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Abstract In this paper, we study the uniqueness of meromorphic functions that share two
non-zero complex constants CM with their differences. We also investigate the uniqueness prob-
lem of entire functions which share a non-zero complex constant CM and a non-zero complex
constant IM with their differences.

1 Introduction, Definitions and Results

Let f be a non-constant meromorphic function in the open complex plane C and ¢ be a non-zero
complex number. We denote n(r, oo; f) the number of poles of f in |z| < r, the poles are counted
according to their multiplicities. The quantity

N(r,f) = N(r,o0; f) = /7- n(t, 00; f) — n(0, 00; f)

n dt + n(0, 00; f) logr
0

is called the integrated counting function or simply the counting function of poles of f. Also,

the function . 0
N(T,a;f) :/ n(taavf) ;n( ’a,f)dt—i-n(()’a,;f)log’["
0

is called the counting function of a-points of f.
The proximity function for the poles of f is defined as

m(r,o00; f) = % /027r log® )f (reie) ’dé),

where

e Jo osa<,
£ " Yloga if x> 1.

The quantity m(r, f) + N(r, f) is called Nevanlinna’s characteristic function of the mero-
morphic function f and is denoted by T'(r, f).

Let us denote by 7i(r, a; f) the number of distinct a-points of f in |z| < r, where a € CU{co}.
The quantity

N(r,a; f) = / med] ; MO gy n(0,a; f) logr
0

denotes the reduced counting function of a-points of f.
The order of growth of f is defined as follows

L logT(r, f)
p(f) = lim sup ogr
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If p(f) < oo, then we say that f is a meromorphic function of finite order.

S(r, f) is a quantity which satisfies S(r, f) = o{T'(r, f)}, as 7 — oo, possibly outside a set of
finite linear measure. A meromorphic function a = a(z) defined in C is called a small function
of fif T(r,a) = S(r, f). We use S(f) to denote the family of all small functions with respect
to f.

Let f and g be two non-constant meromorphic functions and @ = a(z) be a polynomial. f
and g share a CM if f — a and g — a have the same zeros with same multiplicities. On the other
hand, f and g share a IM if f — a and g — a have the same zeros ignoring multiplicities. Espe-

cially, if f and g share a IM, then we denote by N, . (r, ﬁ) (N0 (r, ﬁ)) the counting

function (the reduced counting function) of zeros of f — a with respect to all the ponts such that
they are zeros of f — a with multiplicity p and zeros of g — a with multiplicity q.

The shift of a meromorphic function f is defined by f.(z) = f(z + ¢), and its first order
difference is defined by A.f(2) = f(z + ¢) — f(2).
The n'" order difference of f is defined by A” f(2) = AP~ (A.f(2)), n € N,n > 2.

For standard definitions and results of the value distribution theory we refer the reader to
[5, 8,17, 18].

The uniqueness theory of meromorphic functions has been started from Nevanlinna’s five
values uniqueness theorem. He proved that any non-constant meromorphic function can be
uniquely determined by five values. After a long research these five values were reduced to two
values. The uniqueness of an entire function f sharing values with its derivative f " was firstly
investigated by Rubel and Yang [15], Mues and Steinmetz [13, 14] and Gundersen [3] improved
their results.

The uniqueness of meromorphic functions sharing values with their shifts or differences has
become a subject of great interest recently. At first Heittokangas et al. [7] considered the value
sharing problems for shifts of the uniqueness of meromorphic functions. The uniqueness of en-
tire functions sharing values with their difference operators and proved some meaningful results
by Chen and Yi [1], Li and Gao [10], Liu and Yang [12]. We mention some of these results here.

The investigation of uniqueness of meromorphic function sharing three values has been in-
troduced by Heittokangas et al. [7] in 2009 in the following way.

Theorem A. [7]. Let f be a meromorphic function of finite order and ¢ € S(f) U {co}. If f(z)
and f(z + c¢) share three distinct periodic functions ay, az,az € S(f) U {oo} with period ¢ CM,
then

f(2) = f(z+0),
forall z € C.

