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Abstract In this paper, we introduce the concepts of adjoint, n-adjoint of a hyperideals and
primal and n-primly hyperideals of a commutative multiplicative hyperrings. Many results con-
cerning prime, n-primly, primary and primal hyperideals of a commutative multiplicative hy-
perrings are given, illustrated by several examples. Also we characterise all prime, primary,
n-primly and primal C,, hyperideals of quotient hyperring.

1 Introduction

The theory of hyperstructures has been introduced by Marty in 1934 during the 8" Congress
of the Scandinavian Mathematicians. Marty introduced hypergroups as a generalization of
groups. He published some notes on hypergroups, using them in different contexts as alge-
braic functions, rational fractions, non-commutative groups and then many researchers have
been worked on this new field of modern algebra and developed it. It was later observed that
the theory of hyperstuctures has many applications in both pure and applied sciences, for ex-
ample, semi-hypergroups are the simplest algebraic hyperstructures that posses the properties
of closure and associativity. In algebraic hyperstructures, the product of two elements is not an
element but a set, while in classical algebraic structures, the binary operation of two elements
of a set is a gain an element of the set. Marty Krasner was the first researcher who gave the
idea of hyperstructure theory in 1983, [8]. Hyperstructures have various application in applied
and pure sciences such as Latices, Geometry, Cryptography, Automata and Artificial Intelli-
gence. In the sence of Matry, a hypergroup is a nonempty set H endowed by hyperstructure
x: Hx H— P*(H), where P*(H) is the set of all nonempty subsets of H, which satisfy
associative law and product axioms. The hyperrings were introduced by Marty Krasner. Kras-
ner hyperrings are a generalization of classical rings in which the multiplicative operation is
a binary operation while the addition operation is a hyperoperation. The theory of hyperrings
has been developed by many researchers see [1], [11], [7], [16]. There are various types of
hyperrings and one of the important classes of hyperrings, called multiplicative hyperring, was
introduced in [7]. Primal ideals in a commutative ring with nonzero identity have been intro-
duced and studied by L.Fuchs in [10], and continued to primal ideals over strong co-ideal in
semirings, [14]. And continued to primary hyperideals of multiplicative hyperrings, [7]. This
paper is concerned with introducing the concepts of n-primly and primal hyperideals on com-
mutative multiplicative hyperrings. These concepts were introduced and studied in commutative
rings, see [2], [9], [6], [10], [13]. Also, we introduce some results on n-primly and primal hy-
perideals, and investigate the relations between n-primly, primal, prime, primary and irreducible
hyperideals. We also study the effect of good homomorphisms on these hyperideals and charac-
terize all prime, n-primly, primal and C',-hyperideal of any quotient hyperring. We illustrate the
results by several examples.

1.1 Multiplicative hyperrings

In algebraic hyperstructures, the product of two elements is not an element but a set, while in
classical algebraic structures, the binary operation of two elements of a set is again an element
of the set. More exactly, a map x:H x H — P*(H) is called a hyperoperation, where P*(H)
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is the set of all nonempty subsets of H. If A, B € P*(H) and z € H, then we define
A*x B =Ugea, vepaxb, Axz=Ax*{z}.

A semihypergroup (H,*) is a nonempty set with the associative hyperoperation, i.e., that is
(axb)*xc=ax*(bxc), forall a, b, c € H. A semihypergroup H is called a hypergroup
if for every a € H, ax H = H = H x a, which is quasihypergroup. Similar to hypergroups,
hyperrings are algebraic structures more general than rings, subsitutiting both or only of the
binary operations of addition and multiplication by hyperoperations, see in [15]. In this paper
we give some definitions and results of hyperstructures that we need to develop.

Definition 1.1. [7]A triple (R, +, x) is called a multiplicative hyperring if,

(i) (R,+) is an abelian group;

(i4) (R, %) is a semihypergroup;

(t4i) Ya, b, ce Riax(b+c) Caxb+axc and (b+c)xaCbxa+c*a;
(iv) Va, b€ R:ax(—=b)=(—a)xb= —(ax*b).

If in (i74) we have equalities instead of inclusions, then we say that the multiplicative hyperring
is a strongly distributive.

A multiplicative hyperring (R, +, *) is said to be commutative if R is commutative with respect
to operation + and hyperoperation . Throughout this paper (R, +, *) denotes a multiplicative
hyperring, and all hyperrings are assumed to be commutative with identity, see [7].

Example 1.2. [12] Let (R, +, -) be a ring and I be an ideal of it. We define the following
hyperoperation on R. Foralla, b € R,a*xb=a-b+ 1. Then (R, +,*) is a strongly distributive
hyperring. Indeed, first of all, (R, +) is an abelian group. Then, for all a, b, ¢ € R, we have
ax(bxc) = ax(b-c+1) = J,e ax(b-c+h) = Upeya-(b-c4+h)+1 = a-b-c+1 and similarly, we
have (axb)*c =a-b-c+ 1. Moreover, forall a, b, ¢c € R, wehave ax(b+c) =a-(b+c)+1 =
a-b+a-c+1I=axb+ ax*cand similarly, we have (b + ¢) xa = b* a + ¢ * a. Finally, for
alla, b € R, wehave ax (—=b) = a-(-b)+1 = (—a)-b+1 = (—a)xband —(axb) =
(—a-b)+I=a-(=b)+1=ax(-b).

Definition 1.3. [16] Let R be a multiplicative hyperring. We called a € R is a regular if there
exists x € Rsuchthata € axz*a. So, we can define that R is a regular multiplicative hyperring,
if all of elements in R are regular elements. The set of all regular elements in R is denoted by
V(R).

