in (1, 00), i.e., g2 () is strictly decreasing in (0, 1) and
strictly increasing in (1, 00), so

1f1= fllo = sup [(f'1=f) ()| = sup g2(t)

te(a,B] t<[a,B]
~[maz(g (@), 5 (8)] = gz(a)+gz(ﬁ)+zlgz(a)—gz(ﬁ)l ifo<a<l
92 (B) if o =1 (3.12)

)

B -8 ifo<a<l
g -1 ifa=1

where S = S (o, 8) = 4/ # is the Root mean square of « and S.
The results (3.7) and (3.8) are obtained after putting (3.9), (3.10), (3.11), and (3.12) in inequali-
ties (2.1) and (2.3) respectively.

Result 3.3. For P,Q € T',, and 0 < o < 1 < 5 < 0o with o # 3, we have

I (a,
Jr (P, Q) —2log (gL,B)‘ <4F s[upm g3 (t). (3.13)
te|a,
2log I (a,
T (P,Q) — M ~logI (a?,8%)| < Fy sup 93 (1), (3.14)
te|a,

1
where I (o, 8) = é B2y , a # [ is the Identric mean of o« and (3. Also F, F; defined earlier

a

and J (P, Q), sup,¢, g 93 (t) are evaluated below in the proof.

Proof: Let us consider

il

F @)= (t—1)logt,t € (0,00),f(1)=0,f"(t) = % +logt and f” (t) 2

Since f”(t) >0V ¢t > 0and f(1) = 0, so f(t) is strictly convex and normalized function
respectively. Now for f (¢), we obtain

1 — i+ i 1
i=1 ¢

[\

where Jg (P, Q) is the Relative J- divergence (Dragomir etc. all [4]). Also

b3 B

8 8 1 ) t
/ f(t)dt:/ (t—l)logtdt—z{(t—l) logt—z—logt+2t}

52_a2

e

= % [(ﬂzlogﬁ—azloga) —2(BlogB — aloga) — +2(B—a)] )

(3.16)
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5 B (s 5
/fit)dt—/ (tlt)loydt—/ <logt—lotgt>dt

3.17)
1
:(,Blogﬂ—ozlogoz)—E(logﬁ—loga)log(aﬂ)—(ﬂ—a).
Let
t—1
5 (0 = 1(71- 1 O] =| (5 +loge) 1= (0 1 tog]
-1 1 ift>1
=|-1+¢t+logt| = i+ logt Tt_ ;
1—t¢—logt ifo<t<1
and

1+1 ift>1
() = ¢ - .
% (0 { —1oifo<t<l
It is clear that g4 (t) < 0in (0,1) and > Oin (1, 00), i.e., g3 (¢) is strictly decreasing in (0, 1) and

strictly increasing in (1, 00), so

1£1= fllo = sup [(f'1=f) ()= sup g5(t)

te[a,B] te[a,B]
[ mazgs (), g5 (8)] = 2Le@rnlmnG] fg < o < 1
93 (B) ifoa=1 (3.18)

—1+3+1logp ifa=1

The results (3.13) and (3.14) are obtained after putting (3.15), (3.16), (3.17), and (3.18) in in-
equalities (2.1) and (2.3) respectively.

_{|1—1ogB—A|+‘°g5;“’g“+ﬂga ifo<a<l
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