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Abstract In this paper, we generalize the notion of Meir-Keeler contraction condition in
controlled metric type spaces. We prove some fixed point theorems for this class of contractions
which enables us to extend and generalize many results in the literature.

1 Introduction and preliminaries

After the brake through of Banach in 1922 [1], researchers around the world have been inspired
for decades now, and the simple reason that his result has many applications in many fields. Since
then researchers has been trying to generalizes his work so it can be applied to more fields to
solve open problems. So, some will generalize the type of metric spaces while others generalizes
the contraction principle, we encourage the reader to check the following work in the literature
[4,6,7,8,9,10, 11, 13, 15, 16, 17, 18, 19]. In this paper, we present a more general contraction
so called Generalized Meir-Keeler which we will use in controlled metric type spaces, which is
a generalization of b—metric spaces that has been introduced lately.

First, we present a brief background on the controlled type metric spaces. The notion of
b—metric spaces was introduced by Bakhtin in [3], which an extension of metric spaces and it
was defined as follows;

Definition 1.1. [2] Given a nonempty set X and 6 : X x X — [1,00). The b-metric is a function
¢: X x X — [0,00) such that there exists s > 1 where for all z;,y, 2 € X we have,

() ((z,y) =0=z=y;
(i) ¢(z,y) = ¢(y,2);
(iii) ¢(x,y) < s[¢(x, 2) + (2, 9)].

Since then many generalization of b—metric spaces was introduced see [12, 14, 5]. Lately,
the authors in [2] introduced the concept of extended b—metric spaces by replacing the constant
s > 1 1in the triangle inequality by a control function 6.

Definition 1.2. [2] Given a nonempty set X and 6 : X x X — [1,00). An extended b-metric is a
function Q : X x X — [0, 00) such that for all z,y, z € X,

() Qz,y) =0z =y;
(i) Q(z,y) = Q(y,z);
(i) Q(z,y) < 6(z,y)[Q(z, z) + Q(z,y)].

Among the generalizations of b-metric spaces [3, 4], Mlaiki et al. [5], introduced the concept
of controlled metric type space via a control function, as follows:
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Definition 1.3. [5] Consider the set Y # () and 7 : Y> — [1, +0c0). If the function &, : Y2 —
[0, +00) satisfies the following conditions;

(gl) g‘r(g’ h’) =0eg9="n

(52) E‘r(ga h) = gT(hhg);

(&) & (g,h) < 7(g,2)¢-(g,2) + 7(2,h)&-(2,h), forall g, h,z €Y,

then the pair (Y, &, ) is called a controlled metric type space.

Next, we remind the reader of the topology of controlled metric type spaces.

Definition 1.4. [5]Let (Y, £,) be a controlled metric type space and (g, ), be a sequence in Y.
(1) We say that the sequence (g,,) converges to some ¢ in Y, if, for every e > 0 there exists
N € N such that &, (gn,, g) < e forall n > N. In this case, we write lim,, ;o gn = g

(2)We say that the sequence (g,,) is & —Cauchy, if, for every € > 0 there exists N € N such that
&-(gn, gm) < eforall n,m > N.

(3) The controlled metric type space (Y,&,) is called complete if every Cauchy sequence is
convergent.

Definition 1.5. Let (Y, &) be a controlled metric type space and let T be a self mapping on Y.
T is called & -orbitally continuous if whenever

lim_&(Tg",2)=0= lim &(TTg"T2) =0V g,z €Y. (1.1)

n—-+oo

Remark 1.6. Note that, continuous mappings are £, —orbitally continuous. But, the converse is
not necessary true. For example, consider the controlled metric type space defined by ¢, (g, h) =
|g — h|forall g,h € Y, where Y = [0, 1] and the map T': Y — Y defined by

Tg— % %f 0<g<1
0 if g=1
It is not difficult to see that 7" is not continuous, but 7" is &,-orbitally continuous.

Definition 1.7. Let Y be anonempty set, 7 : Y — Y be amappingand o : Y x Y — [0, +00)
be a function. Then T is said to be a—admissible if for all g, h € Y, we have

alg,h) > 1 = «a(Tg,Th) > 1.

Definition 1.8. A mapping 7" : Y — Y is called triangular a—admissible if it is a—admissible
and it satisfies the following condition:

a(g,h) > 1 and «a(h,z) > 1= a(g,z) > 1.