In 2011 Heittokangas et al. [6] improved Theorem A by replacing "sharing three small func-
tions CM" by "2 CM + 1 IM" and proved the following theorem.

Theorem B. [6]. Let f be a meromorphic function of finite order and ¢ € S(f) U {co}. Also let
ay,az,a3 € S(f) U {oo} be three distinct periodic functions with period c. If f(2) and f(z + ¢)
share a1, ao CM and a3 IM, then

f(z) = f(z+0),
for all z € C.
Considering three shared values IM, in 2016 Li and Yi [11] proved the following result.

Theorem C. [11]. Let f be a non-constant entire function of finite order and ¢ be a non-zero
complex number. Also let a, a;, a3 be three distinct finite values. If f(z) and A.f(z) share a;,
as, a3 IM, then

2f(z) = f(z+0),

forall z € C.
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Our aim in this paper is what results we can get if the condition that f(z) and f(z + ¢)
share three values CM or f(z) and A, f(z) share three values IM is relaxed to two values CM or
one value CM and another one IM and if f(z+c) or A.f(z) is replaced by A” f(z), where n € N.

In this paper we consider the following problems:
() f(z) and A f(z) share a, b CM, where f(z) is a non-constant meromorphic function with

N(r, f(2)) = 5(r, f) and
(ii) f(z) and A” f(z) share a CM and b IM, where f(z) is a non-constant entire function with
m (7’, %) =S(r, f).

We now state the following two theorems, which are the main results of this paper.
Theorem 1.1. Let f be a non-constant meromorphic function of finite order and ¢ be a non-zero
complex number. Also let a, b be two non-zero distinct finite complex constants. If
() f(2) and A f(2) (n > 1) share a, b CM
and

(i) N(r, f()) = S(r, f),
then
If we taking an entire function in Theorem 1.1, we get the following corollary.

Corollary 1.1. Let f be a non-constant entire function of finite order and ¢ be a non-zero complex
number. Also let a, b be two non-zero distinct finite complex constants. If f(z) and A f(z)
(n > 1) share a, b CM, then

ALf(z) = f(2).

Theorem 1.2. Let f be a non-constant entire function of finite order and ¢ be a non-zero complex
number. Also let a, b be two non-zero distinct finite complex constants. If

(i) f(2) and A f(2) (n > 1) share a CM,

(ii) f(2) and A" f(2) (n > 1) share b IM

and

(i) m (r, ﬁ) = S(r, f),

then

ALf(z) = f(2).

2 Lemmas

For the proof of our main results, we need the following lemmas.

Lemma 2.1. [16]. Let f be a non-constant meromorphic function and a;(j = 1,2,--- ,¢) be ¢
distinct complex numbers. Then

m T,Z¥ —Zm(r,l)—l—O(l).
prl Al =1 f—a

Lemma 2.2. [2, 4]. Let f be a meromorphic function of finite order and ¢ be a non-zero complex

constant. Then

Lemma 2.3. [10]. Let c € C, n € N and f be a meromorphic function of finite order. Then for
any small periodic function a(z) with period ¢ with respect to f(z),

dUeEe)

where the exceptional set associated with S(r, f) is of at most finite logarithmic measure.

S(r, 1),
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In particular, the Lemma 2.2 and Lemma 2.3 are the difference analogue of the logarithmic
derivative lemma.

Lemma 2.4. Let f be a non-constant meromorphic function in C. Also letay, az, -+, a, (n > 1)
be distinct complex numbers. Then we get

gm (7"7 f(z)laj> <m (r, f,zz)) + S(r, f).

