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Abstract In this note, we study the existence of uniqueness of two meromorphic or entire
functions which is concerning about differential polynomials sharing a small function with re-
gard to multiplicity. Our results generalize and improve the results obtained in [2] and also solves
the open problems posed by M. B. Ahamed [2].

1 Introduction

In this paper, by meromorphic functions we always mean meromorphic in the whole complex
plane C. We assume that the reader is familiar with standard notations of Nevanlinna theory
as explained well in [10, 11], for a meromorphic function f(z), we denote the proximity func-
tion as m(r, f), the counting function by N(r, f), the reduced counting function by N (r, f) and
the characteristic function by 7'(r, f). Two meromorphic functions f and g share the value a
IM(ignoring multiplicities) if f and g have the same a-points counted by ignoring the multiplic-
ities, we say that f and g share « CM(counting multiplicities), if f — a and g — a have the same
zeros with same multiplicities. Also, we note that when a = oo, the zeros of f — a are the poles
of f.

Also, a meromorphic function a = a(z)(# 0,00) is said to be a small function of f provided
T(r,a) = S(r, f) ie., T(r,a) = O(T(r, f)) as r — oo, outside of a possible exceptional set of
finite linear measure.

In 2013, S. S. Bhoosnurmath and V. Pujari [7], obtained the following uniqueness results.

Theorem 1.1. ([7]) Let f and g be two non-constant meromorphic functions, n > 11 be an
integer. If f*(f — 1)f and g"(g — 1)g share z CM, f and g share oo IM, then either f = g or

(n+2)(1 — A"t (n+2)(1 — A"t

I= D1 -2y =t )(1 = hn2)’
where h is a non-constant meromorphic function.

Theorem 1.2. ([7]) Let f and g be two non-constant meromorphic functions, n > 12 be an
integer. If f*(f — 1)?f and g"(g — 1)*g share z CM, f and g share oo IM, then f = g.

Theorem 1.3. ([7]) Let f and g be two non-constant entire functions, n > 7 be an integer. If
M (f=1)f and g"(g — 1)g share z CM, then | = g.

In 2016, the authors Harina P. Waghamore and S. Anand [14] generalize theorems 1.1, 1.2 and
1.3 by considering the functions f*(f — 1)™f and g"(g — 1)™g . They also proved that the
second condition in Theorem A can be omitted. The results obtained are as follows.

Theorem 1.4. ([14]) Let f and g be two non-constant meromorphic functions, n > m + 10 be
an integer. If f*(f — 1)™f and g"(g — 1)™g share z CM, f and g share oo IM, then f = g.
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Theorem 1.5. ([14]) Let f and g be two non-constant entire functions, n > m + 6 be an integer.
Iff(f—10)™f and g"(g — 1)™g share = CM, then | = g.

The author M. B. Ahamed [2] by introducing a general polynomial improved as well as extended
the above mentioned results when they share a(z) CM. The following are the results obtained.
But, first let me give the definition of the general polynomial of degree n + m used in [6] which
can also be expressed as a transformation.

Definition 1.6. ([6]) Let
S
P(w) =w"Mm 4 L+ apw" + ... +ag = Anp+m H(w - wl)i)pia
i=1
where a;(j =0,1,2,....,n+m — 1) and wy, (i = 1,2, ..., s) are distinct finite complex numbers
and 2 < s <n+mandpy,ps,...,ps, $ > 2, n,m and k are all positive integers with y ;_, p; =
n+ m. Also, let p > max,p, i=12,..r{p:}, 7 = s — 1, where r and s are two positive integers.

Let £(w,) = [15Z, (wa 4wy —wp, )P = byw? +by_ 1w ™" + ... +bo, where w, = w —w,, q =
n +m — p. So it is clear that P(w) = w!L(w,). In particular, if we choose b; = (—1)*C;, for
i =0,1,...,q. Then we get, easily P.(w) = w}(w, — 1)?. Note that if w, = 0 and p = n, then

we get w = w, and P, (w) = w"(w — 1)™.