Notation: Let T be a self mapping on a controlled metric type space (Y,&;). For g,h € Y,
set

M(g7 h) = max{&T(Q? h)’fT(Tg7 g)?fT(Th” h)}’ (1'2)

and
(9, Tg) +&-(h,Th)
2

Remark 1.9. Note that for all g, h € Y, we have N(g,h) < M(g, h).

N(g,h) = max(&-(g,h),

). (1.3)

2 Main result
Our first main result is as follows:

Theorem 2.1. Let (Y,&,) be a complete controlled metric type space and T be a triangular
a—admissible mapping on Y. Suppose that the following conditions hold:

(i) there exists go € Y such that «(Tgy, go) > 1 and a(go, Tgo) > 1;

(ii) if (gn)n is a sequence in'Y that converges to z as n — oo, and a(gn, gm) > 1 for all
n,m €N, then a(gn,2) > 1 foralln e N;
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(iii) if for each € > 0, there exists 6 > 0 such that

1+¢&:(9,T9g)
<
2se < & (h, Th)i1 M(g.h) + N(g,h) < s(2¢ + 6),
then we have o(g,h)é-(Tg,Th) < e, where s = sup{7(gn,gm), n,m € N} > 1 with

gn =T"(g0);
(iv) for every g € Y, lim,, (g, T™go) and lim,,(T™ gy, g) exist and are finite;
(iv) T is &-—orbitally continuous.
Then T has a fixed point in'Y.

Proof. From condition (4i7), we can easily deduce that

1+¢&:(9,T9g)

1+ M(g, 1) +N(g,h)).

{9, W (19, Th) < o-[€ (h, Th)

Let go € Y satisfy condition (z) and define the sequence (g, ), by
gn+1:Tgn7 n:0717""

First, note that if there exists p > 0 such that g, = g;, then we are done and the fixed point is
gp- Thus, we may assume that ¢,,+1 # g, for all n € N. Using again condition (i) and the fact
that 7' is a triangular a—admissible mapping, we can easily deduce that a(g,, g.,) > 1 for all
n,m € N.

Note that

M(Qn; gn+1) = max{{; (gn, In+1 )7 &r (gn+1 ) gn+2)}-

Next, we are going to complete our proof in the following steps:

Step 1: M(gnv gn+l) =& (gna gnJrl) for each n > 0.

If for some 7, M (gn, gn+1) = &+ (gn+1, gni2) > then

0< §T(9n+17 gn+2) < a(gn+1, gn)gT(Tg’rH-laTgn)

1 + €‘r(gnagn+1)

+N nyJIn
1+M(gnagn+l) (g g _H)]

1
< ZKT (gn+17 gn+2)
1
< Z [§T (g’lH-] 5 gn+2) + M(Qn, In+1 )]

1
= 78[57' (9n+1»gn+2) +&- (gn+1a9n+2)]

1
< g57(9n+1 , gn+2)~

It is a contradiction with the fact that s > 1. Then M (g, gn+1) = &+ (gn, gn+1) for each n.

Step 2 : (&;(gn, gn+1))n is a strictly decreasing sequence.

From step 1,

§r(gnt15 Gnv2) < M(gns Gnv1) = & (Gns Gnt1),
for each n > 0. Thus, the sequence (&;(gn, gn+1))n is decreasing.

Step 3 : (&-(gn, gnt1))n converges to 0. The sequence {&,(gn, gn+1)}n is decreasing, so it
converges to some number, say 7 > 0. Suppose that > 0. Let ¢ = %(> 0) and choose § > 0
such that the condition (4ii) is verified. Since lim,,— oo (&7 (gn+1, gni2) + & (gny Gnr1)) = 2r, it
follows that there is Ny € N such that

27‘ < €T(gN()+17 9N0+2) + gT(gNo7gNo+1) < 2T + 6

Therefore,

2s€ < &r(gNg+1- INo+2) + & (INg> INp+1)
1+ & (9ny, Tan,)
1+ M(gNm gN(Hr])
<2se+ 68 < s(2e+9).