Example 1.4. [16] Let (R, +, %) be the regular commutative ring with an unitary element. For

every subset A € P*(R),|A| > 2,and 1 € A, define a multiplicative hyperring (R4, +, *), where
Ro = Randforall z, y € Ra, x xy = {xayla € A}. Then (R4, +, *) is a regular multi-

plicative hyperring. Since, for all a € R, there exists r € R such that a = ara. Now, by setting

x = r we have, a x x x a = {asz|s € A} xa = {asxtals, t € A} = {azast|s, t € A} =

{ast|s, t € A}, since 1 € A, we have a € axx xa. Hence (R4, +, %) is a regular.

Definition 1.5. [4] Let R be a multiplicative hyperring. Then

(i) Anelement e € R is said to be a left (resp. right) identity if « € exa (resp. a € axe) fora €
R. Anelement e is called an identity element if it is both left and right identity element.

(i) Anelement e € R is said to be a left (resp. right) scalar identity if {a} = exa (resp. {a} =
axe)fora € R. Anelement e is called an scalar identity element if it is both left and right
scalar identity element.

(iii) An element a is called a left (right) invertible (with respect to e), if there exists z € R,
such that e € z xa (e € a* x) and a is called an invertible if it is both a left and right
invertible.

A multiplicative hyperring R is called a left (right) invertible if every element of R has a left
(right) invertible and R is called an invertible if it is both a left and a right invertible. Denote the
set of all invertible elements in R by U (R) (with respect to the identity e by U, (R)), see [4].



766 Mohammed AL-Ashker, Arwa Ashour and Sana Subouh

Theorem 1.6. [12] For a strongly distributive hyperring (R, +,x), the following statements are
equivallent:

(i) there exists a € R such that |0 xa| =1,
(ii) there exists a € R such that |a 0| =1,
(iii) [0%0] = 1,

(iv) Ya, b € R such that |axb| = 1,

(v) (R,+,%) is aring.

Definition 1.7. [12] A hyperring (R, +, ) is called unitary if it contains an element u, such that
axu=uxa={a}foralla € R.

Definition 1.8. [12] A nonempty subset I of a multiplicative hyperring (R, +, %) is said to be a
hyperideal of Rif ] — I C I andforalla, be I,andr € R,rxaUaxr CI.

Remark 1.9. [15] We say that a nonempty subset [ is a hyperideal of a commutative multiplica-
tive hyperring Rifa —b € I andr+xa C I forany a, b € I, and r € R.

Definition 1.10. [12] Let (R, +, x) be a multiplicative hyperring and H be a nonempty subset of
R. We say that H is a subhyperring of (R, +, *) if (H, +, x) is a multiplicative hyperring. In
other words, H is a subhyperring of (R, +, x)if H — H C H andforallz, y € H, zxy C H.

Remark 1.11.

(i) The intersection of two subhyperrings of a multiplicative hyperring (R, +, %) is a subhy-
perring of R. The intersection of two hyperideals of a multiplicative hyperring (R, +,*) is a
hyperideal of R. Moreover, any intersection of subhyperrings of a multiplicative hyperring is
a subhyperring, while any intersection of hyperideals of a multiplicative hyperring is a hyper-
ideal, see [12].

(ii) Let (R, +, ) be a multiplicative hyperring. The principal hyperideal of R generated by a is
givenby < a>={pa:pe€ Z} + {Z" & + T y; + Zf_ 2k 0 Vi, G, k, Fri, 55, up € R, @i €
Ti-a, Yj € a- S, 2 €ty - a- Uk}

The zero hyperideal is the hyperideal generated by the additive identity 0, < 0 >= {X!" z; +
Z}'Lzlyj + ch:lzk 2V, gy k, 3y, sy, bk, up € R,z €00, y;, €085, 2 €4 -0 ug }, see
[4].

Definition 1.12. [2] Let I be a proper hyperideal of a hyperring R. The hyperideal I is called
an irreducible hyperideal of R if I = J N K, where J, K are hyperideals of R, implies I =
Jorl =K.

Definition 1.13. [4] A hyperideal I (# R) of a multiplicative hyperring R is a maximal hyper-
ideal in R if for any hyperideal J of R, I C J C R, then J = R.

Definition 1.14. [15] A proper hyperideal P of a hypering R is called a prime hyperideal of
R if for every pair of elements a, b € R whenever a - b C P, then eithera € Porb € P.

Definition 1.15. [7] Let @) be a proper hyperideal of a multiplicative hyperring R. The hyperideal
@ is called a primary hyperideal of R if for each a,b € R whenever a xb C @, then either a € @
or b" C @ for some n € N.

Example 1.16. [4] Every prime hyperideal of a commutative multiplicative hyperring is a pri-
mary hyperideal. The set F of all even integers, is not a prime hyperideal, but is a primary
hyperideal of a multiplicative hyperring Z4 over the ring of integers Z, induced by the set A of
all positive even integers.

Definition 1.17. [15] Let C be the class of all finite hyperproducts of elements of a multiplicative
hyperring R.

ieC = {rixrxr*x...rp,r; € Ryi = 1,2,3,...n, nis finite}. Let I be a hyperideal
of R. If for any A; C C, where A is the class of all J hyperproducts of elements of R,
(Un_Ay) NI # +0 implies (U%_,Ay) C I, then I is said to be C-union hyperideal of R and
denoted by C',-hyperideal.
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Example 1.18. [15] Let (Z, +, -) be the ring of integers. We define the hyperoperation z x y =
{2zy,4zy}, for all z, y € Z, then (Z,+,%) is a multiplicative hyperring. In R = (Z,+,%),
since x x y = {2zy,4xy} for any z, y € R. Then all finite products of elements are subsets of a
hyperideal 2Z = {2n, n € Z}. Since for all finite products A;. (U;A;)NI # @ and U;A; C 27,
then the hyperideal 27 is a C,,-hyperideal of R.