Theorem 1.7. ({2]) Let f and g hence f. = f — wy, and g. = g — wp, w, € C be any two
non-constant non-entire meromorphic functions, n > q +9,q € N, be an integer. If P (f)f. =
f2(fe = Df. and P.(g)g. = g°(g. — 1)%g. share o = a(z)(# 0,00) CM, f. and g, share
IM, then f = g.

Theorem 1.8. (/2]) Let f and g hence f. = f — wy, and g. = g — wp, w, € C be any two
non-constant entire functions, n > q +5,q € N, be an integer. If P (f)f. = f2(f. — 1)9f. and
P.(9)g. = ¢ (g — 1)4g. share o = a(z)(£ 0,00) CM, then f = g.

In the same paper the author M. B. Ahamed [2] posed the following open questions.

Question 1.1. Is it possible to reduce further the lower bounds of p in Theorem 1.7 and Theorem
1.87

Question 1.2. To get the uniqueness between f and g is it possible to replace fZ(f, — 1)7f.

and g% (g. — l)qg; respectively by fme(f*)f; and ngm(g*)g;, where P, (f.) = amf™ +
Am—1f™ " 4 ... 4+ a1 f. + ag in Theorem 1.7 and Theorem 1.8?

Our aim in writing this paper is to give a positive answer to the above questions. By considering
functions fYP,,(f.)f. and g% P,,(g.)g., where f. and g. are any two meromorphic functions
with multiplicity atleast [. We obtain two results which improves and generalizes Theorems 1.7
and 1.8.

The main results of this article are as follows:

Theorem 1.9. Let f, g and hence f, = f —w, and g, = g—w,, w, € C be any two non-constant

meromorphic functions with multiplicity atleast |, p > w, m € N, be an integer. If

PP (f) f. and g8 Po(g+)g. share o = o(z)(2 0,00) CM, f, and g, share oo IM, then f = g.
Theorem 1.10. Let f, g and hence f. = f — wp and g. = g — wyp, w, € C be any two non-
constant entire functions with multiplicity atleast I, p > w, m € N, be an integer. If
PP (f) f. and g8 P (g4)g. share o = oz)(2 0,00) CM, then f = g.

Remark 1.11. (i) If suppose we let | = 1, P, (f.) = (f« — 1)9, here m = ¢. Then our
conditions in Theorem 1.9 and Theorem 1.10 will reduce to Theorem 1.7 and Theorem 1.8
respectively. Thatis,p > g+9andp > ¢+ 5.

(i) Let [ = 2, then the condition in Theorem 1.9 will be p > 4 and the condition in Theorem
1.10 will be p > 2.

Therefore, we make a note that by introducing the concept of multiplicity, we reduce the lower
bound of p. Also, as the multiplicity increases the condition value decreases.
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2 Lemmas
The following lemmas are used in the sequel.

Lemma 2.1. ([15]) Let fi, f» and f3 be non-constant meromorphic functions such that f| +
2+ f3 =1 If f1, f>» and f3 are linearly independent, then

7)< 30 (r4 )+ X ok

where T(r) = max;<;<3{T(r, f;)} and r ¢ E.

Lemma 2.2. ([18]) Let f and f> be non-constant meromorphic functions. If c1 fi + cof» = ¢3,
where ¢;,1 = 1,2,3 are non-zero constants, then

T(r f) < N(r f) + N (r, 1) N (n 1) + S0 ).
fi f

Lemma 2.3. ([18]) Let f be a non-constant meromorphic function and k be a non-negative

integer, then
1 1 ~
V(g ) < () AN+ 800

Lemma 2.4. ([20]) Suppose that f is a non-constant meromorphic function and P(f) = a, f"+
1 "V 4 4 a1 f + ag, where an(#0),an_1, ..., a1, ag are small meromorphic functions of
f(2). Then

T(r, P(f)) = nT(r. f) + S(r ).

Lemma 2.5. ([16]) Let f|, f> and f3 be three meromorphic functions satisfying Zf i =1,

then the functions g, = 2 g = and g3 = ;' are linearly independent when f1, f; and f3

are linearly independent.

Lemma 2.6. ([2]) Let ¥(z) = c?(2P79 — 1)? — 4b(2P=24 — 1)(zP — 1), where b,c € C — {0},

Z _ plp—2q)

4 (p q)?

