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Abstract In this short note, Fatou type (pointwise) convergence theorems for integral opera-
tors equipped with infinite sum designated as

50 b
W, (f0) =) / PO Hyo(t — 2)dt, v € A,
m=1

where A is a non-empty index set involving non-negative real numbers v, to the function f €
L, (a,b) (1 <p < oo) atits generalized type characteristic points are given. Here, (a,b) is an
arbitrary finite interval in R or (a,b) = R.

1 Introduction

Approximation features of various types of linear and nonlinear integral operators have been an
hot interest of many researchers for years. The fundamental form of linear integral operators
may be given as

L(fiz,A) = /f(t)K(tf:z,)\)dt, € (=), (1.1)

where ) is a non-negative parameter and K (., \) is a 2x—periodic kernel function satisfying
some properties. The convergence properties of operators of type (1.1) and its modifications ob-
tained by changing the domain of integration were detaily prensented in the famous monograph
by Butzer and Nessel [16]. The operators of type (1.1) were also considered as two-parameter
integral operators by Taberski [17] presenting pointwise convergence theorems including a ge-
neralization of well-known Natanson lemma [10]. Then, many generalizations of the operators
of type (1.1) were studied by many authors including Gadjiev [2], Rydzewska [3], Karsli and
Ibikli [9] and Esen Almali [19]. Musielak [11] considered the nonlinear analogues of the oper-
ators of type (1.1) and gave a solution method for the pointwise approximation problem of this
case. For further reading concerning this approach, we refer the reader to [5, 6, 7, 12, 23]. Also,
for some different approaches, we refer the reader to [1, 20].

As a continuation of [8], [15], [21] and [22], the main purpose of this manuscript is to obtain
Fatou type (pointwise) convergence of nonlinear integrals equipped with infinite sum in the
following setting:

o b
W, (fi0) =3 / PO Hym(E = 2)dt, vEA, o€ (ah), (1.2)
m=1

where A is a non-empty index set involving non-negative real numbers v, to the function f €
L, (a,b) (1 <p < o0),where (a,b) is an arbitrary finite interval in R, as (z, v) tends to (zo, vp).
Here, vy denotes either accumulation point of A or co. Similar results are also obtained for the
case f € L, (R).Here, H,,,, : R — R}, v € Aandm = 1,2, ... and f™ represents m—th power
of f. The operators of type (1.2) are obtained by incorporating the operators and terminologies
used in [17] and [21].
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Remark 1.1. Let (a, b) denote any interval on R and (f™ (¢t)H,,(t — z)) be a sequence of mea-
surable functions deﬁned almost everywhere on (a,b) for each fixed z € (a,b) and v € A. If

we suppose that Z f |f™(t)Hym(t — x)| dt < oo for each fixed z € (a,b) and v € A, then by

m=1b
a corollary of Lebesgue dominated convergence theorem (see page 29 in [24]), we see that the

series E J™(t)Hy m(t — x) converges for almost all ¢ to a function in L (a, b) for each fixed

x € (a, b)andVEA and

i/fm(t)Hu,m(t /me Hy ot — z)dt

a m=l

holds for each fixed « € (a,b) and v € A. If, in addition one assumes that all kernel functions
are equal, thatis, H, ,, = H,,m = 1,2, ..., and Z £™(t) is summable to a function in L, (a, ),

then the operators of type (1.2) may be conmdered as the operators of type (1.1). Using similar
ideas, one may set a relationship between the operators of type (1.2) and nonlinear counterparts
of the operators of type (1.1). In this work, we will consider similar problems constructed for
the operators of type (1.1) from another point of view, that is, we will mainly follow the steps in
the previous works, such as [21, 2, 17].

Definition 1.2. Let §; > 0 be a given fixed real number and 6; > h > 0. A point zp € (a
(or zp € R) is called 4—generalized Lebesgue point of the function f € L, (a,b) (or f € L, (
if the following relation:

,0)

)
zoth p

lim /\f flxo)[Pdt] =0, 1<p<oo,

h—0

holds, where the function 4 is increasing and absolutely continuous on [0, §;] with £(0) = 0 (see,
for example, [2, 3, 19]).

The following definition, which gives a characterization of class, is adopted from [21].