Proof. From Lemma 2.1, we have

Now using the Lemma on the Logarithmic derivative, we get

() < () 500

J
The proof of Lemma 2.4 is completed. O
The Lemma 2.3 motivates us to prove the following:

Lemma 2.5.Let c € C, n € N and f be a meromorphic function of finite order. Also let a;, ay,
--+, ax (k > 1) be distinct complex numbers. Then we have

> (n i) = (n g 00

Proof. Using Lemma 2.1, we obtain

k

Sulis) - o

i=1

zk:m <r, m) + S0, f).

i=1

|
3
7N
=
>
o3
~ | —
&
N——
+

By Lemma 2.3, we have

S (v s) < () 509

This proves the Lemma. O




418 Imrul Kaish And Md Majibur Rahaman

Lemma 2.6. [17]. Suppose that f is a non-constant meromorphic function and P(f) = aof? +
a1 P!+ -+ +a,(ag # 0) is a polynomial in f of degree p with constant coefficients a;(j =
0,1,---,p). Suppose furthermore that b;(j = 1,2,--- ,¢q)(¢ > p) are distinct values. Then

P o
m<h (fbl)(sz)...(qu)> =S(r, f).

Lemma 2.7. [18]. If f; and f, are meromorphic functions in |z| < R(R < co). Then

’

N AR -V (5 s) = NEAE) NG RE) - N (n )
(" 5m)

Lemma 2.8. [17]. Let f be a non-constant meromorphic function in the complex plane and

R(f) = %, where

where 0 < r < R.

p
P(f) =Y arf*
k=0
and
Q)= bt
=0

are two mutually prime polynomials in f. If the coefficients {a;(z)} and {b;(z)} are small
functions of f and a,(z) # 0, by(z) # 0, then

T(r,R(f)) = max{p, ¢} T(r, f).

Lemma 2.9. [9]. Let f be a transcendental meromorphic solution of finite order p of a difference
equation of the form

Uz )Pz f) = Q=)

where U(z, f), P(z, f) and Q(z, f) are difference polynomials such that the total degree degU (z, f) =
nin f(z) and its shifts and degQ(z, f) < n. If U(z, f) contains exactly one term of maximal
total degree in f(z) and its shifts, then for each & > 0,

m(r,P(z,f)) = O (T971+E) + S(r, f),

possible outside of an exceptional set of finite logarithmic measure.

3 Proof of the theorem 1.1

Let us suppose, on the contrary, that A” f(z) # f(z). To prove the Theorem 1.1, we consider a
function defined as follow:

(Af=) [z
_ _ . 3.1
() Arf(z)—a f(z)—a G-Iy
By Lemma 2.3 and the Lemma on the Logarithmic Derivative, we have
@rf(=) [ )
ALf(z)—a f(z)—a
(AL f(2)) f(z
m (T,A'gf(z)—a> +m <'I"7fa> +10g2
= S(r,f). (3.2)

m(r,P(2)) = m(r

IN
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We know that

T AL() = mir ALF()) + NG ALF) + S )
Zf(z) z n r, f(z T
< m( it F2)) + 00+ DN () + S0.5)

+m(r, f(2)) + S(r. f)

IN

3
N

3
N/\
vl\l
\_/

= T(r f(z ))+S(T7f) (3.3)

Now the Logarithmic Derivative of

and poles of AC{7) Since f(z) and A" f(z) share the non-zero complex number a CM, then

Af(fz() )% has no zeros and has at most N(r, f(z)) poles. Hence

% is 1(z), the poles of (z) derive from the zeros

Z —a

N(rd(z) < N(rf(2))
= S(r, f). (3.4)

Thus from (3.2) and (3.4), we get

T(r,(2)) = S(r, f)- (3.5)

We suppose that

¥(z) 0.

Then dividing both sides of (3.1) by f(z) — b, we have

= < - . (3.6)

From (3.5) and (3.6) and using the Lemma on the Logarithmic Derivative, we have
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1 )
m(“ﬂz)—b) N (’f(Z)—b w<z>>
(2 1
= m( f<z>—b>+m<’“ w<z>>
P (A £(2) - f(2)
= W) - a)(fE) -0 (UG —a)(f(z) - )
+T(r, $(2)
(An£(2)) £
=" ( @27 - a)(7() - b)) o ( (7~ () - b))
+5(r, f)
S R (.Y ) I )
= A fE () —a) ) —b
f(2) 1 1
+m<ra—b(f(z)—a_f(z)—b>>+s(rf)

IN
3
/N

=3
>
o3
=
>

1 ))
o \Apf(z)—a  Af(2)