# 1, then ¥ (z) has exactly one multiple zero of multiplicity 4 which is 1.

Lemma 2.7. Let f, g and hence f, = f —w, and g. = g—w,, w, € C be any two non-constant
meromorphic functions with multiplicity atleast | and o = a(2)(Z 0, 00) be a small function of

fand g. If f*Po.(f.)f. and g° P, (g.)g. share o CM and p > %, then

Ilp+m+2)
(p+m—2)—(m+4)

T(r,g.) < |: ] T(r, fe) +S(r, g«)
Proof. First, by applying the second fundamental theorem on g2 P, (g, )g., we get

/ — / — 1
10,2 P(9:)0.) < N 2 P(9:)90) 4 N (1)

+N< T a) + S(r, g+)

. 2.1
<N 7, g«) + N( T, )
N N
- < " gg:Pm g* — 3 T g
Now, by applying first fundamental theorem, we get
(p+m)T(r, 9.) < T(r, 97 Prm(g+)) + 5(r, 9+)

2.2)

, 1
< T(r, g Po(g)g.) + T ( g/) + S(r.g.)

*
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Combining (2.1) and (2.2), we get
1

o+ m)T(r0.) < Nrg2) + 7 (v )

g Gx

N(r,0; Pn(g.) + N (r, 1,)
2.3)

J’_
- 1 ’
+N (7“, fmm) +T(r,g.) + 5(r.g:)

Since S(r, g«) = T(r,a) = S(r, f.), we have

_ 1 1
N ( AT —a> =7 < PP FIT — a) o)

e e e e

<(p+m+2)T(r, f) +S(r, g4)
2.4)

Now taking (2.4) in (2.3), we get

ety <3 ()30 () e 5 ()
+(p+m+2)T(r, fu) +2T(r,g.) + S(r, g:)

Now since zeros and poles of f, and g, are of multiplicities atleast [, we have

N(r,f.) < %(rﬁ) 1(nﬁﬁN<n)<lN( i><1TWﬁJ 2.5)

o~

Similarly, we have

N(r,g.) < N(n1><;Tm%) (2.6)

So, we get
I I 1\ 1 2
(4 mT000) < 3T (1) + 57 (1) 4 §7002) + 70

+(+m+2)T(r, f) +27(r, g.) + 5(r, 9+)

m—+4+ 2l

<
- l

7N

) T(r,g.) + (p+ m +2)T(r, £.) + S(r,g.)

So,
T(r,g.) < (p+m~+2)T(r, fx) +S(r, gs)

(p+m—2)l — (m+4)
S
Thus, we get

I(p+m—+2)
p+m—2)—(m+4)

T(rg) < ¢ |72 + 5(00)

m—(m—2)l+5
where p > "=

Hence the proof. O

Lemma 2.8. Let f, g and hence f. = f —w, and g, = g — wp, w, € C be two non-constant
entire functions with multiplicity atleast l. Let o = «(2)(# 0, 00) be a small function of f and g.

If fP Py (f.)f. and g° P, (g.)g. share o CM and p > w, then

llp+m+2)
(p+m—2)—(m+1)

T(r,g.) < T(r, fu) + S(r, 9:)

Proof. Since both the functions f,g and hence f. and g, are entire functions, so we have

N(r,f) = 0 = N(r,g); N(r,f.) = 0 = N(r,g.). Now continuing the proof on lines of
proof of Lemma 2.7, we prove Lemma 2.8. O
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3 Proof of theorems

Proof. (Proof of Theorem 1.9) By hypothesis, f£P,,(f.)f. and ¢%P,,(g.)g. share o = ()
CM, also f, and g, share oo IM, so let us suppose that

PP (f)f — o

H= : . (3.1)
9ePm(g:)g. — @
From (3.1), we have
FEPu(f) ] —
T(r,H)=T _——
(r,H) (T P Pr(92)d, —
< T(r, f2Pu(fo)f. = @) + T(r, ¢ Pu(g-)g. — @) + O(1)
< (p+m+2)[T(r, fo) +T(r,g.)] + S(r, f2) + S(r, 9:)
<2(p+m+2)T.(r) + Si(r),
where T, (r) = max{T(r, f.), T(r, g«)} and S, (r) = max{S(r, f.), S(r, g«) }.
i.e.,
T(r,H) = O(Tx(r))- (3-2)
By (3.1), again we see that the zeros and poles of 7 are multiple, hence
_ _ 1 _
N(r,H) < Ne(r f), N(r, 27) < Ni(r,g.). (3.3)
Let f; = FPulf)f ,fp=Hand f = —H%. Thus, we get fi + o+ f3 = 1.

