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Abstract. In this paper, we study (o,o’)-para-holomorphic maps between almost para-
quaternionic Hermitian manifolds and obtain a criterion for the harmonicity of such (o, o’)-para-
holomorphic maps. We also study (o, o’)-para-holomorphic sections of (semi — Riemannian)
almost para-quaternionic fiber bundles, and obtain a criterion for the harmonicity of such (¢, o’)-
para-holomorphic sections.

1 Introduction

A semi-Riemannian manifold M is a C*°-manifold endowed with a metric tensor g , that is, a
symmetric non-degenerate (0, 2) tensor field on M with constant indices of positivity and nega-
tivity ind. M and ind_ M , respectively. The non-degeneracy means that ind M + ind_M =
dimM (the dimension of M ).

As in the Riemannian’s case, a C>-map u : (M,g) — (N,h) between semi-Riemannian
manifolds is called harmonic, when the tension field 7(u) of u vanishes, where 7(u) is defined
by 7(u) = TraceV* du.

Let (N = M) be a fiber bundle. A section of (N = M) is a continuous map u : M — N
such that Tou = Id.

Let (N, h) and (M, g) be two semi-Riemannian manifolds of index s'(0 < s’ < dimN) and
5(0 < s < dimM) respectively with s < s’ and (N > M) a fiber bundle.

We say that [(N, h) = (M, g)] is a semi-Riemannian fiber bundle, when

Yy € N,du(y)|u,: Hy — Tr)M is an isometry for the metric h(y) on H, and g(w(y)) on
Tr(yyM, where H, = (T,n~'(w(y)))* is the orthogonal complement of T, 7~ (7 (y)) and the
fibers, 71 (), Vo € M are semi-Riemannian submanifolds of N.

In other words a semi-Riemannian fiber bundle [(N,h) = (M, g)] is a fiber bundle, where
(N,h) and (M, g) are two semi-Riemannian manifolds and 7 a semi-Riemannian submersion.
Submersions of semi-Riemannian manifolds have been studied by many authors. (See e.g. [6]
and [7] ). As in the Riemannian’s case (see [4], p.160), a C*-section u : M — N of a semi-
Riemannian fiber bundle is called harmonic, when the vertical tension field 7V (u) of u vanishes,
where 7% (u) = TraceV*' d'u.

An almost para-complex manifold (M, J) is a differentiable manifold M with a tensor .J
satisfying: Vo € M, J, : T,M — T, M such that : Jf = Idr, um-

An almost para-Hermitian manifold (M, g, J) is an almost para-complex manifold (M, J)
with a semi-Riemannian metric g satisfying: VX, Y € x(M),
g(JX,JY) = —g(X,Y), where x (M) is the set of vector fields on M.

An almost para-Hermitian manifold (M, J, g) is said to be:

* para-Kahler if VJ = 0;
* nearly para-Kahler if (VxJ)X =0,VX € x(M);
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* almost para-Kahler if d® = 0, where ® is the para-Kdhler 2-form defined by : VXY €
X(M),@(X, Y) = g(X, JY);
* quasi-para-Kahler if (VxJ)Y — (V xJ)JY =0,VX,Y € x(M);
* almost semi-para-K ihler if §J = 0, where ¢ denotes the codifferential in (M, g).

A C?-map u : (M,g,J) — (N, h, o) between almost para-Hermiian manifolds is said to be
(J, ¢)-holomorphic (or para-holomorphic or almost para-complex), when duoJ = podu

In [2], we study harmonic maps between almost para-Hermiian manifolds and give an expres-
sion of the tension field of a para-holomorphic map between almost para-Hermitian manifolds
that we used to deduce a characterisation of its hamonicity. Namely we show that :

proposition 1

Let (M, J,g) and (N, ¢, h) be two almost para-Hermitian manifolds and u : M — N be a
(J, ¢)- holomorphic map.
Then, we have:

7(u) = —pltracyu™(V'e) + du(6.J)),

2m

where tracyu*(V'p) = (Vilu (en)P)duler) — kZTEHH(V;u(ek)w)du(ek), with

{e1,...,e2m} an orthonormal ba51s of TM.

A (semi — Riemannian) almost para-Hermitian fiber bundle [(N, p, h) = (M, J,g)] is a
semi-Riemannian fiber bundle, where (N, ¢, h) and (M, J, g) are almost para-Hermitian mani-
folds and = is (¢, J)-holomorphic map. We recall that an almost para-Hermitian submersion
is a semi- R1emann1an submersion which is additionaly almost para-complex. Almost para-
Hermitian submersions have been studied by Yilmaz Gunduzalp. See e.g. [3].

In [2], we give an expression of the vertical tension field of a para-holomorphic section u of
a (semi — Riemannian) almost para-Hermitian fiber bundle that we used to deduce a charac-
terisation of its hamonicity. Namely we show that :

proposition 2

Let [(N, ¢, h) = (M, J,g)] be a (semi — Riemannian) almost para-Hermitian fiber bundle
and u : M — N be a (J, p)-holomorphic section of [(N, ¢, h) = (M, J, g)].

Then, we have:

™(u) = —pltracy(d'u)* (V') + tracy,(V4.,©)(d"u) + trac,(Agn,d"uoJ)
+  tracy(Tyou,d"uoJ) + d u(8.J)),
where
tracy(d'u)”(V"J') = L (Viuy(x,)J ) (d"u (X3)) + Z (Vaourx I u(JX5)),
tracg(Adhudhqu) ;n [Adh (Xk)(d UOJ(Xk)) + Adhu(JXk)(dh'U/OJ(JXk))]a
trac,(Tyo,d"uoJ) = R [Tiyo,, (Xk>(dhqu(Xk)) + Tyou(sxp) (d w0 (J X)),
tracy(Van,J')(d"u = kz::l[( Zhu(Xk)J/)dvu(Xk) + (vghu(JXk)J/)dU“(JXk),

with {X1, ..., X;n, J X1, ..., JX,,, } an orthonormal local J-basis of T M.

An almost hyper para-complex manifold (M, Jy, J», J3) is a differentiable manifold M with
3 tensors Ji, J, and J3 such that : Jyx, oz, sz € End(T,M),Vx € M and satisfying: lex =
7IdT$]u, JZZI = J3233’ = IdTT,M»
J10J2 = J3, J30J1 = J27 J20J3 = —Jl,
J10J2 == —JzOJl,Jg,OJ] = —J10J3, J30J2 = —J20J3.
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An almost hyper para-Hermitian manifold (M, g, Ji, J2, J3) is an almost hyper para- complex
manifold (M, g, J1, J2, J3) with a semi-Riemannian metric g satisfying: Vo € {1;2;3},VX,Y €
X(M),
9(JoX, JoY) = €ag(X,Y), where ¢ = 1 = —e; = —e3 and x(M) is the set of vector fields on
M.