Definition 1.19. [4] A multiplicative hyperring R is a C,,-Noetherian if every ascending chain of
C, hyperideals I} C I, C I3 C - - - there exists n € N such that I; = I,,, forall i > N.

Definition 1.20. [4] Let I be a hyperideal of a multiplicative hyperring (R, +, x). The intersec-
tion of all prime hyperideals of R containing I, is called the prime radical of I, being denoted
by Rad(I), /T C Rad(I) where

VI ={z, 2™ C I, for somen € N}.

The equality holds when [ is a C,-hyperideal of R. If the multiplicative hyperring R does not
have any prime hyperideal containing I, we define Rad(I) = R.

Example 1.21. By Example 1.18, we will prove that v/8Z = Z. Note that 12 = {2, 4} ¢ 87,
1°=1{4, 8,16} Z 8Z,but 1* = {8, 16, 32, 64} C8Z. So1 € /8Z.

Recall that we can define quotient multiplicative hyperrings similar to quotient rings in classical
algebra.

Definition 1.22. [15] Let (R, +, -) be a multiplicative hyperring and I be a hyperideal of R. We
consider the usual addition of cosets and multiplication defined as:

(a+1)x(b+1)={c+I|lcea-b},
ontheset R/I = {a+1|a € R} of all cosets of I. Then (R/I,+,*) is a multiplicative hyperring.
Definition 1.23. [5] A homomorphism (resp. good homomorphism) between two multiplicative

hyperrings (R;,+,0) and (R,+,0;) is amap f : Ry — R; such that for all z, y € R, we
have f(z+y) = f(x)+2 f(y) and f(zoy) C f(x)or f(y) (f(zoy) = f(x)oa f(y) respectively).

Definition 1.24. [12] f : R — S is an isomorphism if it is homomorphism, and its inverse f~!
is homomorphism, too.

Let f : Rj — R, be a good homomorphism of multiplicative hyperrings. The kernel of f is
the inverse image of < 0 >, the hyperideal generated by the zero in R;, and it is denoted by
Ker(f). Since the inverse images of hyperideals are hyperideals, it follows that the kernel is a
hyperideal. Similarly as in ring theory, we have f(< 0 >) C< 0 >, which means that

<0>C Kerf, [12].

Theorem 1.25. [7] Let f : R — S be a good homorphism and I, J be hyperideals of R and
S, respectively. Then the followings are satisfied:

() If I is a C, hyperideal containing Ker(f) and f is an epimorphism, then f(I) is a C,
hyperideal of S.

(ii) If J is a C, hyperideal of S, then f~'(J) is a C,, hyperideal of R.

2 n-adjoint sets of multiplicative hyperring

Definition 2.1. Let n be a positive integer. Let I be a hyperideal of R. The set of all elements
that are not n-primary to I is called the n-adjoint set for I and is denoted by n — adj(I). That is,

n—adj(I)={a€ R:a"xbC I for some b€ R—/I}.

Remark 2.2. In a commutative multiplicative hyperring R with scalar identity e with hyperop-
eration . If I is a hyperideal of R, then

n—adj(I) # R,¥Yn>0,n € N.
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Proof. If n — adj(I) = R, then e € n — adj(I). Thus 3b € R — /T such that {b} = (e)" xb C
I, which is a contradiction.

Remark 2.3. Let ] =< p > be a prime hyperideal of Z, for some A € P*(Z) with |A| > 2,
p is prime integer, then it is clear that [ is prime ideal in Z, however the converse is not true as
shown in the following example.

Example 2.4. In the multiplicative hyperring of the integer Z4 with A = {6, 9}, the principal
hyperideal < 3 >= {3n,n € Z} is not a prime hyperideal of Z4. Infact, 1x1 = {6,9} C< 3 >,
but 1 €< 3 >.

However, in some cases the converse of Remark 2.3 is true as shown in the following example.

Example 2.5. In the multiplicative hyperring of the integer Z4 with A = {2,3}, every
principal hyperideal generated by a prime integer p is a prime hyperideal of Z4.
Proof.

(i) Letp=2. IfaxbC T =<2>then2|ab. Thus2 |aor2|b. Hence either
a€E<2>o0rbe<2>.

(ii)Letp=3. IfaxbCI=<3>then3|ab. Thus3 |aor3|b. Hence

eithera €e<3 >orbe<3>.

(iii) Let p be any prime number such that p & {2,3}. If axb C I =< p >, then

p | 2ab and p | 3ab. Thus, p | ab (since p is prime number different than 2 and

3). Therefore, p | a or p | b. Hence eithera e<p >orb €

< p > . Infact, as a generalization of the previous example it is easy to prove the following
remark.

Remark 2.6. If ] =< p > is a principal hyperideal of Z generated by the prime integer p and A
is a set of prime integers with |A| > 2, then [ is a prime hyperideal of Z 4

Example 2.7. Let (Z, +, -) be the ring of integers. For all z, y € Z. We define the hyperoper-
ation z xy = {2xy, 3zy}. Then R = (Z, +, *) is a multiplicative hyperring.
n — adj(2Z) = 2Z for every positive integer n > 1.

1 - adj(42) = 4Z.

n —adj(4Z) = 2Z for every positive integer n > 2.