Let us now denote T(r) = max{T(r, f1),T(r, f2),T(r, f3)}. Then, we have

T(T’, f2) = O(T(T, f*) + T(T’,g*)) = T(T, f3)

So, T(r, f;) = O(Tx(r)) fori = 1,2,3 and also S(r, f.) + S(r, g.) = o(Tx(1)).

We now study the following cases.

Case 1. Suppose that none of f, and f3 are constant. If f; and f,, f3 are linearly independent,
then by using Lemma 2.1 and Lemma 2.4, we get

T(r ) si: ( >+§3:Nrfz )+ o(T(r))

i=1

(v P(f)f) % () + % (s

+ N(r, f P (f*)f* +N(r,H) + N(r, Hg? Pr(g.)9.) + o(T(r))

< () f*)+2N2< >+N2<Pml(g>g)
)

N(r, f*)+2N(7"H + N(r,g.) + o(T(r)).

(67

A
5
+

(3.4)

<

3

Now, since N; (r 2N (r,3;) <2Np(r,g.) and N(r, ") < Np(r, f.).

) 1
"H YH
Also, since N(r, f.) = 0 = N (r, g.) and we note that N(r, f.) = N(r,g.), so by using all
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these facts, we get from (3.4) that

1 1 _
T(r, f1) < N, (r, ffP(f*)f) + N, ( ’ng(g*)g*> +2N(r, fo) +0o(T(r))

( PP f*> { < R, (f*)f*> 2N (mel(f)fﬂ (3:5)
3 ()~ [ () - (7 )
+2N(r, f.) 4 o(T(r)).

Let z) be a zero of f, of multiplicity r, then z is also a zero of fP,,(f.)f. of multiplicity
pr +r — 1> 3. Then, we have

1 - 1 1
o (v rzmnr) - e ) 2028 (7)) 69

Similarly, we get

1 — 1 1
Na ( ngm<g*>g;>‘2N<3 ( ngm<g*>g;> b =-2)N ( g*>‘ G7)

Let us consider

@m p+m+1 Am—1 rp+m a1 ppy2 @0 ep+1
p+m+1 p+m p+2 p+1
and
Gm gp+m+1 + Am—1 gp+m 4+ ai gp+2+ gp+l.
p+m+1 * p+m’* p+277 p—|—1 *

Now, by using Lemma 2.4, we get
T(r,F)=@+m+1)T(r, f.) + 5 f).
So, it is clear that 7 = a.f;. We also have

1 1 F 1
m<r,]__) Sm(ﬁ Oéfl) —|—m<r, ]_.> Sm<r,fl> + S(r, fu). (3.8)

By using (3.8) and the first fundamental theorem, we get

T(r,F)=m (r,]l__) +N (r, ]1__>

T(r,fl)—N( fl>+N< ;>+S(r,f*) (3.9)
e+ 00N () 28 () - ().

where b;(i = 1,2, ...,m) are the roots of the algebraic equation

Am oM A —1 Zm_l Am—2 Zm_2 ai 2+ ao -0
p+m+1 p+m p+m-—1 T op+27 p+1 '

Substituting (3.5) to (3.8) and using (2.5), (2.6) in (3.9), we get

T(r,}‘)gN<r,W> +(2p)N< f*> +N< W>
P )

2 () =~ (zmir) -
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1 1\ | - 1
m+ D)T(r, f« AN | r,— 3N (r,— N(r, g« mN | r, —
(-t m+ DT 1) <38 (v ) +38 () 4 Wlrg) +mv (7