An almost hyper para-Hermitian manifold (M, g, J1, J2, J3) is said to be:

x hyper para-Kahler if VJ, = 0,Va € {1;2;3};

= hyper nearly para-Kihler if (Vx.J,)X = 0,Va € {1;2;3},VX € x(M);

* almost hyper para-Kdhler if dP,, = 0,Va € {1;2;3} , where @, is the para-Kadhler 2-form
defined by : VX, Y € x(M), P, (X,Y) = g(X, J.Y);

* hyper quasi para-Kahler if (VxJo)Y +€a(Vy, xJo)JoY =0,Va € {1;2;3},VX,Y € x(M)
ande; =1 = —ep = —e3;

* almost hyper semi-para- Kahler if §.J, = 0,Va € {1;2;3}, where ¢ denotes the codifferential
in (M, g).

The concept of almost quaterionic Hermitian submersions is defined in [5]. According to [5]
and [1], we introduce the following.

Let M be a differentiable manifold of dimension m and assume that there is a rank 3-
subbundle o of End(TM) such that a local basis {.J;, .J, J3} exists of sections of o such that
J1, J2, J3 € End(T M) and satisfying the hyper para-complex multiplication table above. Then
the bundle o is called almost para-quaternionic structure on M and {.J;, J,, J3} is called canoni-
cal local basis of o. Moerever, (M, o) is said to be an almost para-quaternionic manifold and is
of dimension m = 4k.

A semi — Riemannian metric g on M is said to be adapted to o if it satisfies :
9(JaX, JoY) = €,9(X,Y),Va € {1,2,3} for all vector fields X,Y on M and any canonical
local basis {Ji,J2, J3} of 0, ¢ = 1 = —e; = —e3. Moerever, (M, 0, g) is said to be almost
para-quaternionic Hermitian manifold.

Let (M, 0,g) and (N, o’, h) be two almost para-quaternionic Hermitian manifolds.

Amapu : (M,o,9) — (N,o’,h) between almost para-quaternionic manifolds is said to
be (o, c’)-para-holomorphic at a point z € M, when for any J € o, exists J' € O’?’L(Z‘) such

that duoJ = J'odu. Moerever, we say that u is a (o, ¢’)-para-holomorphic map, when u is a
(0, 0’)-para-holomorphic map at each point z € M.

A (semi — Riemannian) almost para-quaternionic Hermitian fiber bundle
[(N,o’,h) = (M, 0,g)] is a semi-Riemannian fiber bundle, where (N, o', h) and (M, o, g) are
almost para-quaternionic Hermitian manifolds and = is a (o, o’)-para-holomorphic map.

In other words a (semi — Riemannian) almost para-quaternionic Hermitian fiber bundle
[(N,o',h) & (M,o,g)] is a fiber bundle, where (N, o', h) and (M, 0, g) are two almost para-
quaternionic Hermitian manifolds and  is an almost para-quaternionic Hermitian submersion.

We recall that an almost para-quaternionic Hermitian submersion is a semi-Riemannian sub-
mersion which is (o, o’)-para-holomorphic.

Almost para-quaternionic Hermitian submersions have been studied by Angelo V. Caldarella
in [1].

A sectionu : M — N of a (semi — Riemannian) almost para-quaternionic Hermitian fiber
bundle [(N,o’,h) & (M, 0,g)] is said to be (o, 0')-para-holomorphic at a point = € M, when
for any J € o, exists J' € o), (z) Such that d"uoJ = J'od"u. Moerever, we say that v is a
(o, 0’)-holomorphic section, when u is a (o, o’)-para-holomorphic section at each point z € M.

The aim of this work is to give a version of ours above results in the para-quaternionic her-
mitian case.

We reach our aim by giving an expression of :

First the tension field 7(u) of a (o, ¢’)-para-holomorphic map v : (M,o,9) — (N,o’,h)
between almost para-quaternionic Hermiian manifolds.

And secondly the vertical tension field 7(u) of a (o, ¢’)-para-holomorphic section v of a
(semi— Riemannian) almost para-quaternionic Hermitian fiber bundle, [(N, o', h) = (M, o, g)].

The paper is organized as follows: In section II, we recall definitions and properties which
are useful for the other sections. In section III, we give the results of the maps case. Section
IV is devoted to proofs of the results of the maps case. In section V, we give the results of the
sections case. Section VI is devoted to proofs of the results of sections case.
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2 Definitions

2.1 Vertical and horizontal fiber bundles

Let [(N,h) = (M, g)] be a semi-Riemannian fiber bundle.

We define the vertical fiber bundle W to be the vector bundle over N which fibers are the vertical
tangent spaces T, 7 (7 (y)),Vy € N.

Also we define the horizontal fiber bundle H to be the vector bundle over N which fibers are the
horizontal tangent spaces H,,Vy € N.

2.2 Pull back bundle

Let (B 5 N) be a vector bundle, and u : M — N a smooth map, then there exists a unique vec-

tor bundle (u~!(B) L M) called pull-back bundle such that Vo € M,/ ({z}) = 7 {u(z)})
Let’s assume that (B = N) is equipped with a semi-Riemannian metric h and a compatible

covariant derivative V. Then (u~!'(B) = M) is equipped with a semi-Riemannian metric a and
a compatible covariant derivative V* defined respectively by:

a: M — (v 1(B))* @ (u ' (B))*,

ax(Y,Z) = hyw(Y,2),Vo € M\VY,Z € (u"(B)),.
And
Vi(wou) = Vgxyw,VX € x(M),Yw € ['(B).

2.3 Harmonic section

Letu: M — N be a C? section of a semi-Riemannian fiber bundle [(N, h) = (M, g)].
The vertical tension field of u is given by 7 (u) = TraceV* d"u.

If {ej, ..., e2,, } is a local orthonormal frame of 7'M such that

gleg,er) = 1,V1 <k <m,

glep,ex) = —1,Vm+ 1<k <2m,

gleise;) =0,Yi # j.

Then
m v 2m v
() = £ (Vi (@u(en) — du(Vaen)] = 3 Vi (@u(er) - du(Te,en),

where V denotes the Levi-Civita covariant derivative on M, V? denotes the Levi-Civita covariant
derivative on W induced by the metric » and V*" the pull-back of the Levi-Civita covariant
derivative V¥ on W to the pull-back bundle (u='(W) — M).

We recall that w is called harmonic, when 7% (u) = 0.

2.4 Fundamental tensors of a semi Riemannian fiber bundle.(See [7])

Let [(N,h) = (M, g)] be a semi-Riemannian fiber bundle. The two fundamental tensors of
are defined by :

TpgF = VL, F'4+ VY, F"
AgF = Vb, F° 4+ VY, F"

for all vectors fields F and F' on N, where the superscripts h and v mean respectively the pro-
jection onto the horizontal, respectively the vertical bundle.

Remark:

The tensor A = 0 if the horizontal distribution is integrable.

The tensor T' = 0 if the fibers are totally geodesic.
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2.5 Link of the covariant derivative of Z € T'(u~!(T'N)) to the one of its extension

Let (N = M) be a fiber bundle. I'( V') denotes the set of the sections of (N = M).

Let Z € I'(u™'(TN)) and (E;)1<a<m be an orthonormal local frame in TN defined on a
open subset V of N, then Vag € u='(V), Z(z0) = Z7 (20) E; (u(xo)).

