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Abstract. In this paper, we gave some new formulas for binomial sums nd some identi-

ties of Horadam quaternions by using Binet formula. Also matrix representations for Horadam
quaternion matrix were deduced.

1 Introduction

In mathematics, quaternions are a number system which extends the complex numbers. Normed
division algebra, which is very significant topic occur the real numbers R, complex numbers C,
quaternions H, and octonions O. One of the most important developments in modern algebra
was the discovery of quaternions in 1843. It is possible to see effects of Hamilton’s discovery in
1843 from quantum physics to computer science etc.

A quaternion is represented in the form ;

q = (ao,a1,a2,a3) = ap + a1i + azj + ask
where ayg, aj,ay, and asz are real numbers and 1, 4, j, and k are fundamental quaternion units,
which holds following multiplication rules :
PP ==k =ijk=—1, ij = —ji =, ik = —ki, and jk = —kj
Definition 1.1. [1] The Horadam sequence is defined by
W = Wa(a,b;p,q) = pWao1 + qWn-2, n > 2
here a, b, p, and q are integers and Wy = a, W; = b, and W, is n—th Horadam number.

Moreover,
_p+tVPrP+4g _p—VP+4g
o = f and ﬁ = f

are roots of the characteristic equation x> — pz — ¢ = 0. So the Binet formula for this sequence

is
_Aa™ - Bp"

Wh P

(1.1)

where A =b—af3, B=05b— aa.

It must be noticed that if we take a = 0,6 = 1, p = 1, and ¢ = 1 in (1.1) , then we get
W, (0,1;1, 1)8", that is, we obtain Fibonacci quaternions. Similarly, if we take a = 0, b = 1,
p=2,and ¢ = 1, then we get W,,(0, 1;2, 1)5°, that is, we obtain Pell quaternions.

Definition 1.2. [4] Horadam quaternions are defined by
Qunt2 = Whio + Wiyzi + Wiiaj + Wigsk
for n > 0, where W, is the n—th Horadam number and initial conditions are
Quw.o = (a,b,pb+ qa, p*b + pga + gb)

and
Quw.1 = (b,pb+ qa, p*b + pga + qb, p°b + p*qa + 2pgb + ¢*a).



724 Arzu Ozkog Oztiirk and Faruk Kaplan

Furthermore, recurrence relation for Horadam quaternion sequences is

Qw,n+2 = pQw,n+l + QQw,m

Also,
2 _ 2
oo PHVP 4 w29+4qandﬂzpi VP®+4q (1.2)

2
are roots of the characteristic equation. For n > 0, the Binet formula for the Horadam quater-

nions is given by
Aaa™ — Bpp"
Qw,n - W

here A=b—afB, B=b—aa,a=1+ia+jo* +ko’, and B =1+iB+ jB*+ k/3>. Besides
that generating function for the Horadam quaternions is as follow

g(t) _ Qw,O + (Qw,l - pQw,O)t
1 — pt — qt?
where Q. 0 and ), are the initial terms of the Horadam quaternions.

Many researchers investigated the subject of quaternions. Firstly Iyer [9] and Iakin [7, §]
introduced relations of quaternions of Fibonacci and Lucas sequences so they obtained gener-
alized quaternions. Moreover, in [16] Swamy obtained the relations of generalized Fibonacci
quaternions. Note that, the second order linear recurence quaternion sequences for example
in [6], Horadam defined quaternion recurrence relations. If we return to today’s work, Halici
[4, 5], Ipek [11], Szynal-Liana [14, 15], Catarino [2], Polatli [13] and many researchers studied
different types of quaternions [10].

We motivated by their results in [3, 4, 12]. In [3], they studied Horadam symbol elements
but we found results about sums of quaternions. In [4], they considered Horadam quaternions
which is the generalizations of the second order quaternions. In [12], they studied formulas for
binomial sums of quaternions. In our work, we introduced Horadam quaternions with construct
the combinatoric relations of the Horadam quaternions.

During this paper, for convenience of representation, we adopt A = p? + 4q and we use
following equalities

a+p = p
a—pf VA
af —q
o’ pa+q
B = pB+q
a2+q = aVA
B +q = —BVA (1.3)

2 Main Theorems of Horadam Quaternions

In [4], Halici and Karatag introduced Horadam quaternions and derived its Binet formula, gen-
erating function, and other properties for this quaternions.

In this section, by using releated Binet formula we found formulas for binomial sums of
Horadam quaternions were obtained. And also, we presented exponential generating function,
d’Ocagne identity and some identities of Horadam quaternions.