1 —adj(82) = 8Z

2 —adj(82) =

n—adj(82) = ZZ for every positive integer n > 3.
1-adj(92) =

n—adj(92) = 3Z for every positive integer n > 2.

n —adj(6Z) =27 U3Z for every positive integer n.

1 - adj(122) =42 U32Z.

n —adj(12Z) = 27 U 3Z for every positive integer n > 2.

Example 2.8. In Example 1.18.
n—adj(2Z) ={ } for every positive integer n > 1. Since \/ﬁ
n — adj(4Z) = 2Z. for every positive integer n > 1. Since V47 =
1 —adj(82) =4Z.

—adj(82) =22Z.
n — adj(8Z) = 2Z for every positive integer n > 2.

Theorem 2.9. Let I be a hyperideal of R with \/TI # R, then

ICl—adi(I)C2—adji(I) C3—adj(I) C..Cn—adj(I).
Proof. Letac I, thenax1 CIwithl € R—+I. Soa €1 —adj(I). Now, Ifa € 1 — adj(I),
then3 be R— I suchthataxb C I. Hence a®>xb C 1, because I is a hyperideal. Similarly,
forany mifa € m — adj(I), then ™ x b C I, for some b € R — /T implies a™*' xb C I.
Corollary 2.10. If I is a prime hyperideal of R, then

ICl—adj(I)C2—adji(I)C...Cn—adi(I).
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Proof. Since I is a prime hyperideal of R, then I is a proper, also \/I is a proper. Note that
ifl e \/T7 then 1" C I forsomen € Z*. Since I is a prime, then 1 € I, which is a contradiction.

Remark 2.11. Let n be a positive integer.

(i) 27 in Example 2.7, is a prime hyperideal of R. But 27 in Example 2.8, is not a prime
hyperideal of R. Also from Examples 2.7, 2.8, we can see that n — adj(I) is not necessarily
a hyperideal of R. Note that n — adj(6Z) = 2Z U 3Z is not a hyperideal of R.

(ii) For the proper hyperideals I of R, in Example 2.7, we have I C 1 — adj(I) C 2 — adj(I
3—adj(I) C ... Cn—adj(I). ButFor a proper hyperideal I = 2Z of R, in Example 2.
we have I Z n — adj(I). Since v2Z = Z is not a proper hyperideal of R.

<
8’

Definition 2.12. Let I be a hyperideal of R. The adjoint set of I, which is denoted as
adj(I)={a€ R:axbC 1 for somebe R—1I}.

i.e. adj(I) is the set of all elements that are not prime to I.

Example 2.13. Let (Z, +) be an abelian group and 27 be a subgroup of Z. V z, y € Z, we de-
finex oy =2Z. Then R = (Z, +, o) is a multiplicative hyperring.

In fact, adj(2Z) = Z, because 1 € Z and 91 € R — 2Z, satisfies 1 o 1 C 27, which implies that
1 € adj(2Z) and hence adj(2Z) = Z.

Example 2.14. Let 7, be abelian group and x be the hyperoperation on 7, defined by: « -
y =< =z, y >= xZ4 + yZ4 (the subgroup of (Z4,+) generated by z and y for all z, y €
Z4.) Then (Z4,+,*) is a multiplicative hyperring. The addition and the hypermultiplication as
in the following tables:

0 1 2 3
0y | % {02} %
Zy Zy Zy Zy
0.2y 2z [{0,2}] z
74 74 74 Zs

W= O+
W —=|Oo|O
Ol W[ = =
— | O W NN
N = O W[ W
W= O *

The only hyperideal is Z4 with y(Zs) = { }.

Theorem 2.15. For any hyperideal I of R, 1 — adj(I) C adj(I).
Proof. Let a € 1 — adj(I), then 3b € R — /T such that a xb C I. Hence b € R — I. Therefore,
a € adj(I).
Theorem 2.16. If I is a prime hyperideal of R, then
1 —adj(I) = adj(I).

Proof. Let a € adj([I), then 3b € R—1I such that axb C I. Since I is prime hyperideal, then b™ C
R — I, for any positive integer m. Hence b € R — /1. Therefore, a € 1 —adj(I). By Theorem
2.15, the equality holds.

By Corollary 2.10 and Theorem 2.16, we have the following corollary.

Corollary 2.17. If I is a prime hyperideal of R, then
1 —adj(I)=adj(I)C2—adj(I) €3 —adj(I) C ... Cn—adj(I).
Thus adj(I) C n — adj(I), for every positive integer n.

Theorem 2.18. Let n be a positive integer. Let I be a proper hyperideal of R, with \/I #
R. Then

IC Y/TCn—adj(I),where /T ={a€R, a" CI}.

Proof. Let n be any positive integer. It is clear that I C YI. Now, letr € {’/f, then r™ C
I. Thus " %1 C I. Since 1 € R — /T, then r € n — adj(I), and the proof is complete.
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3 n-primly hyperideals of multiplicative hyperring

We noticed in the previous section that the n-adjoint sets of a hyperideal I of R are not nec-
essarily hyperideals of R. In this section, we will study the hyperideals whose n-adjoint sets
are hyperideals. We call these Kinds of hyperideals n-primly hyperideals as in the following
definition.

Definition 3.1. Let n be a positive integer. A hyperideal I of a commutative multiplicative
hyperring R with /T # R is called n-primly hyperideal of R if
n — adj(I) is a closed under addition.

Remark 3.2. From previous definition, we get n—adj (I) is a hyperideal of R. Since n—adj([I) is
closed under addition, it is enough to show that for every r € Rand every a € n—adj(I), rxa C
n —adj(I). Letr € Rand a € n — adj(I), then 3b € R — /T such that a™ xb C I. Thus
r™ % a" xb C I, which implies that (r xa)™ xb C I. Therefore, r xa C n — adj(I).