=& (9ng+1, TNg+1) + N(gny: INg+1)
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From the condition (iii), we deduce that

r

Er(gNg+1: INo+2) < a(gng, INg+1)Er (T Ny Tgng+1) < € = S <

It is a contradiction with the fact that r < & (g, gn+1) for each n € N. Thus, r = 0.

Step 4 : & (gm, gn) tends to 0 as n, m — oco.
Given € > 0. Set ¢ = 5 and (5’ = min(4, €, 1). Since lim,, §T(gm7gm+1) = 0, there exists

ko € N such that &-(gm, gm+1) § ,forall m > kg. Let p = s(2¢' + & ) and consider the set
D[gkonu’] = {gl|l > kng‘r(giagko) < ﬂ}

We prove first that T’ maps D[gkov /L] to itself. Since 57' (gkov gk0+l) = ET (gkoa Tgko) < %/ < W,

it follows that gx,+1 € D[gk,. p]- Let gi € D[g,, ] with I > ko, so &-(g1, gk,) < p. Case 1:
Suppose that 2se’ < &-(gi, g, )- Then

25" < & (915 ny) < -
We have
f (91, ko)

1+ & (909041)
1 + M(gl’.gk‘o)

Since & (g1, gry) < N (915 gr, ), it follows that

[ff (Gho» Gro+1) + & (91, 9k, )]-

1+ &-(91,9141)

+ N(g, g1
1+ M(g1, 9x,) (9 9]

[§T (gk(n gkl()-‘rl)

I\)‘H

From the inequality &, (g;, gi+1) < M (g1, g, ), One gets

1 + €T (gl7 gi 1) 1
¢ 7[€T(gk°’gk"+l)m + N(glagko)} < Z[ff(gkoagkoﬂ) + N(gz,gko)]-
Note that N (g7, g,) = max (& (g1, g, ), L2l i)y
If for some [ > ko, we have N (g;, gk,) = & (gl’gl“H?(g"'”’gkO“), then
6/
N(g1, 9ro) < &+ (Ghos Gror1) < 1

and consequently,

1+ & (91, 9141)

1
— <
T+ Mg gr) N (g1, 95)] <516 (980 9ro1) + N (a1, 93]

1
75 (& (ko> Gro+1)

< 1 [6’ n 6’}
— 254 4
6/
/ JR—
<€ + 3
Thus,
1+€T(gl7gl+l) / /
- , —= 2" + N(gi, 2 o).
§ (gko gko+l> 1+M(gl,gk0) + (gl gko) < S( €+ )
Now, if for some I > ko, we have N (g, g,) = & (g1, gr, ), then since & (g1, gx,) < p, it follows
that
1+£T(gl7gl+1) 6/ / 6/ / /
- , ——=" " + Nlgi, gk — 2 — 2 o).
g (gko gko-‘rl) 1 +M(glygk0) + (gl gko) < 4 +S( e+ 2) < S( €+ )
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We deduce from above that

1+ g‘r(gthl)

+ N(g;, < s(2¢ + 6.
1+M(gl7gk0) (gl gk?(]) ( )

2s€’ < & (gry» Tgry)
Thus, by condition (iii), we have

fT(TglyTgk’g) S a(gl7gk0)£T(TglaTgk0) < el-

The triangle inequality yields that

& (Tar, gry) < (T, 9)&+(Tar, 1) + 791, 9o )& (91, Gio)
= 7(q141, 91)& (qiv1, 91) + 7(915 9k )+ (915 Iy )

/ /

1) 1)
< 51 +s€’ < s(2¢ + E) =,

which implies that T'g; = g;41 € D[gko, u].
Case 2: Assume that &, (g1, gi,) < 2s€¢’. Then

& (T, 9xy) < T(T91, T i) e+ (Tg1 Tany) + T(TGy> Gy )&r (T Gy Gio)
< s& (Tg1, Tgry) + 56+ (T Gy Iio)
< sa(g1, 9ro)&r (T91, i) + &7 (T Gy Giy)

1 1+€T(glagl+l)
8(28 [gf(gkmgko-‘rl) l+ M(gl;gko)

A

IA

+ N(glagku)]) + S&'(Tgkua gko)

1 1
557 (Gko» Gro+1) + EN (91, ko) + &+ (Tgry > i)