Definition 1.3. (Class A) Let A be a non-empty index set involving non-negative real numbers
v with accumulation point vy. For m = 1, ..., a family {H, ,,},., consisting of the globally
integrable functions H,, ,,, : R — Rg, for each fixed m = 1, ..., and v € A is named as Class A,
if there hold the following features:

a.

/ Hu,m(t)dt = I?na

where I,, > 0 are certain finite real numbers which are independent of v € A with
o0
> Iy, < 0.

m=1

b. For every & > 0,

lim i [sule,ym(t)] =0.

s
v S Lit>e

c. Forevery £ > 0,

li H, ,(t)dt| =0.
Jim, 2 [ Hont®

[t|>¢

d. Let 0 be a certain positive real number satisfying 0 < 9 < §; such that H, ,,(¢) is non-
decreasing on [—dy, 0] and non-increasing on [0, §] with respect to ¢ for each fixed m =
1,...,and v € A.

From now on, we suppose that H, ,, is taken from the Class A.



On Pointwise convergence of Nonlinear Integrals in L, Spaces 445

2 Main Results

Let (a,b) be finite interval in R. First main theorem, which is similar to that of given in [2, 17,
21], is

Theorem 2.1. If zy € (a,b) is a p—generalized Lebesgue point of f € L,(a,b) (1 <p < o0)

and f is bounded on (a,b) with sup |f(t)| = A, then
te(a,b)

lim )‘Pl,(f;a:) = Inf™ (o)
m=1

(1) = (20,0

provided that the function given by

50 z0+0

S8 [ Huanlt =) [tlln — 1), + 28, O — )
0—0

m=1

is bounded on a set S consisting of (z,v) € (a,b) x A, as (z,v) tends to (xo, ), where 0 < § <
8o, and sup(mP A™P), m € {1,2,...} is finite for each fixed 1 < p < oco.

o0
Proof. First of all, notice that, the sum > I,,, f™(z) achives a finite sum in view of condition
m=1

(a) of Class A and hypothesis of the theorem. Now, we set o, = “I’V(f; x) = Y I f™(x0)|-
m=1
Let g™ (t) :== f™(t) on (a,b) and g™ (¢t) := 0 on R\ (a,b) . By condition (a) of Class A and the

inequality given by (w; + w,)” < 2Pw! 4 2Pwh, provided that w; and w, are certain positive
real numbers (see, for example, [24]), we can write

p
e}

b
o< 20 (Y [18m0) - 7 )] Huont — o)
m=17
o 0 P
227 [ 3177 (o) / Hyn (= 2)dt — I,
m=1 00

p

122 [ 5177 (o) / Hy ot — 2)dt
m=l R\ (a.b)

= 22paf—|—2p0§ +22p0§.

We proceed further for the case f € L, (a,b) with 1 < p < oco. The case f € L (a,b) is
analogues.

Suppose that § < b — xg, 29 —d >aand 0 < zp — z < g

By a simple observation , we see that sup | f™(zo)| < sup(mA™) < oo by the hypothesis, and

by conditions (a) and (c) of Class A, o converges to 0 and 0% converges to 0 as (x, v) tends to
(20, 19), respectively.

Now, we consider 0. Applying Holder’s inequality integral part of it (see, for example, [24]),
we have

o
=

_— / (1) = ™ (20)|” Hom (t — 2)dt / Hym()dt |
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Now, we apply Holder’s inequality for infinite sums (see, for example, [14]) as follows:

> (/Ifm(t)—fm(ﬂfo)lpHu,m(t—x)dt) (/ Hu,m(t)dt)

1 1

3 ( / () = F7 (o) Hyﬂ,,,(tx)dt)) (Z / H,,m(t)dt)

m=1_"

IN
3
[

1

1 © 7 !