Theorem 2.1. (d’Ocagne Identity) Let Q., , denote the n — th Horadam quaternions. For k,
n > 0, and k > n, the d’Ocagne identity for Horadam quaternions are

(—9)"AB

Qw,ka,n-‘rl - Qwﬁ-&-l@w,n =
a—p

(géak—n _ é@k—n)
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Proof. Using the related Binet formula,
Qw,ka,nJrl - Qw,k+le,n

Agak _ Béﬁk Agan+l _ BéﬁTHl
a—pf a—pf

AgakJrl _ B§5k+l Agan _ Bﬁﬂn
- a—p < a—p )

B 1 —BAﬁgﬂka"H _Angak/Bn+l
- (a_ﬂ)2 +BA§Qﬁk+lan+ABQ§ak+lﬁn
= (_(271(0;35))71 (ABafBa*™" — ABBaf*)

this completes the proof. O

Theorem 2.2. Let ), ,, denote the n — th Horadam quaternions. For k,n € N, we obtain
AZ 2 k+n BZﬁ2ﬁk+n

Qw,ka,nJrl + qu,k—le,n =
a—p

Proof. Using the relevant Binet formula and (1.3), we get
Qw,ka,n+l + QQw,k—le,n

B Agak . Béﬁk AganJrl _ Béﬂn+l
a a—pf a—pf

(Aaa Bﬁﬂk 1) Aaa™ — BBB"
& (=)

a—f a—pf
A2q2qnthtl _ABaBakﬁnJrl +B2626n+k+1
1 o ap =
— 7ABégﬂkan+l+qug2an+kfl quBgéak*IB”

— A3)2
(Oé ﬂ) +q32é2ﬁn+k_l —qABﬁgﬁk_la”

B 1 { A’o?a™ (a4 1) — ABaBar 18" (aB + q) }
(a =02 | —ABBas*~'a™(af +q) - BB (—5 — §)
Azgza’”” _ B2ﬂ25k+n
a—p B '

O

The following theorem provides the formulas of exponential generating function for Horadam
quaternions.

Theorem 2.3. Let Q. ,, denote the n — th Horadam quaternions. The exponential generating
Sfunction for Horadam quaternions is

tk Aae® — BBeft
Sty = e 2
a—p3

Proof. Recall that the Binet formula for Horadam quaternions,

3] k 00 Agak —Béﬁk tk

k=0
B a—ﬁz _a—ﬁz
Aae®t —Bﬁeﬂt

a—f ’
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this is valid. O

Theorem 2.4. Let Q) », denote the n — th Horadam quaternions. For all k € Nand m,s € Z,
we have

i@ . JoU Qw,s - (*Q)m Qw,s—mx .
rar w,mk+s 1 — (am + Bm)x + (_q)ml.Z

Proof. Using the Binet formula,

o
§ : k

me@k)-‘rsx
k=0

Aaamk+s _ BIBBkarS

= Z;) — O[_ﬁi xk
_ Ao kak Bﬂﬁszﬂmkk

with the help of sum formula, we get

Aaa® 1 Bpps* 1
a—p <l—o¢mx> Ca-j (1—6”‘3:)

Aaa(1 — mz) — BAB*(1 — a™x)
(a@=B)(1 —(a™+ ™)z + (af)ma?)

if necessary arrangements are make, then we get

Agoﬁ—Bﬁﬁs m Aaa® ™ —BBBRT™
. (W) — (aB) <M> x
w,mk+sT =
Z;Q e L= (am + fm)z + (aB)ma?

The following theorem deals with the sum formulas of mk + s terms.

Theorem 2.5. Let Q, , denote the n — th Horadam quaternions. For alln € N and m,s € Z,
we have

" _ (_q>m Qw,mn+s - Qw mn+m-+s ( ) Qw s—m + Qw S
;:%Qw,mlwrs - (_q) (am T Bm)

Proof. Using the Binet formula and (1.3), we have

Z Qw mk-+s

Agamlﬁ»s _ Béﬂkars
a—p

n B s n
Ag(a"m+m+5 _ as)(ﬂm _ 1) _ B§(6m7L+7n+s _ 1)(am _ 1)

(@ =A@ Fm —an = F7 + 1)

if necessary arrangements are make, then

Il
o~ b
\Q A‘DMS o

Aaa™™s _Bpgmnts Aaqa™nmtmts _gggmntmes

_ ! (apyrass gl 2
(aB)m — (am 4 gm) 41 ~(af)m A2 - ?’ﬁﬁ +Aga(;§£ﬂ-

we get the result. O
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Theorem 2.6. Let (), ,, denote the n — th Horadam quaternions. For all n € N, we have
n n .
Z <k>pkq ka,k = Qw,Zn'
k=0

Proof. Using the related Binet formula,

> (Z)pkq”ka,k

k=0
_ — (1) 4 n—kAQak*Bﬁﬁk
= Y P e
k=0
_ Agnnknfkk Bﬁnnknfkk
= a_ﬁz<k)pq a a_ﬁz L P
k=0 k=0
and also using binomial formula, we get
Aa . BB n
m(q4‘pa) —ﬂ((ﬁ'pﬁ)

by (1.3), we obtain as follow

Theorem 2.7. Let (), , denote the n —th Horadam quaternions. For k € N and s € Z, we have

n

n _
Z <k’) qn kkaw,kJrs = Qw,2n+s

k=0

Proof. Using the related Binet formula ,

n

e
X
§ Qw,Zn-‘rsi’
n.
n=0

0o Aga2n+s _ Béﬂszrs "

- Z a—pf n!