Example 3.3. From Example 2.7, we have 47, 87 and 97 are n-primly hyperideals of R, while
67 and 127 are not n-primly hyperideals of R, for every positive integer n.

Theorem 3.4. Let n be a positive integer. If I is an n-primly hyperideal of R, then n — adj(I) is
a primary hyperideal of R.

Proof. Since 1 € n — adj(I), and I is n-primly hyperideal of R, then n — adj(I) is a proper
hyperideal of R. Let axb C n — adj(I) with a & n — adj(I), then 3 ¢ € R — /T such that
(a*b)*xc C I. Thus a® x (0" x¢c) C I. Since a ¢ n — adj(I), then b" x ¢ C /I, so
(b % €)™ = b % ¢™ C I for some positive integer m. Since ¢ ¢ \/I, then ¢™ & /1. Thus
(O™)" % ™ C I implies b™ C n — adj(I). Therefore, n — adj(I) is a primary hyperideal of R.

4 On Primal Hyperideal Of Multiplicative Hyperring

In this section, we introduce primal hyperideal of a hyperring R and give some properties and
examples. A hyperideal I of a hyperring R is called primal if the set of all elements of R that are
not prime to I form hyperideal of R.

Here an element r € R is called prime to [ if r o s C I = s € I,that is, the residual

(I:r)={s€eR,rosClI}=1.
Note that I C (I : r), for any hyperideal I. Thus r is prime to I if ({ : r) C I.

Lemma 4.1. In the commutative multiplicative hyperring of integers Z4. Let I be a proper
hyperideal of Z 4, let v(I) be the set of elements of Z 4 that are not prime to I, let p be a prime
number. Then the following hold:

) IC~y{I)={reR, rxsCI, for some s€ R—1I}.

(ii) If v(I) =< p > is a principal hyperideal of Z 5 generated by a positive integer p and A <
p >, then v(I) is a prime hyperideal of R.

(iii) If v(I) =< a > is a principal hyperideal of Z 4 and A C< a ># Z, then v(I) is a non
prime C, hyperideal of Z 4.

Proof. (i) Let r € 1. We can assume thatr # 0 (since 0 € y(I)). AsO#r = 1xr CIwithl €1,
we must have r is not prime hyperideal to I, then r € y(I)), then I C ~v(I).

(ii) Let p be a prime integer and A < p >. Then there exists c € A\ < p > . Now suppose
that a xb C< p > and a €< p >, then {acb: ¢ € A} C< p > and hence b €< p >, since
< p > isprimeidealin Z, c ¢<p > and a ¢< p > . Thus < p > is a prime hyperideal of the
multiplicative hyperring Z 4.

(iii) Let A C< a >, soforany r; € Z,i = 1,2,3,....n, n € N, we have 1| x13 * ... x T =
{riciracae.rp_1Cn1mn 1 c; € Aji =1,2,3,...,n, n € N} C< a >. Hence, y(I)=<a >isa
Cy hyperideal of Z 4. Since < a ># Z,then | ¢< a >, 1 x1 C< a > .Thus < a > isnota
prime hyperideal of Z 4.
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Remark 4.2. If I is a primal hyperideal of Z4 and A € (I) =< p >, where p is a prime
number, then by Lemma 4.1 (ii), v(I) is a prime hyperideal called the adjoint prime hyperideal
~(I) of I. In this case we also say that [ is a primal hyperideal with ~(I) is a prime hyperideal.

Theorem 4.3. Let (Z, +, -) be the ring of integers. Let R = (Z, +, *) is a multiplicative
hyperring, where x is defined for all x, y € Z as:
xxy = {pxy, qry}, with p and q are two fixed different prime. Then

(i) Yn>1,1=p"Z, J = q"Z are primal hyperideals of R withy(p"Z) = pZ, v(¢"Z) = qZ.

(ii) J = pqZ, is not a primal hyperideal of R with v(pqZ) = pZ U qZ.
Proof. (i) Let a € v(pZ), then 3b € R — pZ with axb = {pab, qab} C pZ. So p divides any el-
ements in a x b implies that p | ab. Thus p | a. So a € pZ. Now, let a € pZ, then b = q satisfies
axb={pab, qab} C pZ. Hence, 3b=q € R—pZ withaxb C pZ. So a € v(pZ), and hence
v(pZ) = pZ. Suppose a € Y(p*Z), then 3b =p € R—p*Z with axb = {p*a, qap} C p*Z. So
p? divides any elements in axb implies that p | a. Thus a € pZ. Suppose a € pZ, then b = p sat-
isfies axb = {pab, qab} C p*Z Hence 3b=p € R—p*Z withaxb C p*Z. Thus a € v(p*Z) and
hence v(p*Z) = pZ. Leta € v(p*Z), then 3b = p* € R — p>Z with a x b = {p*a, qap®} C
p>Z. So p? divides any elements in a x b implies that p | a. Thus a € pZ. Now, let a € pZ, then
b = p? satisfies a x b = {p*a, qap*} C p’Z. Hence 3b=p*> € R—p*Z witha b C p>*Z. Thus
a € v(p*Z), and hence v(p*Z) = pZ, where pZ is a hyperideal of R. Similarly, ¥ n > 3, the
hyperideals I = p™Z and J = q"Z are primal hyperideals of R with v(p"Z) = pZ, v(q"Z) =
qZ, where pZ and qZ are hyperideals of R.
(ii) Let a € pZ, then b = q satisfy that a x b = {p*q, pg*} C pqZ. Thus 3b = q € R — pqZ
such that axb = {p*q, p®} C pqZ implies that a € v(pqZ), and hence pZ C v(pqgZ). Now, let
a € qZ, then b = p satisfy that a x b = {p*q, pq*} C pgZ. Then 3b = p € R — pqgZ such
that a % b = {p*q, pq*} C pqZ. Therefore, a € v(pqZ), and hence qZ C ~v(pqZ). Therefore,
pZUqZ Cy(pqZ). Leta € yv(pqZ). Then 3b € R — pqZ such that a xb C pqZ. Thus pq di-
vides any elements in a x b. But pq 1 b, implies that pq | a. Hence we have p | a or q | a. Thus
a € pZUqZ and hence v(pqZ) = pZ U qZ is not a hyperideal of R. So J = pqZ is not a primal
hyperideal of R.

