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Abstract. In the present paper, we discuss the additivity of n-multiplicative («, 3)-derivations,
for the class of associative rings satisfying Martindale’s conditions.

1 Introduction

Let R be an associative ring, «, 5 : R — R automorphisms and n be a positive integer > 2. A
mapping 6 : R — R is called a n-multiplicative («, 3)-derivation of R if

n

oaraz - an) = Zﬁ(al) - Blai—1)d(ai)a(ain) - - afan),

i=1

for arbitrary elements ay,--- ,a, € R. If 6(ajaz) = d(ar)a(az) + B(ar)d(az), for arbitrary
elements a,a; € R, we just say that § is a multiplicative («, 8)-derivation of 8. A mapping
0 : R — R is called a n-multiplicative derivation of ‘R if

§(araz---ap) = Z‘“ - 8(ag) - an,
i=1

for arbitrary elements ay,- - ,a, € R. If 6(ajaz) = d6(a1)az + a16(ayz), for arbitrary elements
ay,ap € R, we just say that  is a multiplicative derivation of *R.

The study of the question of when a n-multiplicative derivation is additive has become an
active research area in associative rings theory. The first result in this direction is due to Daif [3]
who obtained a pioneer result in 1991, which in his condition requires that the ring possess idem-
potents. It is worth noting that this question is not limited only to the scope of n-multiplicative
derivations. Over the last two decades, several papers have been published on the additivity of
various mappings on rings. For instance, in the papers [1, 2,4, 5, 6, 7, 8, 9] we can find important
investigations involving studies on the additivity of Jordan (triple) derivations, of Jordan (triple)
higher derivable mappings, of Jordan (triple) multiplicative maps and Jordan elementary maps.
Within the scope of n-multiplicative derivations Wang [10] considered this question, presenting
a unified technique for the discussion of the additivity of n-multiplicative maps on associative
rings with idempotents, satisfying Martindale’s conditions [9]. To this end, he proved the fol-
lowing main theorem:

Theorem 1.1. [10, Theorem 1.2.] Let R be an associative ring containing a family {e, }aca of
non-trivial idempotents which satisfies as follows:

(i) If x € R is such that xR = 0, then z = 0;

(ii) If x € R is such that e, Rx = 0 for all o € A, then x = 0 (and hence Rz = 0 implies
z=0);

(iii) Foreach o € Aand x € R if eque,R(1 — en) = 0, then eqze, = 0.
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Suppose that f : R x R — R is a mapping and k a positive integer satisfying:
(iv) f(x,0) = f(0,2) = 0;
(V) ur-uef(2,y) = flur - wpz, wun - ugy);
i) f(x,y)uius---up = f(rugug - up, yujug - - - ug);

for all elements x,y,uy,up, - ,u € R.
Then f(z,y) = 0, for all elements x,y € R.

As a consequence of this result, he obtained the following corollary:

Corollary 1.2. [10, Corollary 3.3.] Let R be an associative ring containing a family {es}aca
of non-trivial idempotents which satisfies as follows:
(i) If x € R is such that xR = 0, then z = 0;

(ii) If x € R is such that e, Rx = 0 for all a € A, then x = 0 (and hence Rx = 0 implies
z=0);

(iii) For each o € A and x € R if eqre,R(1 — e,) = 0, then ey ze, = 0.

Then any n-multiplicative derivation § of ‘R is additive.

In the present paper, we also investigate this same question and consider the same approach
as was taken by Wang. To this end, we generalized the Theorem 1.1 and as a consequence of this
fact we discuss the additivity of n-multiplicative («, 3)-derivations, for the class of associative
rings satisfying Martindale’s conditions.

Let R be an associative ring and § : Y& — 93 a mapping. According to Wang, let us set
f(z,y) = 6(z +y) — 6(x) — 6(y), for all elements z,y € R. Then, we see that f(z,y) = 0, if
and only if, § is additive. This observation also gives us a unified technique in the discussion of
the additivity of n-multiplicative («, 3)-derivations on associative rings.

2 The results

Let us state our main theorem.

Theorem 2.1. Let R be an associative ring containing a family {e~ }cr of non-trivial idempo-
tents and o, B : R — R be automorphisms which satisfy as follows:

(i) If x € R is such that xR = 0, then x = 0;

(ii) If x € R is such that B(e )Rz = 0 for all v € T', then x = 0 (and hence Rz = 0 implies
T = O);

(iii) For each v € T and = € R if Bley)vale,)a(R(1 — ey)) = 0, then
Bley)zaley) = 0.