16 1 &
<S4z =
<57 +2N(gl,gk0)+54

Recall that N (g1, gr,) = max(&- (g1, gk, ) Er(gthH? (91 g1 )-

If N(gl; gk:o) _ 51—(91’gl+l)+§r<gkoygko+l), then

IA

5
N(legko) < fT(gkovgk(H']) < Z

and consequently,
! !/

< 57 + EN(glvgko) +s5—

fT(Tglhgko) 4
16 14 &

/ /

< — — .
_4+s4<,u

Now, if N (g, gx,) = &+ (91, g, ), then we have

! /

16
& (Tar, gry) < 57 + EN(glagko) + 51

16 1 o
=57 + Efr(glvgko> +SZ
< 16—/+36'+3(1 < i
=27 g =

which implies that T'g; = g;41 € D[gko, u].
Now, let m,n > kg, then

ST (gm gm) S T(Qn, gko)& (gn7 gko> + T(gkoa gm)gT (gkov gm)
< sfr(gnvgko) + Sfr(gkovgm)

6/
< sp A+ sp = 25%(2¢ + E) <55%€ =e.
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Thus, lim,, ,,, &7 (gn, gm) = 0. This implies that (g, ),, is £ —Cauchy.
Step 5 : T has a fixed point. Since (g ), is £, —Cauchy and Y is complete, it follows that
there exists v € Y such that

lim & (g, u) = 0. @2.1)

The &-orbital continuity of 7" implies that T'u = .

Next, we present the definition of generalized Meir-Keeler contractions of type (I).

Definition 2.2. Let (Y, ;) be a controlled metric type space and 7' : Y — Y be an a-admissible
mapping. Such 7'is said to be a generalized Meir-Keeler contraction of type (I) if for every e > 0,
there exists > 0 such that

€ < B(& (9, 1)) M (g, h) < e+ 6 implies a(g, h)&-(T'g, Th) < e 2.2

where M (g, h) was defined by (1.2) and j3 : [0,00) — [0, 1) is a continuous function with a
constant s > 1.

Remark 2.3.If T : Y — Y is a generalized Meir-Keeler contraction of type (I), then

a(g, h)&(Tg, Th) < B(&-(g,h))M(g, h) (23)
forall g,h € Y when M(g,h) > 0.

Theorem 2.4. Let (Y,&,) be a complete controlled metric type space and T be a triangular
a—admissible mapping. Suppose that the following conditions hold:

a) T is an & —orbitally continuous generalized Meir-Keeler contraction of type (I);

b) there exists gy € Y such that a(go, Tgo) > 1, a(T'go, go) > 1, and the sequences (7(gn, g))n
and (7(g, gn))n are bounded, where g, is defined by g,, = T™ go;

¢) if {gn} is a sequence inY such that g, — z as n — oo and (g, gm) > 1 for all natural
numbers n,m, then a(z,z) > 1;

d) there exists s > 1 such that s = sup{7(gn, gm), n,m € N}
Then T has a fixed point in'Y'.

Proof. Let g9 € Y be such that condition (b) holds and define {g,} in Y so that g = Tgo,
gn+1 = Tgo for all natural numbers n. Without loss of generality, we may suppose that g, #*
gn for all n > 0. Since T is a-admissible, then «(gy,, gn+1) > 1 for all natural numbers 7.

As T is a generalized Meir-Keeler contraction of type (I), then by replacing g by ¢, and h by
gn+1 10 (2.10), we observe that for every € > 0 there exists § > 0 such that

€ < B(&(gn> gn+1)) M (gn, gn1) < € +0 = (gn, Gns1)& (TGn, Tgn1) < € 24
where
M(gna gn+1) - max[f‘r (gn7 gn+l), E‘r (gn+2a In+1 )} (25)
If for some p, M (g, gp+1) = & (gp+2, gp+1), then equation (2.4) becomes
€< 6(57(91)’gp-&-l))fT(gp-&-Zagp-&-l) <e+o= a(gp»gp—Fl)gT(TgpaTgp-&-l) <€

and using that a(g,, gp+1) > 1, we have

gf(Tgp’Tgp+l)§r(gp+lvgp+2) <e< 5(57-(91979p+1))5r(9p+2a9p+1)-

Then & (gpt1, 9p+2) < & (9p+2,9p+1), Which gives a contradiction. Thus, M(gn,gni1) =