IN
3
P
=3
SH R
S~
+
3

From (3.7) and by the First Fundamental Theorem, we see that

T(r,f(z)) =N <r, f(z)l—b> + S(r, f). (3.8)

Since f(z) and A f(z) share the non-zero complex numbers a, b CM, then by the Second
Fundamental Theorem, we obtain

T < NS N (g )+ 8 (npg=g) £ S60)

~

(3.9)

A
=
7~
=

B>
E
=

w
~—

|
~
—

w
~—
~—

4

n
—

=
~
~—
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From the hypothesis of Theorem 1.1 and using Lemma 2.3, we get

N<“N#@;<ﬂd)+ﬂnﬁ - N(nNﬁéﬁfﬂ@)+smﬂ

<TGMM1+WJ
f(z)

_ A?f(z))

= T(r, B +S(r, f)

- ) +(n+ )N(r, f(2)) + 5(r. f)
)+S@fl (3.10)

From (3.9) and (3.10), we have

T(r f(2) = N(r,f(lz))+5(r, )

1 1
Now from (3.8) and (3.11), we get

N (n f(z)la) — S(r. f).

By the hypothesis of Theorem 1.1 and from the above equality, we have

N(“W) - N("f(z)1—a>
= S(rf). (3.12)

Since f(z) and A” f(z) share the non-zero constant b CM and using (3.3), (3.7), we get

w(rgre=) N (mg) = TRANR) S0 0)

T(r, f(2)) + S(r, f)

= (=) ¥ (=)
+5(r. )

- N (7‘, f(z)l_b> + 80 f)

IN
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Therefore

m (n Af(lz)_b) — S(r, f).

By Lemma 2.4, we obtain

“(rzgm) o a) e Car) < Cager)
+5(r, ). (3.13)

Using Lemma 2.5, we have

1 1
From (3.12), we get

1 1 1
Vsge) Y Cares) = Y )
+S(r, f). (3.15)

Now from (3.11), we have

1 1
N(ri=a )4V (rgmg) = TGS ESED. Ga6)

Adding both sides of (3.13), (3.14), (3.15) and (3.16), we have
T( e )*T( ) R )*T( o= )+T< (T—b)
<m (r iy ) + N (nwgis) + T F(2) + S, f)
<T(r ) + N (5 apies) + T2 £(2)) + S0 ).
On the other hand, using (3.3), we can easily see that

1 ’ !’

T ((> =l (AT F(2))) + NG (A2 F())) + O(1)

ALF(2))
@)
e

+N(r, A f(2)) + S(r,

ALf(z )) + N(r,A2f(2))

IN

( oy fj) F i DN G £(2)

+(n+1)N(r, f S(r, f)
T(r,Alf(2 ))+5(7“7f)
T(r,f(2)) + S(r, f).

IN

Combining above two inequality and by the First Fundamental Theorem, we obtain

T(r, f(2)) = S(r, f),

which is a contradiction.
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Therefore

Hence from (3.1), we get

’

Arf(2) _ f(2)
Arf(z)—a~ f(z)—a’

Integrating above identity, we have

Arf(z) —a _
e

(3.17)

where A(# 0) is a constant.

Using the similar arguments as above, by the hypothesis f(z) and A” f(z) share the non-zero
complex number b CM, we get

ATf(z) —b
f(z) =0

B, (3.18)

where B(+ 0) is a constant.
If A= 1and B = 1, then from (3.17) and (3.18), we have

ALf(z) = f(2),

which is a contradiction.

We now verify that A # 1 and B # 1.
Then from (3.17) and (3.18), we get

(A-B)f(2) =b—a+ Aa — Bb. (3.19)
If A # B, then f is a constant. Which leads towards a contradiction.
Hence
A=B.
Thus from (3.19), we obtain
Ala—b) =a—b.
This implies A = B = 1. Which is again a contradiction.

Therefore indeed we get

ALf(z) = f(2).

This completes the proof of Theorem 1.1.