Example 4.4. Consider the hyperring (Z, +, %) in Example 2.7. The hyperideal 167 is a primal
hyperideal of R, with v(16Z) = 2Z, which is a hyperideal of R, by Theorem 4.3 (i). But, the
hyperideal 67 is not a primal hyperideal of R, with y(10Z) = 2ZU3Z, which is not a hyperideal
of R, by Theorem 4.3 (ii).

Theorem 4.5. If Q) is a primary hyperideal of R, then Q) is a primal hyperideal of R.

Proof. To show that Q is a primal hyperideal of R, it is enough to show that v(Q) = /Q. Let
a € \/Q, then there exists n > 0, such that a™ C Q.

Let n be the smallest positive integer such that ™ C Q. By induction, if n = 1, then a €
Q C Y(Q), because Q is a properie., 1 ¢ Qwithax1 C Q. Ifn > 1, then a® ! xa C
Q with a" ' € Q, we get that a € ¥(Q). Thus, \/Q C v(Q).

Conversely, let a € ~(Q), then there exists c € R — Q with ax ¢ C Q, thus Q is primary gives
a" C Q, for some n € N. which implies that a € \/Q. Therefore, v(Q) = /Q and so v(Q) is a
hyperideal of R.

Since by definition every prime hyperideal of R is primary, then we can conclude the following
result.

Corollary 4.6. If I is a prime hyperideal of R, then I is a primal hyperideal of R.
The converse of Corollary 4.6, need not be true.

Example 4.7. Consider the hyperring (Z, +, %) in Example 2.7. 87 is a primary hyperideal
of R,letaxb C 8Z, for any a, b € R, then 8 | ab. Therefore 2 | a or 4 | b. Hence a’> C
8Z or b®> C 8Z. Which implies by Theorems 4.5 and 4.3 (i), 87 is a primal hyperideal of
R, with v(8Z7) = 2Z, which is a hyperideal of R. But 87 is not a prime hyperideal of R, because
2%4 = {16, 24} C 8Z, but neither 2 € 8Z nor 4 € 8Z.

Example 4.8. Suppose the set of all congruence classes of integers modulo 4, i.e Z; = {0,1,2,3}
and its multiplicative subgroup of units G = {1, 3} and construct R as Z4/G, i.e.
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R={FG,7 € Z4} = {F,F € Z4}

There is: 0 = {0}, I = {1,3} = 3,2 = {2}.
Now on R define the hyperaddition & and multiplication o by

Fos={LINF+3) £0)

*S5=T

el
>

When computing e.g
+1= {1§}+{T§}—{§6}
+2={1,3}+ {2} ={1,3} =

2+2—{2}+{2}—0
For simplicity in the table, we will omit the set prackets.

2,0.

'—H '—‘H
~H |

Table 1: The hyperaddition © and the hypermultiplication x as in the following tables:

DIl —Il 2Nl @
DIl —Il oI DI
oIl =i 1| wIf
NIl —If SIf *

oIl ol oIl oIl
I =1l oIl —I]
ol LI 2] LIl

= Sl =11 =1l
(S]]

The hyperideals: [y = {6},] 1= {6, 5}, where I} is a maximal, an irreducible and a prime
hyperideal. By Corollary 4.6, I; is a primal hyperideal. On the other hand, I is not a prime
hyperideal. Because 2«2 = 0. But 2 ¢ I,. Also I is primary hyperideal in a hyperring R, let
7x35 C Iy, for any 7,5 € R, then we have the following cases (noting that R is a commutative)

(i) 7=0and5 ¢ {6,?5} implies 7 C Iy, ien =2.
(i) =5 = 2 implies 5 C Iy, iemn =2.

Note that, Iy = {0} is primal hyperideal of R. Since v(I) = vIo = {0,2}, which is the
hyperideal ;.

Theorem 4.9. [4] If Q is a primary C,, hyperideal of a multiplicative hyperring (R, +, %), then
VQ is a C,, prime hyperideal of R.

Since by Corollary 4.6, every prime hyperideal of R is a primal we can conclude by Theorem
4.9, the following results.

Corollary 4.10. Suppose that Q is a primary C, hyperideal of R. Then +/Q is a primal C,
hyperideal of R.

Proof. By Theorem 4.9, \/Q is a prime C, hyperideal of R, then by Corollary 4.6, \/Q is a
primal C,, hyperideal of R.

Theorem 4.11. Let I be an irreducible hyperideal of R, then I is a primal hyperideal of R.
Proof. Assume that I is irreducible hyperideal of R, we need to show that ~(I) is a hyperideal
of R. Leta, b€ ~(I), thenI C (I :a)andI C (I:0), Iisirreducible hyperideal of R gives,
ICc(I:a)Nn(I:b)C(I:a+Db), hencea+b¢ I thena+be ~(I). Finally, ifr € R, then
I c(I:a)C(I:rxa)show thatr*a is not prime to I which implies that r x a C v(I), and
the proof is complete.