= o] Z/Hy,m(t)dt ,
m:l_OO

where > [ H,,,(t)dt < oo by condition (a) of Class A and p and ¢ are conjugate exponents

mloo

such that 1+ +1 =1.
For a €xed real number § satisfying 0 < § < g, we split the integral o;; into four terms as

follows:
[/ / /6 / ]|fm — M(@0) | Hoa(t — )t

0 z0+0

o11

= o111t o +0131 + o141-

In view of condition (d) of Class A, there holds:

zo—0 xo—0 0o
2p8up{ / [fm (@) dt + / |f™ (o) | dt} > l sup Hu,m(u)]
m s |u\>%

o <
m=1
< 2P {sup ||fm||1£p<a,b> +(b-a supAmP} Z [ sup Hy m ( )]
m m m=1 Llul>$
and
0141 S 2psup{'/ |fm |p dt+ / |fm oy |pdt} Z [SUP_HV7WL(U)]
0+5 zo+0 m=1 ‘“|>7
<

2° {Srlip 1F™ N7, (0 + (0= a)s:anAmp} Z l sup Hl,’m(u)] .

m=1 |u\>%

By condition (b) of Class A and hypothesis, o111 — 0 and o141 — 0 as (z, v) tends to (xg, vp).
To continue proof, we need the following identity (see, for example, [13]):

(af = 8) = (a1 — @) (7 + a2+ 37",

where ¢, ¢ € R, n € N. Using this fact and boundedness of f on (a,b), we easily see that there
are finite real numbers m? A ~1P > 0 so that the inequality

|f7(t) = f ()P = |(f(t) - f(HJO)) (FO™ "+ FO™ 2 f(wo) + oo+ fzo)™ [
< mPAMTIP|f£(t) — fxo)l”,

where m = 1, ... holds.
Using this inequality in 051 and 031, we obtain

(oo}

o1t < 3 mP Atn=Dp / () = £ (0)l” Hym(t — 2)dt

m=1 zo—8
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and
zo+4d

ol < 3 me AP [ 7(0) = F@0)? Ho (2~ )t

m=1 Zo

Now, consider first the inequality in oy2;. Let 2o € (a, b) be a u—generalized Lebesgue point
of f € L,(a,b). By definition, for all € > 0 there exists § > 0 satisfying 0 < § < dy such that

/ If (t) = f (z0)|" dt < ePp(h) 2.1
xo—h

hold provided that 0 < h < 4, respectively. Define the following new function as

/ If(2) = f(z0)|" d2. (2.2)

Then, for every t satisfying the conditions 0 < xg — ¢t < J, we have
|F(t)] < ePu(zg —t). (2.3)

Hence, from (2.2) and (2.3), we can write

ot = 3 [mpAm=VP | (LS) / Hon(t — 2)d(=F(£))
m=1 z0—3

where (LS) denotes Lebesgue- Stieltjes integral. Applying integration by parts method to the
Lebesgue-Stieltjes integral, we have

o] < & S mPAIR (H, (30 — 8 — 2)u(6)
m=1
o
+/ (g —1t) 2H (t—=x)|dt
H“\Zo ot v,m
:E()*(s

Now, we define the variations:

t
\/ HV;W(S) 5 37()—.1'—(5<t§x0_33
Vm(t) = To—x—09 . (24)

0 , t=xz9g—x—90

Taking above variations and applying integration by parts method to last inequality, we get

o] < P> mATTIPLH, (20 — 6 — @) p(8)+
m=1

+ [ Vi) {lwo —w — 1)}, dt
zolé

Let us consider the definition of V,,, (see (2.4)) function and condition (d) of Class A. Firstly,
we shall write

|0121‘ < eP Z mA(mil)p {Hu,m(xo —6— :c)u(5)+
m=1
0 ¢
+ / \/ Hom(s) | {(zo — o — )}, dt
zo—w—§ \Fo—T=0
4 / \/ How(s) + \/ Homs) | {nlwo — @ — 1)}, dt

0 zrog—x—9 0
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and then
o] = e” Y mA™TIP{2H,, ,, (0)u(|zo — )
m=1
Zo
+ / Hym(t — 2) (o — )} dt b 2.5)
1'0—5

We can use a similar method for estimating o13;. Then we find the inequality

00 zo+0
lois1] < eP Z mAm=1p / Hy o (t — ) {p(t — x0)}, dt. (2.6)

m=1 Zo

Consequently, from (2.5) and (2.6), we can write the following inequality:

zo+48

lo2t] + o] < € Su%(mAml Z /Hum — ) [{u(lzo — t])},| d
me
0—

+2H,,1,(0) (|20 — @)} -
Since APsup (m? Am~DP) = sup (mP A™P) < oo and the right hand side of the above inequality
is boundeén on S by the hypothg;es, the assertion follows, that is,

lim W, (f;z) = i I f™(x
m=1

(z,v)—(z0,v0)
Note that same result is valid for the case 0 < x — z¢ < % Thus, the proof is completed. O