SN0 )+ N (r ) ol

i=1

3 1 3 1 1 m 1
< =T =T ~T(r,g«)+ =T |r,—
=1 (f*>+ <g*)+l (9047 (%)
2
+5T (7, fo) + T( f> o(T(r))
i.e.,
+m+0)l—(m+5 m+4
bt D= N 11, ) < () 20 + ol () 310
Let gy = —% = %,gz = # = %andg3 = —% = _ﬁPZig*m. Then we get

g+ap+ag=1

By Lemma 2.5, we have g1, g» and g3 are linearly independent because fi, f> and f3 are linearly
independent. Now, proceeding in the same lines as above, we obtain

[(p+ m+ l)ll — (m+ 5)] T(r.g.) < (ml+4> T(r, £.) + o(T(r)) (3.11)

Let T (r) = max{7T'(r, f«), T(r, g.)}. Combining (3.10) and (3.11),

[<p+ L 5)] T.(r) < (’”74) T.(r) + o(T(r))
e {(p—l—m—i-l)ll —(m+5) <mj4>} T.(r) < o(T(r))

2m—(m+1)I+9

2m—(m+1)I+10

which contradicts p > 7

Thus, fi, f» and f3 are linearly independent. Therefore there exists constants ¢y, ¢; and c3, atleast
one of them is non-zero such that

ctfitafr+caf; =0. (3.12)

Subcase 1.1. If ¢; = 0, ¢ # 0 and ¢3 # 0, then from (3.12), we get f3 = —%fz, which implies
that g% Py (g.)g. = Za.

On integrating, we get

Gm p+m+1 Am—1 p+m p+2 0 p+1:c£ 3.13
prmt1® Tpam® ToF +2g toris —gete GO

where c is an arbitrary constant. Thus, we get

am p+m+1 a’m*I p+m p+2 p+l | <
T< S m T i +29* + +19* >T(r,a)+0(l)

e, (p+m+1)T(r,g.) < S(r,g.).

2m—(m~+1)i+10

Now, since p > 7

, we get a contradiction.

Subcase 1.2. Let ¢; # 0. Then by (3.12), we get f) = (fi) bt (——3) .
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€1

On substituting this in the relation f; + f, + f3 = 1, we get (1 — 2—?) fr+ ( — ﬂ) =1,
where (c; — ¢2)(c1 — ¢3) # 0. Thus, we get

p ’

(1 _ C3> 9% Pr(9+)9. + l _ (1 _ 02> (3.14)
c « H

We now see that

’

! me *
T(?”, gfpm(g*)g*) S T (7“, g(g)g*> + T(T, Oé)
(0%

Pp */
T<ﬁ%~fﬂw>+sm%)

By using Lemma 2.2 to (3.14), we get

PP(9)9.\ _ <~ ([ 9'Pm(g)g.\
7 (r 990\ _ 5, 9 Pml9-)g. +N<npa,>
e} « g*Pm(g*)g*

+ N(r,H) + S(r, g«).

IN

Combining the above two, we get

T(r,g* Pru(g:)g,) < N (r, ) +2N(r,g.) + S(r, g+). (3.15)

9= P (9+)9.
By using Lemma 2.3, Lemma 2.4 and (3.15), we get

(p+m)T(r,g«) <T(r,98Prm(g«)) + S(r, g+)

' 1
< T(Ta ngm(Q*)g*) +7T <Tv g/> =+ S(n 9*)

*

— 1 — 1
<N(r,——— ) +2N(r,g.)+ T (r,— . Gs
= (7“, ppm(g*)g;>+ (rmg)_’_ <7" g*>+5(rg)

< 8T(r, g«) + S(r,94),

which contradicts p > w.

Case 2. If f, = k, where k is a constant.
Subcase 2.1. If k& # 1, then from the relation f; + f> + f3 = 1, we get

EPn(f)fe 68 Pm(9:)g
« (0%

/

*=1—k. (3.16)

By applying Lemma 2.2 to (3.16), we get

TQ,”“ﬂm)<Nmm+NQ~ I

— 1
? ’ N b / S IV EY K
a ffpm(f*)f*) * (T gfpm(g*)g*> * (7” g )

(3.17)
Again by applying Lemma 2.3, Lemma 2.4 and (3.17), we get

(p+m)T(r, f.) <T(r, f2Pn(fs) +S(r, f)

< T(r, fPPA(f) ) + T ( : ) S0 f)

fi
<T (r, W) +T (r, fl) + S(r, fv)

<TT(r, fo) +4T(r, g.) + S(r, f)
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ie.,
(p+m —T)T(r, f.) <4T(r,g.) + S(r, f.).