To Z we associate the vector field Z of N defined on V by Vy € V,
Z(y) = 27 (v (y)) E; (y)-

On the one hand :

VX € x(M),Vz € u'(V), Vi Z(x)

Vi[Z (@) B (u(x))]
Dx(27)(z)Ejou(z) + 27 (2) Vi E;(u(x))
Dx(Z7)(x) Ejou(w) + Z7 () V iy (x) () Es-

On the other hand, with the fact that « is a section i.e. mou = Id,;, one has :

VX € x(M),Vz € u='(V), (Vﬁégou) () = V[(Z/omou)Ejoul(z)
= Dx(Z%omou)(x)E;ou(x)
+ Zjowou(x)(V§;Ejou)(x)
= Dx(Z9)(x)E;ou(x)
+ Z(@)Vix) @ Bi-

It follows that :
VX € x(M),V4Z = V% (Zou).

Since : N N
VX € x(M),V%(Zou) = Viu(x)Z we get:

~

VX €X(M),VXZ = VixZ, 2.1)

where V’ denotes the Levi-Civita covariant derivative on N and V*' the pull-back of V' to the
pull-back bundle (v~ (T'N) — M).

2.6 Fundamental properties of a (semi-Riemannian) almost para-quaternionic
Hermitian fiber bundle. (See prop. 4 and prop. 5 in [1])

Let [(N,o’,h) = (M,0,9)] be a (semi — Riemannian) almost para-quaternionic Hermitian
fiber bundle, then we have the following properties:

i) The vertical and the horizontal distributions are p-invariant (ie VU € I'(W), J'U € I'(W) and
VY e T'(H),J'Y e T(H)).

ii) The fibers are almost para-quaternionic Hermitian submanifolds of V.

2.7 Trace of some 2-covariant tensors

Let u : M — N be a (J, p)-holomorphic section of a (semi — Riemannian) almost para-
quaternionic Hermitian fiber bundle, [(N, ¢, h) = (M, J, g)]
Let 6 be a u~! (T'N)-valued 2-covariant tensor on M.
As g is non-degenerate, there exists an ordered basis (ej, 2, ..., €4, ) of T'M such that:
gle;,e;) = 1,V1 <i < 2m,
gles,e;) = —1,V2m+ 1 <i < 4m,
glei,e;) =0,Yi # j.
Let {(e1)*, ..., (e4m)* } be its dual basis.
We call trace of 6, the section trac,(6) of u=!(TN) defined by:
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4dm .
tracy(0) = ¥ g98(ci.c,).
i,j=

2m 4m
If {e1, ..., €4, } is orthonormal, then tracy(6) = 4219(61', ei) — 22 19(@-, ei)
1= 1=2m+

Like above let us assume that

{X15 s X 1 X0 s i Xoms X5 o X J3X 05 05 J3X,, } s an orthonormal local frame of
TM.

The trace of the tensor (dVw)*(V?.J,) is given by:

~

tracy(@u) (V') = £ (Vi x,)a) (@ (X))
m 3 ~
+ X Z65(V’;”u(JﬁXk)Jé)(dvu(JﬂXk))

k=18=1

The trace of the tensor Az, d"uo.J is given by:

tracy(Agn,d"uot,) = I:ZZ,IAd;Lu(Xk) (d"uoJn (X))

~

m 3
* kElﬂEfﬁAdh"(JﬁXk)(thOJa(JﬂXk))

The trace of the tensor v, d"uo.J,, is given by:

m

tracy(Tyoud"uot,) = kEITdUMXk) (d"uoJn (X))

m 3 ~

+ kélﬁzleﬁTdvu(JBXk) (thOJQ(JﬁXk))

The trace of the tensor field (VY J/,)(d"u) is given by:

~

tracg(Vign, Jo)(d"u) = [(Vanu(x,)Ta)d u(Xe)

Tras

M3

3 ~
+ 2 €5(Vinu(, xp)Ja)d (s X5,

k=16=1

for all & € {1.2.3}, for any canonical local basis {.J;, .J», J3} of o and corresponding local
basis {J], J;, J3} of o/, where ¢; = 1 = —e; = —e3.
3 Results for maps.

3.1 Proposition

Proposition 3.1. Ler (M, o, g) and (N, o', h) be two almost para-quaternionic Hermitian mani-
folds and v : M — N be a (o, ’)-para-holomorphic map.
Then, we have:

T(u) = eaJp[tracy(du)* (V' J,) + du(dJ4)],

Sforall a € {1.2.3}, for any canonical local basis {Jy, J,, J3} of o and corresponding local basis
{J],J5, J3} of o', where e; = 1 = —ex = —e3.
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3.2 Corollary

Corollary 3.2. Let u : M — N be a (o, 0')-para-holomorphic map from a locally almost hyper
semi-para-K dhler almost para-quaternionic Hermitian manifold M to a locally hyper quasi
para-Kahler almost para-quaternionic Hermitian manifold N, then u is a harmonic map.

3.3 Theorem

Theorem 3.3.Let w : M — N be a (o,0")-para-holomorphic map between almost para-
quaternionic Hermitian manifolds.
Then, u is a harmonic map if only if

tracyu* (V' J)) = —du(8Jy),

Sforall a € {1.2.3}, for any canonical local basis {J, J,, J3} of o and corresponding local basis
{J1, 05, J5} of 0.

4 Proof of the results
4.1 Proof of Proposition 3.1

Proof. Let{X1,..., X, h X1, ..., X, X1, ..., o X, 3 X1, ..., J3 X, } be an orthonormal lo-
cal frame of TM

such thatg(Xk,Xk.) =1= g(Jle,Jle), and g(JﬂXk,Jng) =-1,Vp e {23}

A
&
I
T3

(V¥ du)( X, X3) + kgl(v*'du)(Jlxk, Ji X1

Tz

1(V*’du)(Jsz, DXy) — kZ:ll(V*/du)(J3Xk, J:X1)

|
™3

(V¥ du) (X, Xi) + eakgl(v*’du)u&xk, JaX1)

o

3

™3

) o Xy, JsX
+k:16:l,ﬂ#a6’8(v du)(Jﬁ k;JB k-)

b

= E [V (X)) ~ du(Vx, X)) + o [V x, (du(JaXe) — du(V g, x, T X0

m

3 !’
+ kE][B:LEB#aeg(V du)(Js Xk, J5 X))

= kg[V?ék (du(Xy)) + €V, x, (du(JaXp))] = dul 2 (Vx, Xk + €aV . x, Ja X))
+ R,
m 3

where we set R = kgl[ﬁ:lgiaeg(v du)(Js Xy, J3 Xk )]
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m

(VJQ)(Xk, Xk) + EQkEI(VJa)(Jan7 Jan)

—0Jo =

[SE

3

Y es(VI)(Js Xk, T X
Ly T, o8 (VIa) (X, Jp X))

+

Tz

Tz

I[VXkJan — Jo(Vx, Xi)] + €ak§1[VJanJu(Jan) — Jo(Vi, xe JaXk)]
3

M3

* k:lﬁ:1%¢a€5(VJa)<J6Xk, J3X})

3

m

(Vx,Ja Xk — Jo(Vx, Xi)] + EakEI[VJQXk(_Ean) — Jo(Vi,xe JaXk)]

o
Il

3

3
Y X X X
+ 2 (V) (s Xk, Jo Xi)

T3

m
I[VXkJan - Vix. Xk] — kZ::lJa(vXka + €V, x, JaXk)

M3

+ k:w:%#afﬁ(vt]axjﬁ)(k, JpXk)

kEI[VXRJan — Vi x, Xk — kEIJ(VXka + eV, x, JaXk)
+ S

m 3
since: J2(Z) = —enZ. andweset S= £ X

k:]B:],B#aeﬁ(VJa)(JﬁXk’ Jng).