57’ (gnvgn-q-]) forall n > 0.
Since M (gn, gn+1) > 0, due to Remark 1.9, we get

< a(gnvgn+l)§T(Tgn7Tgn+1)
< €
< B(&T(g'mgn-‘rl))g‘r(gn?gn-‘rl)

1
gfr(gnygn-&-l) S f‘r(gnygn—}—l)- (26)

E‘r (gn+1 ’ gn+2)

A
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That is, {&;(gn, gnt1)} is a strictly decreasing positive sequence in R™ and it converges to some
r > 0. Let us prove that r = 0. Assume that r > 0. We assert that 0 < r < &-(gn, gn+1) for each
n > 0.

1
First, suppose that s > 1. Applying equation (2.6), we have &, (gn+1, gn+2) < —&+(Gn, Gnt1)-
S

By taking the limit as n tends to infinity, we get < —r < r, which is a contradiction, and so
s
r=0.

That is,
lim g‘r(gnagn-&-l) =0.
n— o0

Next, we show that {g,} is an &.- Cauchy sequence. For this purpose, we will prove that for
every € > 0, there exists a natural number N such that for every [ > N, we have

& (91, gien) < € 2.7)

Since {&-(gn, gn+1)} — 0,m — oo, for every § > 0 there exists a natural number N such that
&-(gn, gns1) < d forallm > N. Choose § < e. We will prove (2.7) by using induction on k.

o for k = 1, we have & (g1, g141) < € = & (g1, 91+1) < €, so (2.7) clearly holds for all [ > N
(due to the choice of 9).

o Assume that the inequality (2.7) holds for some k& = m, that is, £-(g;, gi4m) < € VI > N.

For k = m + 1, we have to show that

& (91, Grem+1) <€ ¥V 1> N. (2.8)

Applying the triangle inequality of the controlled metric type space, one writes

& (gi—1:94m) < T(G91—15 914m) &r (91=1, 91) + & (91, Giem)]
< sl (g1, 91) + & (905 Grem)]

< S[ET(gl—lygl) + fT(glvgl-‘rmH
<sl6+e; VI>N.

If (& (g1=1, Gi+m ))& (91—15 gi+m) > €, then we deduce

e < BE(g-1,91m))é (911, Givm)
< B (g1, 91vm) )M (gi-1, Gr4m)
= B(&(g1-1, 914m)) Max[§7 (911, Gr4m)s & (905 91-1)5 & (Gremr1, Givm)]
< B&(g1-1, 91+m)) max[s(d + €), 6, ]
< Jd+e

Using (2.4) with g = g;_1, h = g;+m, We find

€ < B (9i-1,914m) )M (gi-1, Gr4m) < €+,
then
(gi-1, 914m)& (Tgi-1, TGrm) < €
which gives &, (g;, gi+m+1) < €. Hence, (2.4) holds for k = m + 1.

If B(&-(91—1, Gi4m))ér (gi—1, Giem) < €, then

B (gi—1, Gem )M (gi—1, gi3m) = B&(g1-1, Gi+m)) Max[E- (gi—1, Gi+m),
&r (gla 9171)7 &r (gl+m+17 gl+m)]
< B (g1, grem)) max[&-(g1-1, Girm), 0, 9]
< €.
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From Remark 1.9, we get

(g1, 91+m) & (Ta—1, Tgivm) < BE(g1=1, Giem)) M (gi—1, Gr4m) < €
then
a(gi—1, Gi4m)& (G15 Grem+1) < €

So
& (90, Grams1) < a(gi—15 914m)& (91, Grams1) < €

that is, (2.7) holds for k = m + 1.
Note that M (g;—1, gi+m) > 0, otherwise &,(g;, 1) = 0 and hence g, = g;_1, which is contra-
diction. Thus, &, (g1, gi+x) < €Vl > N and k > 1, it means

f‘r(gnagm) <eVm=>n2=>N. 2.9)

We deduce that {g,} is an &, —Cauchy sequence. Since Y is a complete controlled metric type
space, there exists v € Y such that ILm &r(gn,u) = 0.
Now, we will show that Tw = u. For any integer n, the sequences (7(gn, 9))n and (7(g, gn))n
are bounded by some C' > 1.
&r (u7 TU) < T(u, g’!l-‘rl)gT (u, gn—H) + T(Qn-‘rlv Tu)fr (gn+1 ) TU)
< T('LL, gn+1)£‘r (u7 gn+l) + T(Tgna Tu)g‘r (Tgna TU)
< C&(u, gn1) + C& (Tgn, Tu).