4 Proof of the theorem 1.2

Let us suppose, on the contrary, that A” f(z) # f(z). To prove the Theorem 1.2, let us consider
two functions defined as follow:

A.1)
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and

(AT £(2)) (A2 f(2) — f(2))

B) = At — @)@ fia) = b)

4.2)

We know from the hypothesis of Theorem 1.2 that «(2) and 3(z) are entire functions. Then
by Lemma 2.3 and the Lemma on the Logarithmic Derivative, we have

T(r,a(2))

Since f(z) and A7 f(z) share the non-zero complex number a CM, then we get

= m(ra(2)
(IR0 - ()
G - aUE D)
72 ALf ()~ I(2)
= m<r’f(2)—b>+m<r’ JG)—a )
A (2) /)
< m(ngg o)t () s

A:’Lf<z) —a e'y(z)

f(z)—a ’

where (z) is a polynomial.

From the hypothesis of Theorem 1.2 and by Lemma 2.3, we have

T(r, e"’<z))

Now from (4.4), we get

= m(r,e’?)

(5
o)
(o)

= S /)

IN

>+10g2

IN

AP f(z) =" f(2) +a(l — ).

From (4.5) and the above equality, we obtain

T(r,A7f(2))

|
S

IN A
~

—~ =< =< =
3
9]
2
O

eV f(2) +a(l — @)
r e’ f(2)) + T(r,a(l1 —e?))) 4 log2

)+ T(r, f(2)) + T(r,a) + T(r, (1 — ) + S(r, f)
r, f(2)) + 5 f).

4.3)

4.4)

4.5)

(4.6)
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By the assumption m (r, ﬁ) = S(r, f) and Lemma 2.3, Lemma 2.6 and for any d €
C\ {a, b}, we have

IN

e
o (ng

o

PG - 1)
G~ a)(fG) - () - daCz)

Az (z) = () £(2)

(@)a))+m<(ﬂdWﬂd®>
=)

A"f z)

((

\_/

+m(r
7o) )) strJ)

L)+ 50

4.7

By Nevanlinna's Second Fundamental Theorem, we see that

N <7", f(z)l_a> N <7", f(z)l_b> LN £(2)) + S(r )
(7«, f(z)la> iy (7«, f(z)lb> + S0 ). @.8)

Now from (4.1), (4.3) and Lemma 2.3, we have

T(r, f(2))

A

IN

N

I IA

IN

IN
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From (4.8) and and the above inequality, we obtain

Y <r, ! ) Ny <r, ! > = T(r, f(=)) + 5(r, ). 4.9)

Since f(z) and A" f(z) share the non-zero complex number a CM and the non-zero complex
number b IM, by using (4.6) and (4.9), together with the Second Fundamental Theorem, we can
deduce that

2T(r, f(2)) = 2T(r,A2f(2)) + S(r. f)

IN
2
=3
>
o3
KH
—
I
S—
|
Q
~——
2
N
=3
>
o3
KH
—
N Ll
S—
|
>
~——
+
=
/N
=
>
o3
kh
—
N | =
S—
|
ISH
~——

IN
=l
N
=3
kh
—
Y
S| —
|
IS
N~
+
=
N
=3
kh
—
&
I
o>
N~

IA
=
=
~
N
+
=
3
>
RE
~
N
3
N
3

This implies

m (r, A"f(l)—d) =S(r, f). (4.10)

By Lemma 2.7 and from (4.6), (4.7), (4.10), we can easily see that
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—~

—~

~

S

S 7 N\
_d s
—~ 1 =
R~ ||~
=& Sl
Lol — |~
< S| g0
- <
N— &
= ~—
© =
L
s N\
_d S
s
/Z\\l/\l/_
=& &g
nAcf f/rl.J\
g0
R <
~——— <
N———
&~
_ =
Il

]
— |
s S —I=
| | VR ~—
1\~l/~/ R Av
- N—
= S |~ -
g0 £p /7.~\(T\
< < =
- & o g
~_ ~—— ~—— &
! ! f =
— 7 N 7
= ~= \wlxm/
| | =
\Z/ ~ — g0
~— R N A
—~ — —~ =
= - = = -
= 5 FE v =
Z @0 n ~— KN
I+ =2+ K _

—_— T

.11

sing Lemma 2.3, we obtain

Now from (4.7), (4.11) and u

)+ 560
>+m<r

—~

(2

Atf(z) —d

g

(.