By applying J,, we get :

Ja(=0Ja) = Ja T [V Ja Xk = Vi, x, X)) — Ji(kEI[VXka + €V x, JaXi]) + Ja(S)

As J?2 = —e¢,1, we have:

Ja(_(SJa) = Ja(kEI[VXkJan - VJanXk])

+ Eak§l[VXka + GQVJanJan] + Ja(S).
We deduce that

Eakgl[vXka + €QVJanJan] = —Ja((SJa) - Ja(kgl[vxk Jan - VJanXk])
— Ja(9).
By applying du, we get

eadu(kgl[vxk Xk + GQVJan Jan])

—duody(6Jy)

- duOJa(kél[VXk Jan - V,]anXk])
— duod,(S).
Multiplying by —e,,
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—du(kgl[vxkxk + €aVi. x.JaXi]) = ea{duoo(6Jy)

+ duodo( X [Vx, Jo Xk — Vi, x, Xi])

>
k=1
+ duoJy(S)

7(u) becomes including the fact that duoJ, = J odu,

7(u) =

Tz

I[Vﬁék (du(Xk)) + €a V7, x, (du(Ja X))

m

+ ea{duod,(6Js) + dqua(kgl[VXk Jo Xk — V. x. Xi]) + Jhodu(S)} + R

%E

][Vﬁék (du(Xk)) + ea V7, x, (du(Ja X))

+ eaduoda(6J,) + eanodu(kgl[vxk JuXn — Vi x Xe]) + eadodu(S) + R.

One knows that, for any C?-map f : M — N and any vectors fields X and Y, we have

df(VxY — Vy X) = df[X,Y]

= Vi (df(Y)) = Vi (df(X)).
Then

du(V x, Ja Xk — Vi, x, X1) = Vi, (du(Ja X1)) — Vi x (du(Xy)),

we have

7(u) = kgl[v’;;k(du(xk)) +ea Vo, (du(JoX))] + €aduodo(5]0)

+ ean{kg][v;;k(Jgodu(Xk)) — V5 (du(XR)]} + eaodu(S) + R

Let us set Z, the sum of the first two elements of 7(u) ie
Z= X [V, (du(Xy) + €a V5, x, (du(JaXr))).

With J (Z) = —€o Z, we have :

7 = —ea LT £ [VX, (du(Xe) + V7 x, (du(Ja X)) H-

So 7(u) turns to :

T(u) = *eaJ&{kg][Ja(Vﬁék(dU(Xk)))+6aJA( 5 (du(Ja X))}

b enduodo(87,) + ean{kgl[v;;k(Jgodu(Xk)) — VY (du(X))}
+ eqJlodu(S)+ R.

By gathering, we have :
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(1) = et £ VX, (Jaodu(X))) = V7. x, (du(X))

= (Vi (du(Xy)) = ea (V5 x, (du(Ja X))}
+ €aduody(6Jy) + €aJlodu(S) + R.

Since V4V = Viu(x)V» where V' is a C>-section of the induced bundle u~(TN),

() = cadi{ £ (Vi) (Jaodu(Xe)) = V(5,00 (A0 K1)

— o (Vi (du(Xk))) = €ado (Vi 5. x0 (du(JaXy)))]}
+ €aduody(6Jy) + €aJhodu(S) + R.

Let us call the elements in the brakets F; (i € {1,...,4}).

Ei+FE5= (V:iu(Xk)Jlll)(du(Xk))

Since J2(X},) = —€o X, we have

V(s (Qu(Xr)) = eaV:ju(Jan)(du(JéXk)) = €a Vi x) (Ja(du(JaXr))).
Then

E, +Ey = GQV;HU{IX}C)(J(/Jt(du(Jan))) — EQJ&(VIdu(JOXk)(du(Jan)))
= €a(Vi(r. xp) o) (du(Ja X))

Putting all this together,

() = adal £ (Vi) Ja)(@(X0)) + ea( Vi, 3,070 (T X))}

+ €aduody(6Js) + {€aJlodu(S) + R}.

Let’s evaluate €, J/ odu(S) + R

m 3
eaJiodu(S) + R = kglﬁilEB# epleadodu[(VIo)(Js Xk, JsXk)]

+ (V¥ du)(Js Xk, s X5)}
m 3
= kz:“lﬂzl?‘ﬁfozeﬁ{eaJ&Odu[vhxk Ja(JﬂXk) - Ja(VJﬁXk JﬂXk)]
+ V7, x, (du(JpXy)) — du(V,x, JpXk)}
m 3
= k{,]B:]%#(XEg{EaJ&OdU[VJﬁXk Jo(J3Xk)]
— €aduoJ’(V,x, JsXi) + V5, x, (du(Js X))

= du(V,x, JpXr)}
m 3
= k{,]B:]%#QEB{EaJéOdU[VJBXk Ja(Jng)] + dU<VJBXk Jng)

+ V7, x, (du(JsXy)) = du(V 5, x, s Xk)},

which gives by simplification
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m 3 ’
eaJiodu(S) + R = kgwilfz# eplean0dulV . x, Ja(Js Xi)] + V7, x, (du(JsXk))}
m 3 ,
= kélﬁ:lz,:ﬁ#ZG'B{eaJaOdu[VJﬁXk Ja(Jng)]
— ea o[ T (V7 x, (du(J5 X))}
m 3 ,
= k§1ﬂ:1;ﬁ;£a — 6/3€aJa{—du(VJﬁXk Ja(Jng))

+ I (Vi x00 (du(JsXk))) }-
As (V¥ du) (Js Xk, Jo(Js X)) = Vi x, du(Ja(Js X)) — du(V 5, x, Ja(JsXk)),
—du(V 1, x, Ja(JpXk)) = = Vi, x0 Au(Ja(TsX8)) + (V7 du) (J5 Xk, Jo(Jp X))
=~V Jadu(TsXe) + (V' du) (Js Xy, Ja(Jp X))
= (V"' du) (T Xk, Ta(TsXk)) = Vi, x) Tad(Jp X ).

Then, one gets

m 3 ,
eadiodu(S)+ R= X ¥  —epeaJ {(V* du)(JsXk, Jo(Js X))

k=18=1,B#a
—= Vau,x0)Ta@W(TsXk) + J4 (Vg x,) (du(J5Xk))) }
m 3 ,
_ . / %
= oD~ eocado (V7 du)(Jp X, Ja(J5 X))

- (V:iu(JﬁXk)Jt/)c)du(J,BXk)}7

by gathering.