Since lim, & (gn+1,w) = 0 and lim, & (T'g,, Tu) = 0 (due to the fact that T is &.-orbitally
continuous), thereby &, (u, Tu) = 0. Thus, Ty = u. i

Next, we present the definition of generalized Meir-Keeler contractions of type (II).

Definition 2.5. Let (Y, &) be a controlled metric type space. An a-admissible mapping 7' :
Y — Y is said to be a generalized Meir-Keeler contraction of type (II) if for every e > 0, there
exists § > 0 such that

e < B(&-(g,h))N(g,h) < e+ d implies a(g, h)&-(Tg,Th) < e (2.10)

where N(g, h) was defined by (1.3) and 3 : [0,00) — (O, é) is a continuous function with a
constant s > 1.

Theorem 2.6. Let (Y,&,) be a complete controlled metric type space and T be a triangular
a—admissible mapping on Y. Suppose that the following conditions hold:

a) T is an &--orbitally continuous generalized Meir-Keeler contraction of type (II);

b) there exists go € Y such that (g0, Tgo) > 1, «(Tg0,90) > 1, the sequences (7(gn,g))n
and (1(g, gn))n are bounded, where g, is defined by g, = T™go;

c) if {gn} is a sequence in Y such that g, — z as n — oo and a(gn,gm) > 1 for all
n,m €N, then a(z,2) > 1;

d) assume there exists s > 1 such that s = sup{7(gn, gm), m,m € N}.

Then T has a unique fixed point in'Y.

Proof. By remark 1.9, we have N (g, h) < M (g, h). Hence, similar to the proof of Theorem 2.4,
the result of our theorem will follow as desired. m|

Theorem 2.7. Let (Y,&,) be a complete controlled metric type space and T be a triangular
a—admissible mapping on Y. Suppose that the following conditions hold:

1 and (g, gn+1) = 1 for all n, then there exists a subsequence {g., } of {gn} such that
(g2 gn.) = 1 and o(gy, ., g:) > 1 for all k;

a) if{gn} is a sequence inY which converges to z with respect to T¢ _ and satisfies &(gn+1, gn) >
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b) T :Y — Y is a generalized Meir-Keeler contraction of type (II);

c) there exists gy € Y such that a(go, Ty,) > 1, a(Ty,, go) > 1;

d) assume there exists s > 1 such that s = sup{7(gn, gm), m,m € N}.
Then T has a fixed point in'Y .

Proof. By the proof of Theorem 2.4, one can easily deduce that {g,,} defined by g; = T, and
gnt1 = Ty, (n € N) converges to some z € Y with &, (z,z) = 0. By condition a), there exists a
subsequence {gy, } of g,, such that «(z, g,,, ) > 1 and a(gy,, z) > 1 for all k.

Note that, if N(z, g,, ) = 0, then Tz = z and we are done.

Now, by remark 1.9 for all £ € N, we have

& (T2, gni1) = (T2, Tgn) < O‘(Zagnk)g‘r(TZngnk)
< B (2,90, ))N (2, gny,)-

k—o0

1 1
Taking the limit & — oo, we obtain lim N(z, g,, ) = max{0, E&(Tz, z)} = E&(Tz, z).

. 1
Thus, nlgrgo & (Tz,gn,,,) < z—sﬁT(Tz,z). Hence,

fT (TZ, Z) S 557’ (TZ? gnk+l) + Sg‘l' (gnk+l ? Z)

Taking the limit & — oo, we obtain

6 (T2,2) < 56(12,2),

which implies &, (T'z, z) = 0, and therefore, Tz = z as desired. i

3 Conclusion

Notice that, we proved the existence of fixed point for three types of Meir-Keeler contractive
mappings under the condition of &.-orbitally continuity. It is an open question that for a gen-
eralized Meir-Keeler contractive mappings of these type, can we omit &,-orbitally continuity
hypothesis and still get a fixed point or maybe we can change it with a weaker hypothesis.
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