The converse of Theorem 4.11, need not be true.

Example 4.12. Consider the ring (Zs, ®, ®), thatforall @, b € Zs, a ® b and @ ® b are remain-

der of “%b and %’b where ” 4+ ” and "." are ordinary addition and multiplication for all a, b €
Zs. Foralla, b € Zg, we define the hyperoperation

@xb = {0, ab, 2ab, 3ab, 4ab, Sab}. Then R = (Zs, ®, *) is a commutative multiplicative
hyperring. The addition and the hypermultiplication as in the following tables:
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® 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4
* 0 1 2 3 4 5
0 [ [ [0 _[© [ {0
1 {0} Zs {0,2,4} | {0,3} {0,2,4} | Zg
2 {0} {0,2,4} | {0,2,4} | {0} {0,2,4} | {0,2,4}
3 {0} {0,3 {0} {0,3} {0 {0,3
4 {0} {0,2,4} | {0,2,4} | {0} {0,2,4} | {0,2,4}
5 {0} Zs {0,2,4} | {3,0} {2,4,0} | Zs

The all hyperideals: Iy = {0}, I = {0, 2, 4}, I, = {0, 3}. I, I, are maximal, prime, pri-
mary, irreducible and primal hyperideals. Note that, I is neither prime nor primary hyper-
ideal, because 2 x 3 = {0} C I, but 2 & Iy and 3 & I,. Also Iy is not a primary hyperideal of
R,since2x3 = {0} C I,2 & Iy, and V n > 0 we have 3" = {0, 3} Z I;, and also 2 x 3 =
{0} C Iy, 3 ¢ Ip,and V n. > 0 we have 2" = {0, 2, 4} Z Iy. Moreover, I is primal hyperideal
of R with v(Iy) = {0, 2, 4} is a hyperideal of R, but it is reducible hyperideal of R.

Every hyperideal is contained in a prime hyperideal, hence a primal hyperideal. Now, we can
conclude the following result.

Theorem 4.13. Let R be a multiplicative hyperring. Then every hyperideal I of R is an inter-
section of all primal hyperideals of R, which contains I.

Proof. Let I be a hyperideal of R, and {P,}ucr be collection of all primal hyperideals of R,
which contains 1. We show that I = Nyer{P.}. Clearly I C Nyer{P.}. For reverse of inclu-
sion, let x &€ I. Set

Y = {J.J hyperideal, I CJ, x & J}. ThenI € X, 50 X # ¢.

It is clear that (X, C) is a poset. By Zorn Lemma, ¥ has a maximal element. Let K be a maximal
element of ¥, we claim that ¥ is irreducible. If K = K| N K, where K| C K and K, C K,
maximality of K implies that v € K, and © € K,. Therefore x € K, a contradiction. This
shows that K is irreducible, and so K is primal by Theorem 4.11. Hence x ¢ K implies that
T & NaerPa. Therefore NperP, C I and so NyerP, = 1.

Theorem 4.14. Let R be a Noetherian multiplicative hyperring. Then every proper hyperideal
is an intersection of finitly many primal hyperideals of R.

Proof. Let ¥ denotes the sets of all proper hyperideal of R, such that I is not a finite intersection
of primal hyperideals, we claim that ¥ = ¢. For if not, ¥ has a maximal element K. But K is
not primal. Thus K is not irreducible by Theorem 4.11 and so K = K| N K,, where K| and
K are finite intersction of primal hyperideals of R, and so is K, a contradiction. Hence every
hyperideal is an intersection of finitly many primal hyperideals of R.

Definition 4.15. Let I be a hyperideal of a hyperring R and P be prime hyperideal of R that
contains I. The isolated P-component of I, U(I, P) is the intersection of all hyperideals which
contains I and are such that every element not in P is prime to them. That is, U(I, P) = NJ,
where J is a hyperideal with property that I C J and V « ¢ P, x is prime to J

Theorem 4.16. If I is a primal hyperideal of R with adjoint prime hyperideal P, then I =
U(l, P).
Proof. Clearly, I C U(I, P). Since U(I, P) is the intersection of all hyperideals J with I C .J
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and x & P, then x is prime to J and [ is itself such a hyperideal, U(I, P) C I. Hence I =
U(l, P).

Theorem 4.17. Let R be a Noetherian multiplicative hyperring. Then every hyperideal is the
intersection of its upper isolated components U (I, Py), U(Ip, P,),

U(ls, Ps), ..., U(I,, P,), where P, P», Ps, ..., P, are the adjoint prime hyperideals of all primal
hyperideals I, I, Iz, ..., I, nis finite that contains I.

Proof. By Theorem 4.13, I = I, N [, N I3 N ... N I,,, where I; is a primal hyperideal with P; is
adjoint prime hyperideal, so by Theorem 4.16, I; = U(1;, P;). Thus I = NI, = NI\ U(I;, P;).

The following example shows that the intersection of finite primal hyperideal need not primal
hyperideal.

Example 4.18. If we continue with Example 2.7 and use its notation, then the subsets I =
27, J = 3Z are prime hyperideals of R, then by Corollary 4.6, each I, J is a primal hyperideal
of R. But I N J = 6Z is not a primal hyperideal of R, see Example 4.4.

S Primal hyperideals for multiplicative hyperring good homomorphism

Recall that if @ is a hyperideal of hyperring S and f : R — S is a good homomorphism, then
F71(Q) is always a hyperideal of hyperring R. However, if I is a hyperideal of the hyperring R
and f : R — S be a good homomorphism, then f(I) need not to be a hyperideal of S.