And 7(u) becomes

(1) = cadid E (Vi) 70 [d(X0)) + 0V, 70 (A Jo Xi))]}

m 3 ,
+ €aduody (6J,) + kglﬁilfb# — epea i {(V* du)(Js Xy, Jo(J3Xk))

—( :iu(Jng)J(/x)du(‘]ﬁxk)}

= o 2 (V00 T2 (X)) + a0 70 (A0(a X))

3

3 !
+ (VausxpJa)du(JsXe) = L eg(V" du)(Jp Xy, Ja(JpXk))]}

» 6,3
B=1,B%a B=1,B#a
+ eqduody(6Jy).

Let us evaluate

3 ’
ﬁ*l%i;é eg(v* du)(Jng, Ja(JBXk)) = B.
Suﬁpose for example that o = 2, we have:

B = (V¥ du)(Ji X, Jo(J1 X1)) — (V¥ du)(J3X g, Jo(J3X1)). As JoJy = —Js and JoJ3 = —.Jj,

B = (V" du) (s Xy, — 3 Xg) — (V* du) (s Xy, —J1 X1))
= _(V*/du)((th, JXk) + (V*/du)(J3Xk7 J1X1)) =0,
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because the second fundamental form is symmetric.
Then

7(0) = o & (Vo) T 00(X0)) + 0 (T3, 1) (011 X0)
3
+ ﬂ:%ﬁ#a(vguuﬁxwJg)du(Jng)]} + eqduody (8Jy).

We can conclude that

7(u) = eqJj [tracy(du)* (V' J,) + du(6Jy)],

for all « € {1.2.3}, for any canonical local basis {J, J», J3} of o and corresponding local
basis {J], J}, Jj} of o/, where ¢ = 1 = —e; = —e3.

O

4.2 Lemma

Lemmad.1. Let v : M — N be a (0, 0)-para-holomorphic map between almost para-quaternionic
Hermitian manifolds.

If (N, o', h) is locally hyper quasi para-Kahler, then
tracy(du)*(V'J,) =0,
forall a € {1.2.3}, for any canonical local basis {J}, J}, J;} of o'

Proof. Assume (N, ', h) is locally hyper quasi para- Kihler ie
(VX T)Y +ea(Vix )Y =0,VX,Y € x(N), for all « € {1.2.3}, for any canonical local
basis {J], J}, Jj} of o/, where ) = 1 = —e; = —e3.

Let’s recall that

tracy(du)* (V' 75) = ¥ (V0 J0) (@0(X0)) + ea( Vi, 00 T2 (T X))

3

- B:Fﬁ#fﬂMu(JBXk)J&)dU(JﬂXk)]

= 5 (Vo ) (X)) + 0y g0 T2) (X))
3

)y
p=1pa

m 3
=YX X
k=18=1,B#a

since u is a (o, ¢’)-para-holomorphic map and the first line of the second egality vanishes
because (V';J,)Y + €a(Vy 2J,)JY =0,YZ,Y € x(N).
m 3
E !
Let’ s look at kélﬂ:%#aeg(vf du(xy) 7 o) Jpdu(Xy,).
Suppose o« = 1, then

es( f]édu(Xk)J(/x)‘][/‘}du(Xk)]

65(foédu(Xk)J&)Jédu(Xk)a

tracy(du)*(V'Jy) = -zl Trdu(xn) T 20 Xk) + (Vi gux,) T1) T3du( X )
As .]3 = J1J2,

tracy(du)”(V'J1) = =[(Vigu(x) J1) F20u(Xe) + (Vi graue) D 1 (T2du( X))
=0.
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4.3 Proof of Corollary 3.2

Proof. : tracy(du)*(V'Jj) = 0,if (N, o', h) is alocally hyper quasi para- K dhler and du(8.J5) =
0, if (M, 0, g) a locally almost hyper semi-para- K ihler manifold, for all o« € {1.2.3}, for any
canonical local basis {.Ji, J», J3} of o and corresponding local basis {.J{, J;, J5} of ¢’ and, then
by virtue of proposition 3.1, u is a harmonic map. O

4.4 Proof of theorem 3.3

Proof. : A C*-map u is a harmonic map if only if 7(u) = 0 which is equivalent by virtue of
proposition 3.1 to the egality trac,u*(V'J)) = —du(d.J, ), forall « € {1.2.3}, for any canonical
local basis {.Ji, J», J3} of o and corresponding local basis {.J{, J;, J5} of o’. |

5 Results for sections

5.1 Proposition

Proposition 5.1. Let [(N, o', h) = (M, 0, g)] be a (semi— Riemannian) almost para-quaternionic
Hermitian fiber bundle and w : M — N be a (o, d')-para-holomorphic section of [(N,o’, h) =

(M,0,9)] .
Then, we have:

7V (u) = exJL[tracy(dPw)* (VU JL) + (d¥uw)(8Jy) + tracy(Vin, o) (d w)
+ tracy(Agn,d"uody) + tracy(Tyv,d"uoJ,)],

Sforall a € {1.2.3}, for any canonical local basis {Jy, J,, J3} of o and corresponding local basis
{J1,J3, T3} of o', where ) =1 = —e; = —e3.

Corollary 5.2. Let u : M — N be a (o, 0’)-para-holomorphic section of a (semi— Riemannian)
almost para-quaternionic Hermitian fiber bundle [(N,o',h) = (M, 0, g)).

Ifthe fibers are locally hyper quasi para- K dhler almost para-quaternionic Hermitian manifolds,
M is a locally almost hyper semi- para-Kahler almost para-quaternionic Hermitian manifold
and

tracg(vshuJ(;)(d”u) = Oa
tracy(Agn,d"uod,) = 0,
tracg(Tdvudhqua) = 0,

Sor all « € {1.2.3}, for any canonical local basis {Jy, J,, J3} of o and corresponding local
basis {J{, J5, Ji} of o', then u is a harmonic section.

Corollary 5.3. :

Letu: M — N be a (0, 0")-para-holomorphic section of a (semi — Riemannian) almost para-
quaternionic Hermitian fiber bundle [(N,o',h) = (M, a,g)].

If the fibers are totally geodesic, locally hyper quasi para-Kahler almost para-quaternionic
Hermitian manifolds, M is a locally almost hyper semi-para-Kahler almost para-quaternionic
Hermitian manifold, the horizontal distribution is integrable and (V% J.,)U = 0 for all Y hor-
izontal and U vertical, for all a € {1.2.3}, for any canonical local basis {Ji, J», J3} of o and
corresponding local basis {J{, J}, J;} of o', then u is a harmonic section.