Suppose that f : R x R — R is a mapping and k a positive integer satisfying:
(iv) f(2,0) = f(0,2) = 0;
(v) Blur)B(u2) -+ Blur) f(2,y) = fluwiug - upz, wyuz -+ ugy);
i) [z, y)aur)a(ug) - alur) = fruguy - up, yurun - - ug);

for all elements x,y,uy,up, - - ,u € R.
Then f(x,y) = 0, for all elements z,y € *R.

Following the techniques presented by Wang [10], we organize the proof of Theorem 2.1 in
a series of Lemmas which have the same hypotheses. We begin with the following.

Lemma 2.2. (u) f(z,y) = f(uz,uy) and f(z,y)a(u) = f(xu,yu) for all elements x,y,u €
R.
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Proof. For arbitrary elements x, y, u, uy, up, - - - , ur € R we have

Bur) -+ Blur)B(u) f(z,y) = Blwr) - - Blugu) f (2, y)
= fluuy - - upuz, uuy - - upuy) = B(ur)B(uz) - - - Blug) f(uz, uy).

It follows that 3(u;)B(uz) - - - B(ug) (B(u) f(x,y) — f(ux,uy)) = 0. In view of conditions on
B and (ii), of the Theorem 2.1, we conclude that 3(u) f(z,y) = f(uz,uy). Similarly, we prove
that f(z,y)a(u) = f(zu, yu). o

Lemma 2.3. f(l‘ii, yjk) =0= f(yjk,:c”),forj 7é k.

Proof. Two cases are considered. First case. (¢ = j). For an arbitrary element a;s € R;s, we
have

f(xm yjk)a(ais) = f(xiiaisayjkais) = f($iia¢570) = 0.
Also, for an arbitrary element ays € Ry, we have
f(ffii,yjk)oé(aks) = f(xiiaksvyjkaks) = f(ovyjkaks) =0.

Since « is an epimorphism, then we conclude that f(z;,y;x)9 = O which implies that
f(xii,y;x) = 0, by condition (i) of the Theorem 2.1. Second case. (i # j). For an arbitrary
element agz; € R,;, we have

Basi) f(@iis Yjr) = fasi®ii, asiyjn) = flasizi,0) = 0.

Also, for an arbitrary element ay; € R, we have

Barj) f(zii, i) = farjzii, anyir) = (0, ar;yjx) = 0.

Since S is an epimorphism, then we conclude that SR f(z;;,y;x) = O which implies that
f(z4i,yjx) = 0, by condition (ii) of the Theorem 2.1.
Similarly we prove that f(y;x, z;;) = 0, for j # k. ]

Lemma 2.4. f(z12,y12) = 0.
Proof. For an arbitrary element a;5 € R, we have
f(xi2,y2)a(ars) = f(zipars, yizais) = £(0,0) = 0.
Also, for an arbitrary element ay; € R;s, we have
f(@i2,yn2)alars) = f(z12a2s, y12a2s)

= f(z2(azs + y12a2s), e1(azs + y12a2s))
= f(z12,e1)a(azs + yr2azs) =0,

by Lemma 2.3. It follows that f(x12,y12)9% = 0 which implies that f(z12,y12) = 0. O
Lemma 2.5. f(z11,y11) = 0.
Proof. For an arbitrary element a1, € Ry, we have

[z, yn)ae(ar) = f(zna, ynar) =0.

Also, for an arbitrary element a = aj; + a1z + az; + ax € R, we have

5(61)f(9311,yll)a(el)a(a(l - el)) = B(e1) f(z11,yn)al(er)a(ann + axn)
= f(z11,yn)a(an) =0.

By condition (iii) of the Theorem 2.1, we obtain f(a?n R yn) = ﬁ(el)f(xn R y11)a(61) =0. O
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Lemma 2.6. f(z11 + 12, y11 + y12) = 0.
Proof. For an arbitrary element a;; € fR;;, we have
flxu + 2,y +yi2)ala) = f(xiai;, yiai;) = 0.
It follows that f(x11 + z12, y11 + y12)R = 0 which implies that f(z1; + z12,y11 +y12) =0. O

Proof of Theorem 2.1. Let r, z, y be arbitrary elements of J3. By Lemmas 2.2 and 2.6 we have

B(en)B(r)f(z,y) = feirz,eiry) = 0.