Let (a,b) = (—00,00) . Our next result is

Theorem 2.2. If x¢ € R is a p—generalized Lebesgue point of function f € L,(R) (1 < p < 00)
and f is bounded on R with sup |f(t)| = B, then
teR

lim ‘Py(f; %) = Z Imfm(xo)
m=1

(z,v)=(z0,10)

provided that the function given by

z0+0

S>3 [ Humlt =) (a0~ e,
§

m=1

van (0) (o — ) ¢,

h
is bounded on some sets S’ consisting of (x,v) € R x A, as (x,v) tends to (xo, 1), where
0 < § < &y, and sup(mPB™P) and sup || f™ (t)||’£p(R) ,m € {1,2,...} are finite for each fixed
1 <p<oo.

Proof. We sety, = “P (fiz) — Z I f™(x0)|. Following the similar strategy as in the Theo-

m=1

rem 2.1, for the case f € L,(R) (1 < p < 00), we have

p

75 < Z / ‘fm fm IO)|HV7YL( *I)dt

p

Z Lf™ (o) / H, n(t — x)dt — I,
m=1 o

= 2”7{’ + 2”75.
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The integral ~4 is calculated as in the previous proof. It is sufficient to examine the integral ~7
for proof. Now, let’s show that ; tend to zero as (x,v) — (9, 1p). Using the same way as in
Theorem 2.1, we can write

Q=

W< z / 170 = S o) Holt =)t | x| 32 [ Hum(0yi
77;:1700

o0

= % Z]oHum )

where Y [ H,,,(t)dt < oo by condition (a) of Class A and also p and ¢ are conjugate

m=1—o0

exponents such that % + é = 1. For a fixed real number ¢ satisfying 0 < ¢ < o, we can write

00 x9—8 Zo z0+6 00
o= / / [+ [ 1m® = @)l o - o)
m=l ] g z0+0

= Y11+ 721 +’Yl31 + 7141.

Firstly, we consider the integrals v;1; and 14;. By condition (d) of Class A, we obtain

L) 00
M <20 ) l sup Hu,m(u)] sup [[f™ |7, () + sup (m”B™") / Hy o (t — x)dt

m=1 |“‘>% 0o

and

<2y [ sup Hu,mm)] sup 1711, )+ 5up (7 B") [ Hyn(t )

m=1 |u\>% m m 46

o

By condition (a) and (b) of Class A and hypothesis, 111 — 0 and 141 — 0 as (z,v) tends to

(20, 19). On the other hand, taking into account the previous theorem, we can write

OO zo+0
[121|+|7131] < €P sup (mmep> / Hym(t — ) {N(|m0_t|)} dt 4+ 2H, 1 (0)p(|z0 — )
m m=1
0—0

Consequently, the right hand side of the above inequality is bounded on S / by the hypotheses,
this completes the proof. O

3 Rate of Convergence

Theorem 3.1. Suppose that the hypotheses of Theorem 2.1 are satisfied. Let

zo+d
A(v,6,) / Hy(t — 2) [{a(l0 — ) },] dt + 2Hyy 1 (0) (|0 — 1)

where 0 < § < g and m = 1,2, ... and the following conditions are satisfied:
i. For 6 >0, lim  A(v,d,z) =0.

(@)= (zove)

ii. For every & > 0,

Vli_)ngo f: [Sup Hl,m(t)} =o0(A(v,0,1)) .
m=1

[t]>¢€
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iii. For every & > 0,

li Hy o (t)dt| = o (Av,5,)).
Jim 3 [ Hemt)it| = 0(8(5.2))
=L

iv.

v—r

lim / Hy ()t — In| = 0 (A(1,6,)),

o)
where I,, > 0 are certain finite real numbers which are independent of v € Awith > I, < co.

m=1

Then, at each p-generalized Lebesgue point of function f € L,(a,b), we have

p

“Py(f;x) - Z Imfm(fco) = O(A(Vv 5ax)) :

Proof. The claim is obvious by the hypothesis of Theorem 2.1. O
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