6 Proof of the results

6.1 Proof of proposition

Proof. Let{X|, ..., Xm, 1X1, oo, 1 Xim, J2 X1, ooy 2 X, J3 X1, ..., J3 X, } be an orthonormal lo-
cal frame of T M
such thatg(Xk,Xk) =1= g(Jle7J1Xk), and g(Jng,JﬁXk) =-1,Vp e {23}
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(u) = L (V" du)(Xy, Xi) + kgl(v*ud“u)(Jle, J1 Xk)

™3 im;

(V¥ d"u) (o X, o Xy) — R (V¥ d"u) (3 Xk, J3X3)

o
[

[SE

(V" dPu) (X, X30) + eakﬁjl(wv d"u) (Ja Xy, JaXs)

3

™3

+, es(V* d"u) (Js Xy, Js Xp)

)y
18=1,f7a

= X [V, (d"u(X,)) — d"u(Vx, X))

a2 (V5 3, (0T X0)) — d°u(V s, x, Ja X))

m 3 v o
Zl L s (VT d%u)(JpXe, Jo X))

= B V5, (@u(X0) + V5 x, (d"u(Jo X))

—d"u[ X (Vx, Xk + €V x, JaXp)] + B,

m 3
whereweset R= X[ X
k=1'B=18+a

In the map’s case, we shew

es(V* du)(Js Xk, Js X))

—du( ¥ [V, Xi + €aV 1,0, JoXh]) = ea{duoa(87)

+ duody( I[VXkJan ~ Vi.x, Xx])

5
k=
S)}

+ duody(
m 3
where S = k§16:1%¢a65(VJa)(JﬁXk, J5X}).

Taking the vertical part, we have

fd”u(kgl[VXka + V1 x, JaXi]) = ca{duodo(3,)

+d*uoto( X [V, JaXr = V1,x, X))

+ d’uoJ,(S)}.

7" (u) becomes including the fact that d"uo.J, = J/0d"u,

() = 2 V3, ([@"u(X0)) + eV, x, (du( o X0))]

o eafd"u0la(800) + Tod u( £ [V, JoXi = V., Xe]) + d"uJa(S)} + R

= 5 V5, (du(X0)) + V5, (@ u(Ja X))

03

+ €ad"u0Jy (0Jy) + €l d"u(

k I[VXkJan — VJanXk]) + eadUUOJQ(S)

+ R.
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We shew in the map’s case that

du(V x, Ja Xy — Vi, x, X1) = Vi, (du(Jo X1)) — Vi x (du(Xy)),

If we Take the vertical part,

d"u(Vx, Ja Xk — Vi, x, Xk) = Vi, (du(JaXk)) — V5, 5 (du(Xy))
= Vi (d"u(JoXy) + d"u(Jo X))
= Vi x, (@ u(Xp) + d"u(X)
= Vi (d"u(JoXy)) + Vi, (d"u(Ja X))
- *Jan (du(Xy)) — Zxk (d"u(Xy))
This leads to

() = VX, (du(X0) + Vi, (@ u(JX0)]

+ €ad w0ty (870) + €a i { Vi, (d"u(JoXr)) + Vi, (d"u(Ja X))

v

— Vi x (dPu(Xy)) = V7 x, (d"u(Xk))} + ead’uody(S) + R.

Let us set Z, the sum of the first two elements of 7(u) ie
m v , v
z= £ V5, (@"u(X0) + Vi, (@u(Jo X))
With J (Z) = —ca Z, we have :

7 = —ea LA 2 V5, (@u(Xe)) + oV x, (@ u(Ja X))}

So 7¥(u) turns to

() = —ea T Tl E [V, (d0(X0)) + eV x, ("u(Ja Xe) 1}

+ €ad 0t (870) + €a i { Vi, (d"u(JaXr)) + Vi, (d"u(Ja X))
— Vix, (@ u(Xy)) = Vi, x, (d"w(Xp)} + eaduota(S) + R.

= b { £ [~ L(VE, (@ 0(X0) ~ ala (V5 (@ u(T X))}

+ €adu0Jo (370) + €aJo{ Vi, (d"u(JoXk)) + Vi, (d"u(Jo X))
— Vi x (dPu(Xy)) = Vi x, (d"u(Xk))} + ead’uody(S) + R.

By gatering, we have :

7(u) = EaJé{k%[Vi (d"u(JoXr)) + Vi, (d"u(JaXk))

- TIZX;C (dvU(Xk)) - *I:Xk (th(Xk))
— JL (Vi (du(Xy))) = ea L (Vi x, (d°u(Ja Xi)))]}
+ €ad’uodo(0Jy) + €ad’uod,(S) + R.

From relation (2.1) and d"uoJ, = J.0d"u, it comes that
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(1) = bl E [V (@ 0(X0))) + Ty (0o X))

~ ~

= Viu(ax0 (@ u(X1)) = Vi, x,) (@ u(Xk))

— o (Vaux) (@7u(Xk))) = €ado(Vau (s, x,) (@ u(JaXk))]}
+ €0 d’u0do(0Jy) + €ad’uodo(S) + R.

Let us call the elements in the brakets F;(: € {1,...,6}).
Ey+ Es = (Vsu(xk Je)(dPu(Xy)).

Since J2 X}, = —e, X}, we have
~Vau(J, Xk)(dvu(Xk)) - Eavgu(Jan)(dﬂ“(JéXk>)

= eV L w(Ja X))

du(JoXy)
Then E5 + Eg = eavduu&xk)(J,;(d”u(Jan))) —€ad) (Vgu JXk) (d*u(JX%)))
(VZU(J Xp) J&)(d“u(Jan)). With this,
m(u) = eajékél[( Zu(xk)Jé)(dUu(Xk)) + €af Zi}u(Jan)J;)(dvu(Jan:))
+ vdu(xk)(dhu(Jan)) - VZTL(Jan)(th(Xk))]}
+ €0 d"u0Jy(0Js) + €ad’uodo(S) + R.

As du(Y) = d°u(Y) + d"u(Y),

() = el 2 [(Vieuon T (@ 0(X0) + (Vg ) J0) (@ (X))

~

+ €a(Vaou(r, x0T (A u(JaXk)) + €a(Vina(, x,)70) (@ (o X))

+ Viuion (@ 6(JaXk)) + Vi) (@ u(Ja X))

= Viouox) (@ W(X8) = Vi xp (" u(Xe))]}
+ €ad’u0dy(0Js) + €ad’uoly(S) + R.

Using the fondamental tensors 7" and A,

~ ~

() = €adod  [(Vivu(x Ja) (@ w(X5)) + (Viny(x,) Ja) (d7u(Xk))
+ ea(ngu(Jan)J&)(dvu(Jan)) + €a (Vzhu(Jan)Jtll)(dvu(Jan))
+ Tdvu(Xk)(dhu(Jan)) + Adhu(Xk>(dhu(Jan))

- Td”u(Jan-)(dhu<Xk)> - Adhu(Jan)(dhu<Xk)>]}
+ €ad’u0dy(0Js) + €ad’uoy(S) + R.