Theorem 5.1. Let R and S be multiplicative hyperrings. If f : R — S is a good homo-
morphism and 1, J be proper hyperideals of R and S, respectively. Then the followings are
satisfied:

(i) If I is a primal hyperideal containing Ker(f) and f is an epimorphism, then f(I) is a primal
hyperideal of S.

(ii) If J is a primal hyperideal of S, then f~'(J) is a primal hyperideal of R.

Proof. (i) It easy to see that f(I) is a hyperideal of S. It is enough to show that f(y(I)) =
Y(f(I)) is a hyperideal of S. Let y1, y» € f(y(I)), s € S and since f is onto, then there exist
x1, 22 € Y(I), r € R such that f(z) = y1, f(x2) = y2 and f(r) = s. Since I is primal
hyperideal of R. Then v(I) is a hyperideal of R, then x1 — x, € v(I), r*xz1 C y(I). So that

yi —y2 = f(z1) = f(22) = f(w1 —22) € f(v(T)), sxy1 = f(r)x f(z1) = f(rxz1) C f(y(D)).

So f(v(I)) is a hyperideal of S. Finally, let a € v(f(I)), then 3b € R — f(I) such that a b C
F(I). Now I C~(I), then f(I) C f(v(I)) and also f(I) Cv(f(I)), and so 3b € R — f(v(I))
such that a b C f(y(I)), which implies that a € f(v(I)). Conversly, lety € f(vy(I)), implies
y = f(r) € S for somer € v(I). Thenr € Rand 3c € R — I such that v x ¢ C I. Hence
f(r*c) = f(r)xf(c) C f(I) forsome f(c) € S—f(I). Hence,y = f(r) € v(f(I)). Therefore
1 is primal hyperideal of S.

(ii) It easy to see that f~'(J) is a hyperideal of R. It enough to show that f~'(vy(J)) =
v(f~'(J)) is a hyperideal of R. Let a1, ay € f~'(v(J)), r € R, then f(a1), f(az) €
v(J), f(r) € S. Since J is a primal hyperideal of S. Then (J) is a hyperideal of S. So
that f(ar) — f(a2) = f(a1 — a2) € v(J), and also f(r) x f(a1) = f(rx a1) € v(J). There-
fore, ay —ay € f~V(v(J)), and also r xa; C f~'(y(J)). Hence f~'(y(.J)) is a hyperideal of
R. Finally, leta € v(f~'(J)), then3b € R—(f~'(J)) such that axb C f~1(J). Now J C v(J),
then f=1(J) C f~Y(v(J)) and also f='(J) C v(f~1(J)), then 3b € R — f=(y(J)) such
that axb C f=Y(y(J)), which implies that a € f~'(y(J)). Conversly, let x € f='(y(J)), im-
pliesz = f~1(s) € Rforsomes € y(J). Then, s € S and 3b € S— J such that sxb C J. Hence
F~ N (sxb) C f=1(s)xf~1(b) C f~1(J) forsome f~'(s) € R—f~'(J), by definition 1.24. Hence
x = f~Ys) € y(f~Y(J)). Therefore, f~'(v(J)) = ~v(f~'(J)). Hence f~'(J) is a primal hy-
perideal of R.

One can show that all hyperideal of R/I is of the form .J/I where J is a hyperideal of
R containing I, since the natural homomorphism ¢ : R — R/I, ¢(r) = r + I is a good
epimorphism, [7]. The next theorem investigate the relation between the primal hyperideal of R
and R/I, for some hyperideal I of R containing J.
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Theorem 5.2. Let I, J be proper hyperideals of R, with J C I, I is a primal hyperideal of R iff
1/J is a primal hyperideal of R/ J.

Proof. To prove this result, we must show that v(I/J) = ~(I)/J.

Leta+J € y(1/J), then there existb+J € R—(I/J) such that (a+J)*(b+J) = (axb)+J C
I/J. So there exist b € R — I such that a xb C I, which implies that a € v(I). Therefore
a+Je~(I)/J. Conversely, leta+ J € ~v(I)/J, then a € v(I), then there existb € R — I such
axb C I. Therefore, there existb+ J € R— (I/J) such that (a+ J)*(b+ J) = (axb)+ J C
I/Jandsoa+ Je~(I/J).

Corollary 5.3. Let R and S be multiplicative hyperrings. If f : R — S be a good homorphism
and 1, J be hyperideals of R and S, respectively. Then the followings are satisfied:

() If I is a primary hyperideal containing Ker(f) and f is an epimorphism, then f(I) is a
primal hyperideal of S.

(ii) If J is a primary hyperideal of S, then f~'(J) is a primal hyperideal of R.
Proof. (i) and (ii) Follows from Theorem 4.5, 5.1.

Corollary 5.4. Let I C Q be hyperideals of R, then
(i) If Q is a primary hyperideal of R. Then Q/I is a primal hyperideal of R/I.

(ii) If Q is a C,, primary hyperideal of R containing I. Then \/Q/I is a C,, primal hyperideal
of R/I.

Proof. (i) Follows from Theorem 4.5, 5.2.
(1) Follows from Corollary 4.10, Theorem 5.2.

6 Conclusion

In this paper, we introduce the concepts of adjoint, n-adjoint, n-primly and primal hyperideals
over commutative multiplicative hyperrings.
Many results concerning these concepts are proved. Also, we discuss primal hyperideals on
hyperring homomorphism under special conditions. We also study primal hyperideals over
quotient hyperrings. Many interested examples are given. We recommend that this study can
be done on non commutative hyperrings.
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