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Abstract. The Fibonacci sequence has been generalized in many ways, some by preserving
the initial conditions, and others by preserving the recurrence relation. The Fibonacci sequence,
Lucas numbers and their generalization have many interesting properties and applications to
almost every field. In this note, the D’Ocagne’s identity for the generalized Fibonacci and Lucas
sequences is established in terms of log convex identity of generalized Fibonacci and Lucas
sequence by using mathematical induction.

1 Introduction

In recent years, many interesting properties of classic Fibonacci numbers, classic Lucas numbers
and their generalizations have been shown by researchers and applied to almost every field of
science and art.

A sequence is an arrangement of any objects or a set of numbers in a particular order followed
by some rule, based on this the Fibonacci and Lucas number are the examples of sequence in
a particular order that, by adding the previous two numbers of the sequence with different two
initial values.

The Fibonacci sequence exhibits a certain numerical pattern which originated as the answer
to an exercise in the first ever high school algebra text. This pattern turned out to have an interest
and importance far beyond what its creator imagined. It can be used to model or describe an
amazing variety of phenomena, in mathematics and science, art and nature. The mathematical
ideas of the Fibonacci sequence leads to, such as the golden ratio, spirals and self- similar curves,
have long been appreciated for their charm and beauty, but no one can really explain why they
are echoed so clearly in the world of art and nature. The Fibonacci sequence is the series of
numbers: 0,1,1,2,3,5,8,13,21,34,---. Any number in this sequence is the sum of the previous
two numbers, and this pattern is mathematically written as

Fn:Fn71+Fn727

where n is a positive integer greater than 1, F;, is the n-th Fibonacci number with Fy = 0
and F = 1. Several interesting results and identities on Fibonacci numbers were found in [2, 3].
Some interesting results on sequences, double sequences and its applications are found in [5, 6].

The Lucas sequence has the same recursive relationship as the Fibonacci sequence, where
each term is the sum of the two previous terms, but with different starting values. This produces
a sequence where the ratios of successive terms approach the golden ratio, and in fact the terms
themselves are rounding of integer powers of the golden ratio. The sequence also has a variety of
relationships with the Fibonacci numbers, like the fact that adding any two Fibonacci numbers
two terms apart in the Fibonacci sequence results in the Lucas number in between. The first few
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Lucas numbers are: 2,1,3,4,7,11,18,29,47,76,123,---
The Lucas numbers may thus be defined as follows:

2 ifn=0
L,=141 ifn=1
Ln—l + Ln—2 Zf n Z 2.

where n belongs to the natural numbers. Several interesting results and identities on Lucas
numbers were found in [4].

It is well known that N-bonacci numbers have huge number of application in and around all
fields of study and real life. Particular values of NV, we have the following:

S1.No. | N =Sum of consecutive numbers Name
1 2 Fibonacci number
2 3 Tribonacci number
3 4 Tetra-bonacci number
n N N-bonacci number

Table 1. N-bonacci numbers

In [1], Zvonko Cerin studied on factors of sums of consecutive Fibonacci and Lucas numbers.
4i43
The author discovered that the sums Z F}.; have the Fibonacci number F»;,, as a common
§=0
factor, the alternating sums of 20 and 22 consecutive Fibonacci numbers are all respectively di-
visible by Fjy and L. Also, obtained some interesting results on sums of consecutive products,
and squares of consecutive numbers. The following are the few identities involving Fibonacci
and Lucas numbers.

4i+3 4i+3 4

> Fiij=Funlpiaivs and Y (=1) Fryj = PaiaLisoi (1.1
J=0 j=0

4i+1 4i+1 )

Z Fryj = Loit1Fry0i40 and Z(—l)‘7Fk+j = Lo 1 Fri2i—1 (1.2)
=0 =0

4 41 )

> Feij = Failksoi+ Loipi Fryas and > (1) Feyj = Fepailoipr — LeaiFa - (1.3)
=0 =0

and for other identities interested readers may refer [1].