Using one more time J2 X}, = —e, Xk, in the fourth line,
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7' (1) = adol 2 [(Vivu(x,) Ja) (d7u(Xk)) + (Vi) Ja) (d°u(X))

~ ~

+ €a(Vieu(s, x0T (@ W(Ta Xk)) + €a(Viny(s, x,)Te) (A" u(JaXk))
+ Tdvu(xk)(dhu(Jan)) + Agny, (Xk>(dhu(Jan))

+ caTgou(s, x) (A" 10T (J Xi)) + €aAanu(s, xp (d" 0o (JoXi))]}
+ €ad’u0dy(0Js) + €ad’uoy(S) + R.
Let evaluate €,.J'0od’u(S) + R,

m 3
€aJ 0od’u(S)+ R= X ep{€adlod" u[(Vda)(Js Xk, J5 Xk)]

k=18= 15#
+ (V* d“’u)(Jng,JﬂXk)}
m 3
= kZ::IB i eﬁ{eaJ od’ U[VJﬂXk (JBXk) Ja (VJBXkJBXk)]
+ V5 x, (@ u(JsXy)) — d°u(V g, x, T X5)}
m 3
— kzl,B b-to GB{EQJ od"’ U[VJﬁXkJ (Jng)]

- EadUUOJ (VJﬁXk Jng)
+ Vi x, (AP u(Js X)) — d'u(V i, x, T Xk)}

m 3
kEm e EB{EQJ/ od"’ U[VJﬁXk (JﬁXk)] —|—dvu(VJﬁXkJ5Xk)

+ Vi, (@u(Jp X)) — du(V g, x, Jp Xk},

which gives by simplification

m 3
GaJ(llodvu(S) +R= kZ::Iﬁ ; Q#BGIQ{GQJ od’ ’U,[VjﬁXk (J,@Xk)] + vJﬁX (d u(JBXk))}
m 3
= kzw hta eg{eaJ od’ U[VJﬁXk (J@Xk)]
— ea o [TL (V5 x, (d"u(Js X))}
m 3
= kglﬁzl%—fv‘a — egeajé{fdvu(v‘]ﬁxk Ja(Jng))

+ (V5 x, (du(Js X))}

As (V¥ du)(Js Xk, J(JsXk)) = Vi x, du(Ja(JsXk)) = du(V g, x, Ja(TsX8),

3 3
- X X N=—- X X
6:1)5¢adu(v¢]5xk‘]&(']ﬂ k)) B=1. B vJﬁxkdU( (Jg k))

3 ,
T (VY du) (s X Ju(J5Xk)).
gz (V) (Jp Xk, Ja(J5 X))

In the map’s case, we shew that
3 ’
Y (V*du)(JsXk, Jo(J3Xk)) = 0 because of the symmetry of the second fondamental

B=1,p#a
form, then
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3 3 /
le’ﬁ#adu(ngXkJa(Jﬂ k) ﬂzm#avjﬁxkdu((]a(,]ﬂ %))
Taking the vertical part, we have
% d’ X % *Y d X
_le,ﬁ;f(x U(VJﬁXk,Ja(Jﬁ k)) — _ﬁ:l,ﬁ#a Js Xk U(JQ(JB k:))
3 v
— Z _\U* dv " X
oo tpal VIax @ Ul o (Ja X))
= Vix,d"u(Ja(JsXe))-
And then, we have
m 3 N
Calood'ul(S) + R=E T ~0lal=Vix d"ulJal T3 X))

- Vj;Xkdhu(Ja(Jng)) + J( ’;;Xk (d*u(J3 X))}

And with relation (2.1)

m 3 ~
! v _ !/ v U
Cadood"u($) T R= £ T caeadi{Viy(s, (@ u(JalJpX1)

+ V(s x0 (@ u(Ja(J5Xk)) = Jo(V iy, x,) (@ u(J5Xk))) -

Since d'uoJ, = J!,0d"u, the first element and the third can be gather, then

m 3 ~
eadlod"u(S) + R = gw:l%#aeﬂﬁaJr/x{(vgu(J,ng)J:x)(dv“((JBXk)))
+ Viu(axo (@ u(J (JsXk)))}
m 3 ~
_ / v ! v
- kz::1ﬂilg’i#aeaea‘]a{(vdvu(.fﬁXk)Ja)(d u((JﬂXk)))

+ (Viru(ry xo) Je) (@ u((T5X0))) + Vi, x,) (@ u(Ja(J5 X8)))

+ Vi, x0 (@ u(Ja(Js X))},

since du(Y) = d°u(Y) + d"u(Y).
And with the fondamentals tensors 7" and A

m

3 ~
! v _ ! v U v
ol od"u($) +R= £ T caeali{(Vinus,x o) (@ u((J5Xi)

+ (Vanu(z,x0 7 (A" u((J8X0))) + Tavu(r, x,0 (d" u(Ja (T X))

+ Adhu(.]ﬂXk)(d}Lu(Ja(JBXk)))}'

So 7¥(u) becomes
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7'() = cadol 2 [(Vivu(x,) Ja) (d7u(Xk)) + (Vg Ja) (d7u(X))

+ €a(Vieu(s, x0 7o) (@ 6(Ja Xk)) + €a(Viny (s, x,) 7o) (A u(Ja X))

+ Td“u(Xk) (dhu(Jan)) + Adh,u(Xk)(dhu(Jan))

+ EaTd”u(Jan)(thOJOé(JOéXk)) + E(IAdhu(Jan) (thOJa(Jan))]}

m 3 ~
! Ju ! v !/ v
el u0I) + T esead (Vg0 7 (@ u((J5X1))

+ (Vina(z, x0T (@ u((T5X5))) + Tavu(r, x0) (@ u(Ja(J5 X))

+ Adhu(JﬁXk)(dhu(Ja(JBX’C)))}’

Finaly, one gets

7 (0) = a2 E (T ey T UKD + 6050 ) (@0 Ta X))
>
+
ﬁ=1,5#a€B
+( Zh’U(Xk)Jt;)(dvu(Xk)) + ea(Vfthu(Jan)J(Iy)(dU“(Jan))
3

+ X
p=1B#a

(Vavu(sxi)Je) (d"u(Jp X))

€5(Vanu(,xp)Jo) (A" u(J5 X))

+ Tou(x) (A" u(JaXk)) + €aTgou( . x) (@ 10T 0 (Ja Xy))

3 ~
L eoTav( Jox) ([ o do (Jo X))

+ Agnyx) (@"u(Ja X)) + €aAgnu(s, x,) (A" u0do (JoXk))
3 N
h
+B:]%#aAdhu(Jﬁxk>(d u0Jo(JpX}))]

+d"u(dJy)}

We can conclude that

7V (u) = eaJL [tracy(dPu)* (VU JL) + (d¥uw)(8J,)
+ tracy(Vin, Jo ) (d"u) + tracy(Agn,d"uod,) + trac,(Tys,d"uold,)],

for all o € {1.2.3}, for any canonical local basis {.J;, J2, J3} of o and corresponding local basis
{J{,J5,J3} of o', where ¢ = 1 = —e; = —es.
i

6.2 Proof of Corollary 5.2.

Proof. :

Let u: M — N be a (o, 0’)-para-holomorphic section of a (semi — Riemannian) almost para-
quaternionic Hermitian fiber bundle, [(N,o’,h) = (M, 0, g)].