Now, using Lemma 2.7, we get

llp+m+2)

(ptm =TT fo) <4 o =2 = 5 4)

T(r, f«) + S(r, g+),

which contradicts p > w.

/

Subcase 2.2. Let k = li.e., X = 1 and f2P,,(f.)f. = ¢°Pm(g:)9.
On integrating both sides, we get

p+i:_|_1 *{)+m+l+;i_;b prmo g Cj_lz f+2+pj?1 f+1 =
_ 9m ptml Am—1 p+m p+2 p+1
p+m+lg* +p+m + ot +2g* + +lg* +c

where c is an arbitrary constant. That is
F=G+ec (3.18)

Subcase 2.2.1. Let if possible ¢ # 0. Then, we get
00, F) +0O(c, F) + O(c0, F) =00, F) + 0(0,G) + O(o0, F).

So, we have

_ 1 — 1 — 1 — 1
N(r,}_) —N<r7f*> —|—N(r 7 b1> +.. +N<r’f*bm> (m+ DT (r, f+).
Similarly, we get
N (T, ;) < (m+ DT(r,g«)-

We also note that,

T(r,F)=@+m+1)T(r, f.)+S(r fe)
T(r,G)=(p+m+ 1)T(r,g.) + S(r,g.).

Thus 00.7) = 1 =T T > 1 = GBS = 1 - gt
Therefore, ®(0, F) > ﬁ.

Thus, ©(0, F) + O(c, F) + ©(o0, F) > 2 > .

Since p > w, we get a contradiction.

Subcase 2.2.2. Thus, we get ¢ = 0. So,
F=g. (3.19)

Leth = g—z. Then taking h in (3.19), we get
Gm [ngrerl {hp+m+l 1}] (Im 1 [ £+m {hp+m _ 1}] +

1
pm (3.20)

ai p+2 p+2 _ p+1 [pp+l _ _
o 1H+p+1[9* (1) =0

Subcase 2.2.2.1. If i is a non-constant, then by using Lemma 2.6 and proceeding exactly in the
same lines as done in [13, p.1272], we get a contradiction.

Subcase 2.2.2.2. Let h be a constant, then from (3.20), we get

pptmtl = 0, RPT™ — 1 =0, m’hPJrl —1=0.
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Thatis h? = 1, where d = ged{p +m + 1,p+m,...,p+ 1} = 1. Thatis h = 1.
Hence f. =g, (or) f = g.
Case 3. Suppose f3 = ¢, where c is a constant.

Subcase 3.1. If ¢ # 1, then from the relation f; + f> + f3 = 1, we get

fPPu(f)f e
e! 9% P (9+) 9

=1-H. (3.21)

Now, by applying Lemma 2.2 to the above equation, we get
/ >';?F)m * ,.i
T(r, f2Pn(f)f) €T (r, O(éf)f> +S(r, f+) (3.22)

’

ffpm(f*)f* ~ o Eva gfpm(Q*)Q;
SNQ’ o >+NG’HMﬂm)+NQ’ o )

1

SN0+ (7

By using Lemma 2.3, Lemma 2.4 and (3.22), we have

)+Nm%nsm%»

0+ M)T(r, £.) < T, [2Pu(f.)) + S0, £.)
ST 2Pl 11 +T (1 ) + S0 1)
<TT(r, fo) + N(r,g.) + S(r, f).
Again using Lemma 2.7, we get

(p+ m— 7)T(7ﬁ7 f*) < T(T’ g*) + S(’I“, f*)

llp+m+2)
“lp+m—=2)—(m+4)

T(r, fo) + S(r, f+),
which contradicts p > w.