n=0

Agaseo‘zw — Bﬁﬁseﬁzz
a—p
» Aaa’ePor — Béﬂsepﬁz
a—pf '

— 6(1

AQOLS - n nxn Béﬁé - n nxn
(a—ﬁzp o Hia—ﬁngop b n')
e "
(anQw,n-&-s')

n.

n

oo n n -
= Z qnikkaw,k,Jrs e
k n!
n=0 Lk=0
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then we get

n
n _
<k> qn kkaw,qus:Qw,anL&

k=0
O

Theorem 2.8. Let )y, , denote the n — th Horadam quaternions. For n € N and s € Z, we have

Z (Z) (_q)n_ka,2k+s = anw,nJrs

k=0

Proof. Using the Binet formula and (1.3), we get

i [i (Z)(—q)""“Qw,ms] %

n=0 Lk=0

= (i) (Sen)

00 N " 00 Aga2n+s _ Bﬂﬂszrs "
- (G (B )

n!
n=0 n=0

Note that if we take binomial formula

e Agaseazz _ Béﬂ56ﬁ2m

a—p3
— Aaa’® epatr _ BQ’BS pBT
a—pf a— ,B
Aao’® paa: Pﬁx
- Z [3 Z

o) n+s __ Bﬁﬁn+s "

Ao el

as a result of calculations, we obtained

Z (Z) (_Q)n_ka,2k+s:anw,n+s .

)

n!

k=0
O
Also we presented the different binomial identites.
Theorem 2.9. Let ), ., denote the n — th Horadam quaternions. For n > 0, we have
NE - QuonssA? ,for even n
(Z) Z (k) Qw,2k+sqn b= A n+9+ nts
=0 "t + BBATTEAT foroddn
= (N _ D" Qu,n+ts ,for evenn
71 k w s n—k —
) ,; (k> (1) Quarseg { " Quyns Jor odd n
n ants 202 onts
n ek + BB )A ,for evenn
) w.kQuw kts = — n—
( );) (k:)Q #Quik+sd { Azaza”+8 - Bﬁzﬂ”+5)ATz Jfor oddn
" /n e ak - Bzﬁzﬁk)A% for evenn
(iv) Z (k) i;,kq b= of — B32GF
k=0 — BB°BR)A for odd n.
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Proof. (i) Using the Binet formula and (1.3), then

n n—=k
(kj) Qw,2k+sq

n Agazk“ _ BgﬁkaLs -
(k) a=p !

Aaa®(a? 4+ q)" — BBB*(B* + )"
a—f
Agozs(oz\/g)n - Béﬁs(*ﬂ\/g)n
a—pf
(AO[O(”+S + (_1)n+1BﬁBn+s> N
= A7,
a—p3

The rest (i), (i), and (iv) can be made similar to (4). i

3 Matrix Representations of Horadam Quaternions

Matrix method is very useful to obtain results or algebraic representations in the study of recur-
rence relations. For this purpose, matrices for quaternion sequences have been studied by many
authors before. For instance, in [5], author defined the a matrix whose entries called Fibonacci

quaternions such that
Q- Q@ |
Q1 Qo

She obtained Cassini identity using the Fibonacci quaternion matrix. Also in [14], authors
made up Pell quaternion and Pell-Lucas quaternion matrix as

R(n)—< B Ry >and5(n)—< Sn Sn- ),fornZZ

Rnfl Rn72 Snfl Sn72

respectively. Also in [15], Jacobsthal quaternion matrix was made up.

Inspiring by these findings, we define a new quaternion matrix, which is generalization of
the previously defined quaternion matrices. It can be called Horadam quaternion matrix and it is
defined by

H(n) = ( gw"nHSQw’n ) ,forn > 1
w,n (Wwn—1

where entries elements are Horadam quaternions.

Theorem 3.1. Let (), ,, denote the n — th Horadam quaternions. Forn > 1, n € Z , we have

n—1
Qw,nJr] qu,n — Qw,Z QQw,l pq
Qw,n QQw,nfl Qw,l qu,O 10
Proof. Using induction method, we can see proof easily. Let n = 1, then first step is clear. Now
let us assume that the equation is

Qw,k QQw,k—l _ Qw,z QQw,1 pq 2
Quk—1 ¢Quw, k-2 Qu,1 Qw0 10
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forn = k — 1. For n = k it becomes

Qw,Z qu,l

Qu,1 Qw0

Qu2 Qw1 q Pq

Qw,l QQw,O 0 10
— Qw,k QQw,k—l pq

Qu k-1 9Quw,k—2 10

which is desired. O

O»Q

-3

4 Conclusion

In this paper, we discussed Horadam quaternion sequences that generalize all the quaternion
sequences, like Fibonacci and Lucas. We have considered the iterative relation of this quaternion,
the idea present in [4]. In this paper, we have anticipated to find new identities for Horadam
quaternion sequences. For this aim, we gave the exponential generating function, d’Ocagne
identity, some identities, and some binomial sum formulas. Also matrix representation formula
is given related to these quaternions.

Hence, in the future, we will plan to investigate circulant matrices and skew circulant matrices
whose entries are Horadam quaternions and its key features.
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