g
VI

)+ s(r.1)

d
f(z) —d

—~

~—

cf(z
fz)—d

<

(+

g
VI

4.12)

=
&
+
R
=
,

— |~

=
L
N—— <&
S—

E w0

VI I
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By Lemma 2.6 and from (4.2), (4.12), we have

)

(Azf(2) (Azf(z) —
(Azf(z) - )( nf(z
_ A"
A

( )
7 )
(AR (AR () — S () — d)
(@ (32 f(2) —d)
( +

T(r,p(z)) = m(r5(

I\

f(z)
)—b

- ) () — )
) -

A2 (2)) (A2 (2) — d) o (2201 1)
—~a)(Af(z) ) AL —d
d

a)) S
d

IN
3

= S(r, §). (4.13)

Now we consider z be any zero of f(z) — b and A? f(z) — b with multiplicities p and g,
respectively.
From (4.1) and (4.2), we have

A" f(z) — f(z
Q(ZO):bfa.( Cfizzof( ))|ZZO 4.14)
and
e = 2 (L2 4.15)

From (4.14) and (4.15), we get

qa(z0) = pB(20)-

Again we let 21 be any zero of f(z)—a and A” f(z)—a with multiplicities p and ¢, respectively.
Then similarly, we can prove that

qa(z1) = pB(z1).
We shall the following two cases.
Case 1. First we suppose that
qa(z) — pB(z) # 0.
By the reasoning as mentioned above, we deduce that z; is a zero of f(z) —band A f(z) — b

or f(z) — a and A” f(2) — a with multiplicities p and g must be the zero of qa(z) — pB(z).
It follows from this and the fact that «(2) and 3(z) are small functions of f(z), we have

Nipa) (’“» f(z)l_a> + N (r’ f(z)l—b> < N (T’ M)

INIA
S
=
L~
S
&
|
S
=
&
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By using (4.6) and (4.16) toghether with Second Fundamental Theorem, we obtain
— 1 — 1
T(r, f(z < N|(r,———— +N<7‘,>—|—S7‘,
() = F(rgm=a) +F (n 55 5) #5600

5 (Mo () ¥ ()

IN

| —
S
-
=)
Y
(=)}
7N
=
2
N
kﬁ
—

W
\/H
|

IS
~__
+
)
2
7 N
3
>
g
—

| =
SN—

|

IS
~~_
~~

IN
O\| =—
/2\
5
2
N
=3
kﬁ
—
—" —
\
IS
~__
+
5
2
N
=3
>
3
~
O
SN—
\
Q
~__—
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This implies that

which is a contradiction.

Case 2. Next we suppose that
qga(z) —pB(z) =0.
Then from (4.1) and (4.2), we have

. f(2) , (A7 f(2))
(f(z) —a)(f(z) =b) ~ " (Arf(z) —a)(Arf(z) —b)

Therefore

f(2) FG) o AnfGz) (Arf)
I (f(z> —a f(z) —b> =b (Agf(z) —a Arf(z) — b) . “4.17)

Integrating both sides of (4.17), we get

() =< ()"
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where C'(# 0) is a constant.

From (4.6) and (4.18) and using Lemma 2.8, we obtain
qT'(r, f(z)) = pT(r,ALf(2))+ O(1)
= pT(r,f(2)+S(r, f),

This implies that

Now from (4.18), we get

where D(# 0) is a constant.
Since A” f(z) # f(z), by using (4.19), we have D # 1.
From (4.19), we get

f(2)[(1 =D)AL f(2) + aD — b] = (a — bD)AL f(2) + ab(D — 1).
By Lemma 2.9 and using above equality, we obtain
m(r, &g f(2)) = S(r, f).
Since f(z) is an entire function, it follows that
T(r, AL f(2)) = S(r, f)-

On the other hand, we can easily see that

T(r.f(z)) = m(r f(2))

- el )
SR
= S(r.f),

which is again a contradiction.
Therefore indeed we have

ALf(z) = f(2).

This completes the proof of Theorem 1.2.
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