It follow that 3(e; )R f(x,y) = 0. This allows us to conclude that 5(e)Rf(z,y) = 0 for all
~v € T, since e; was chosen arbitrary. This results that f(z,y) = 0, by condition (ii) of the
Theorem 2.1. The theorem is proved. O

3 Applications
Theorem 3.1. Let R be an associative ring containing a family {e~ }~ecr of non-trivial idempo-
tents and o, B : R — R be automorphisms which satisfy as follows:

(i) If x € R is such that xR = 0, then x = 0;

(ii) If x € R is such that B(e,)Rx = 0 for all v € T', then x = 0 (and hence Rz = 0 implies
z=0);

(iii) Foreach~y € T and x € R if B(e)za(ey)a(R(1 —ey)) = 0, then B(e)za(e,) = 0.
Then every n-multiplicative (8, a)-derivation of R is additive.

Proof. First, we observe that

5(0) = 5(00---0) = Y B(0)---B(0)6(0) a(0) -~ a(0) = zn:o.-.oa(O)o-..o = 0.

i=1 . .
n terms i terms i terms

Set f(z,y) = é(x +y) — §(z) — d(y) for all elements z,y € R. Then f(x,0) =0 = f(0,z), for
all element = € fR. This results that for arbitrary elements z,y, ay,- - ,a,_1 € ‘R,
Blar) - Blan—1)f(z,y)
= Blar) - Blan-1)(8(z +y) — d(z) - (y))
= Blar)- Blan-1)é(z +y) — Blar) -+ Blan-1)d(x)
—Blar) -+ Blan—1)d(y)
= d(ar-apn_1(z+y))

gimcu) - Blaio)8(as) alais) -~ alan—r ol + )

% terms

n—1

—d(ar -+ ap_17) + Zﬂ(al) e Blai—1)6(ai) alaivr) -+ alan—1)o(z)

% terms

n—1
—8(ar---an1y) + Y Blar) - Blai—1)6(a;) alazir) - alan-1)a(y)

i terms
= d(ay-an—1(x+y))— (a1 an—1z) —6(ar - - an—1y)
= flar--an1z,a1-- an_1y).
Similarly, we prove that
fz,y)ala)a(ar) - alan—1) = f(zraraz - an—1,ya1a2 -+ ap_1).

By Theorem 2.1, we obtain f(z,y) = 0, for all elements z,y € R. ]
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Corollary 3.2. Let R be a 2-torsion free associative prime ring containing a non-trivial idem-

potent ey and o, 8 : R — R be automorphisms. Then every n-multiplicative (3, a)-derivation
of R is additive.

Proof. Tt is evident that the conditions (i) and (ii), of the Theorem 2.1, are satisfied. Now, for
an arbitrary element = € 2R, suppose that 3(e;)za(e;)a(R(1 — e1)) = 0. Then, for an arbitrary
element r = ri; 4+ 712 + 121 + 22 € A we have

0= B(en)zale)a(r(l —e)) = Blen)zale)a(r +rn) = Bler)zaler)a(r)
— a(@ B)(eo @)

This results that (a~!3)(e;)a~" (x)e;r12 = 0, for an arbitrary element 715 € RRy,. By [5, Lemma
2] we obtain (a~!3)(er)a~!(z)e; = 0 which implies that

Bler)zale) = oz((oflﬂ)(el)ofl(x)e]) =0.
This allows us to conclude that every n-multiplicative (3, «)-derivation of R is additive. O

The ideas that follow below are similar those presented by Wang [10].

Let X be a Banach space. Denote by B(X) the algebra of all bounded linear operators on X. A
subalgebra of B(X) is called a standard operator algebra if it contains all finite rank operators.
It is well known that every standard operator algebra is prime. Moreover, if dimX > 2, then
there exists a non-trivial idempotent operator of rank one in B(X). Therefore, it follows from
Corollary 3.2 that

Corollary 3.3. Let X be a Banach space with dim X > 2, A be a standard operator algebra on
X and o, 8 : R — R be automorphisms. Then any n-multiplicative (., 3)-derivation of U is
additive.
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