Definition 1.1. [8] For any two positive integers j and k, the generalized Fibonacci sequence
{D}} is defined as;

jtk
DY =Fj+Fa+Fa+.. . +Fua+Fu=) F (1.4)

i=j

Df,=DF+DF, forall jk=0,1223,... (1.5)
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Definition 1.2. [8] For any two positive integers j and k, the generalized Lucas sequence {Ef}
is defined as;

jt+k
Ef =Lj+Lja+Ljpa+... 4+ Lise—1+ Ljx = ZLi (1.6)
i=j
EF,=Ef+EF, forall jk=0,1,273,... (1.7)

In [2, 3], the D’Ocagne’s identity for Fibonacci numbers is given as follows:
FanH - FnFnLJrl - (*1>nFm—n- (18)

The objective of this article is to develop D’Ocagne’s identity for the generalized Fibonacci and
Lucas numbers {D¥} and { E¥'}. Using strong mathematical induction, some interesting results
are developed in [7].

2 D’Ocagne’s identity for generalized of Fibonacci numbers

Forj=0,1,2,--- and k = 0,1,2,-- -, the identity of generalized Fibonacci sequence is devel-
oped in [8] and is stated as:

ket k+1
A} = (Df1)? = DD, = (=1) [ (=1)* + (1 _2\6> + (1 +2\f5> -1 (2.1)

Theorem 2.1. Let {D;c } be a sequence of generalized Fibonacci numbers and for fixed k, the
D’Ocagne’s identity is

D} Dy — DpDyy = FjAL, ifm=n+j, j >0, (2.2)

where F} is the j-th Fibonacci number.
Proof. We prove the result by induction on j. For j = 0, we have Fy = 0 and
Dy, Dn+1 DSD];@H = DZDSH - DEDSH =0= FOA’]Z'
For j = 1, we have F| = 1 and
[(DnJrl) DanJrZ] Fl[(Dn+l) DanJrZ]
= FA%.

Hence the result (2.2) holds for j = 0, 1.
Assume that the result (2.2) holds form =n + j, j > 1. Using (1.5), form =n+j — 1, we
have

Dﬁﬂ‘—lDfm - szkaHj = Fj_1[(Dy1)* = Dy Dy o) (23)
and for m = n + j, we have
Dy Dy = DDy iy = Fj 5[(Dy1)? = DDy ] (2.4)
Now, for m = n + (j + 1), using (2.3) and (2.4),we have
Dy Dy = DDy = Dy Dy + Dy 1Dy — DDy — DDy
= (war] 1Dn+l DkDﬁﬂ) (Dn+jD7’L+l Dy, Dn+j+l>
= [(Dn+1) Dan+2]+F (D n+1) - D Dn+2]
= (Fj—l + F)[(Dy 1)’ = DiDy ol
j+1[(D1)? = DDy o)
= FinAL.

Thus, the result (2.2) holds for j + 1. Hence, by the principle of induction (2.2) holds for all
Jj=> L o
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3 D’Ocagne’s identity for generalized of Lucas numbers

Forj =0,1,2,--- and £k = 0,1,2,-- -, the identity of generalized Lucas sequence is developed
in [8] and is stated as:

k1 k1
Vi = (Ef) —EfEf, =5(=1) [(-1)F + (1 2\6> + (1 +2\f5> -1 (3.1

Theorem 3.1. Let {Ef } be a sequence of generalized Lucas number, then for fixed k the D’Ocagne’s
identity is defined as

EFEF | —EFEE | =FEVE ifm=n+j,j>0, (3.2)
where Fj is the j-th Fibonacci number:
Proof. We prove the result by induction on j. For j = 0, we have Fy = 0 and
EFEF | —E¥Er | =E'EF |~ EFEF | =0=FRV"..
For j = 1, we have F} = 1 and

[(Eﬁﬂ) —E;, En+2] Fl[(E’rH—l) - F En+2]
= FVE,
Hence the result (3.2) holds for j = 0, 1.

Assume that the result (3.2) holds form =n +j, j > 1. Using (1.7), form =n+j — 1, we
have

By By — BBy = Fi[(Bi )’ — LBy (3.3)
and for m = n + j, we have
EnJrjEnJrl E En+]+l - Fj[(EfL+l) E En+2] (3.4)

Now, for m = n + (j + 1), using (3.3) and (3.4),we have
By By — BREy = By BN+ By (Eny — EREN o — EVEy
= (Eerj—lEk E?'kle’f:LJrj) (En+JEn+l E En+]+1>
= Fii[(By)’ = EyEn o) + Fil(Ey ) — ENEpL,)

( j-1 T E)I(En ) — EnEy o]
J+1[( n+1) EkEn+2]

_ k
- j+1vn'

Thus, the result (3.2) holds for j + 1. Hence, by the principle of induction (3.2) holds for all
Jj=>L o
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