Subcase 3.2. Let ¢ = 1. Then from (3.21), we get

FPPo(f) fr 8 Pru(g:)g, = o> (3.23)

Let z be a zero of f, of order ry. Then from (3.23), we see that zj is a pole of g, of order so(say).
Then, from (3.23), we get pro+ro—1 = pso+mso+so+11i.e., (p+1)(ro—so) = mso+2 > p+1
i.€., 7o > m#il

Let z; be a zero of P, (f.) of order r;. Then from (3.23), we see that z; is a pole of g, of order
si(say). So, we have ry + 7y — 1 = psi + msy + s1 + lie, ry > 205,

Let 2, be a zero of f; of order r, which are not the zeros of f. P,,,(f«), so from (3.23) we see that
2 will be a pole of g, of order s,(say). Then from (3.23), we get r, = ps, +msy + s, + 1 e,
> p+m-+2.

The similar explanations holds for the zeros of g% P, (g.)g.. Next, we see from (3.23) that

R ! N 042
N(r, fPPu(f)f.) =N (7"’ g”RAg)g)
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ie.,

e 5313 o) (-4)
(o) ¥ (-4 () o)
Y

p+m+2> ( >+S&w)
1

+ +
(p—l—ml p+m+3 p+m+2

IN

)ng»+svg»

By applying the second fundamental theorem, we get

T(r,f.) < N(r,fo) + N <r, fl*) +N (r, )) +S(r, f+)

1
Pu(/f.

m 2
< T(r, f.
—<p+m—1+p+m+3)(“f)

(3.24)
+< m__, 2y 2 )T( )+ S(r, £.) + S(r,.)
Ty g« Ty Jx T, g« ).
ptm—1 pIm+3 ptm+2 g g
Similarly, we get
m 2
T * < T ) I*
(0 < (S + 2 ) Tl .
m 2 2 '
T * ES yYx ).
+ (p—i—m— 1 +p—|—m+3 +p+m+2) (r, o) + 8(r, f.) + 5(r,9)
From (3.24) and (3.25), we get
2m 4 2
T. < T, "
(ﬂ_(p+m—l+p+m+3+p+m+2) (r) + 5.(r)
i.e.,
2m 4 2
1 - - - T* < * )
[ p+m—1 p+m+3 p+m+J (r) < Su(r)
which contradicts p > w.
Hence the proof of theorem 1.9. O

Proof. (Proof of Theorem 1.10.) Since f. and g, are both non-constant entire functions, then we
may consider the following two cases.

Case 1. Let é and g, are two transcendental entire functions. Then it is clear that W(r, fe) =
S(r, f«) and N(r, g.) = S(r, g« ). With this the result of the proof is carried out in the same lines
as in the proof of theorem 1.9.

Case 2. Let f, and g, be both polynomials. Since f*P,,(f.)f. and g¥P,,(g.)g. share a CM,
then we have

’

FPPm(f)fe — o = k(g2 Pr(g4)g. — o), (3.26)
where k 1s a non-zero constant.

Subcase 2.1. Suppose that x # 1, then from (3.26), we get

PPn(f)fe 05 Pm(9:)g.

(0% «

—1— (3.27)
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By Lemma 2.2, we get

Tl f2 P (1)) < T ( W) S0 £
< (. FEPulfIf | % a
SN(’“’ o )*N(“ ZRTATH)
+F (1 o) )

a) W (r e
CfEPn(f) s " 95 P (g)9.
By using Lemma 2.3, Lemma 2.4 and (3.27) gives

(p + m)T(T, f*) < T(Ta fme(f*))

<N g+ N (s ) 012

< T, P Pa(f) ) 4T ( J}) LS 1)
< 4T(r.£.) +3T(r.g.) + S f.)

ie.,
(p+m—4)T(r, f.) <3T(r,g.) + S(r, f.).

Again using Lemma 2.8, we get

I(P+m+2)
(P+m—=2)l—(m+1)

(p+m—4)T(r,f*)§3 T(T,f*)+S(T,f*)7

which contradicts p > Zm—tmtES,

Subcase 2.2. Let x = 1, from (3.27), we get

FPPo(f) f = 6 Pra(g:)g.

Now, proceeding in the same lines as in Subcase 2.2.2.1 and Subcase 2.2.2.2 in the proof of
theorem 1.9, we get proof of theorem 1.10. O
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