Assume tracy (VY 0)(d'u) = 0, tracy(Agn,d"uoJ) = 0 and tracy(Tse,d"uoJ) = 0, then the
formula in proposition 5.1 gives 7% (u) = €, J} [tracy(d'u)*(VVJ)) + d’u(6J,)]. Morever if
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M is a locally almost hyper semi-para- K dhler almost para-quaternionic Hermitian manifold (ie
0Jo = 0) and the fibers are locally hyper quasi para- K dhler almost para-quaternionic Hermitian
manifolds, which implies trac,(d"u)*(V?J,) = 0, for all & € {1.2.3}, for any canonical local
basis {J1, J», J3} of o and corresponding local basis {.J{, J;, J;} of o/, where ¢; = 1 = —e; =
—e3. Then one gets 7V (u) = 0, so  is a harmonic section. i

6.3 Proof of Corollary 5.3

Proof. :
Letu: M — N be a (o, 0’)-para-holomorphic section of a (semi — Riemannian) almost para-
quaternionic Hermitian fiber bundle, [(N,o’,h) = (M, o, g)].
Assume the fibers are locally hyper quasi para- K dhler almost para-quaternionic Hermitian man-
ifolds, and M is a locally hyper almost semi-para-K dhler almost para-quaternionic Hermi-
tian manifold, then the formula in proposition 5.1 gives 7" (u) = e, J), [tracy(VY,, J4)(d w) +
tracy(Agnyd"uody)+tracy(Tye,d"uoJ,)]. Morever if the fibers are totally geodesic (ie T’ = 0),
the horizontal distribution is integrable (ie A = 0) and (V% J,,)U = 0 for all Y horizontal and
U vertical, for all o € {1.2.3}, for any canonical local basis {.J;, J2, J3} of ¢ and corresponding
local basis {J{, J;, J3} of o/, where ) = 1 = —¢; = —e3.

Then one gets 7(u) = 0, so u is a harmonic section.

7 Examples

Before giving the first example let’s give two theorems

First let’s notice that
VB € x(N),J"B := (J'B)Y = (J'B" + J'B*)" = (J'B")" = J" B" = J'B"since the
vertical and the horizontal distributions are e-invariant.
In the same way, J'" B := (J'B)" = (J'B" 4+ J'B*)h = (J'BMh = J"" Bh = J'B".

7.1 Theorem

Theorem 7.1. Let (N, o', h) = (M, 0, g)] be a (semi— Riemannian) almost para-quaternionic
Hermitian fiber bundle such that the total space is a locally hyper quasi para-Kahler almost
para-quaternionic Hermitian manifold.

1- Let X, Y and Z be horizontal vector fields, then
a) AxJ, X =0
b) AxJ.Y = —AyJ, X
c)A=0.

2-Let U, V and W be vertical vector fields, then
Cl) TUU = —EaT,]/UJ/U
b) TUV = —GQTJIUJ/V
c) T = 0 (ie The fibers are totally geodesic submanifolds).

Proof

The hyper quasi para-K dhler strcture gives

(VXJ&)Y = —Ea(VJéxJ(;)JZYY
VxJ(;Y—J(;(VXy) = —EQ{VJéxj(fY—J(;(VJ&Xg]&Y)}

—ea{—eaV%XY - J&(VJéxjéY)}
= VJ&XY + G(XJ(;(VJ(/XXJ(IXY)
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Taking the vertical part, we get
ij(;Y—J&(AXy) = AJ{;Xy—FEaJ(;(AJ(/NxJéY).
If wemake Y = X

AxJLX = J(AxX) = ApxX+eady(AyxJ,X)
AxJ, X = ApxX
AxJ X = —AxJ. X
24xJ.X =0
AxJ X =0,

since the antisymmetry of fondamental tensor A implies Az Z = 0.
Let showb)ie AxJ,Y = —Ay J, X.
With a) we have

0 = Ax - v)Jo(X-Y)
= AxJ X —AxJLY — Ay J X + Ay JY
= —AxJY - AyJ.X,
then AxJ\)Y = —AyJ. X.

Let show ¢)ie A = 0.

With b) we have AxJ,Z = —AzJ, X. If weset Z = J\Y,

AxJLY = —AjyJuX
—0AxY = —AjyJaX
AxY = €A yvJaX,
for all o € {1.2.3}, for any canonical local basis {.J{, J}, J;} of ¢/, where ¢ = 1 = —e; =
—e3, which leads to
AxY = —ApyBX
= —AppxJiLY
= —ApxJiY
= —(-AyX)
Ay X
= —AyxY,

3 g — g/
since J{J, = J;.

Then AxY = 0, for all X and Y horizontal which means that A = 0 (see prop. 2.7 e) in [3]).

Let’ s show 2-a)

The hyper quasi para- K dhler strcture gives

VUJ(;V — J(;(VUV) = VJ(;UV + G(XJ(;(VJ(/XUJ&V)
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Taking the horizontal part, we get
Ty, V = J(TuV) = TnuV+ed (TruJ,V).

If wemake V =U

TUJ(;U*J(;(TUU) = TJ&UU—'_GQJ(;(TJ&UJ(;U)

since the fondamental tensor 7" is symmetric.

—J(;(TUU) = GQJ(;(TJ&UJQU)
TUU —GaTJC/XUJ(;U

Let’ s show b) ie Ty V = —e. Ty v J,V

T(va)(U - V) = —EQTJ(/)(U,‘/)J;L(U - V)
ToU =TV —=TyU+TyV = —e{ Tyv U —TyudlV =Ty JLU
+ TpvJ,V}
—TUV—TvU = —Ga{—TJ(/XUJéV—TJ&Vt](;U}
—2TUV = 2€aT]&UJ(;V
TUV = *EaTJ(’XUJ(;‘K
for all o € {1.2.3}, for any canonical local basis {.J{, J}, J;} of ¢/, where ¢ = 1 = —e; =
—€3.
Let’ s show ¢)ie T = 0.
b) leads to
TV = TyudsV
= “TpyuihV
= ~TpuliV
= —1yV,

since J|J; = Jj.
Then Ty V = 0, for all U and V vertical, which means that 7' = 0 ( see prop. 2.7 d) in [3]).

7.2 Theorem

Theorem 7.2. Let [(N, o', h) = (M, 0, g)] be a H (semi— Riemannian) almost para-quaternionic
ermitian fiber bundle. If the total space is locally hyper quasi para-Kahler almost para-
quaternionic Hermitian manifold, then

1) the base space is locally hyper quasi para-Kahler almost para-quaternionic Hermitian
manifold.

2)The fibers are locally hyper quasi para- K ahler almost para-quaternionic Hermitian man-

ifolds.

Proof

Let us show 1).
For a semi Riemaniann submersion, If X’ and Y are basic vector field w-related respectively to



SECTIONS OF AN ALMOST PARA-QUATERNIONIC BUNDLE 831

X and Y, then V%,Y" is m-related to Vx Y.
For a (semi — Riemannian) almost para-quaternionic Hermitian fiber bundle if X’ is r-related
to X, then J/, X' is the basic vector field r-related to J, X, for all & € {1.2.3}, for any canonical
local basis {.J;, J», J3} of o and corresponding local basis {.J{, J;, J5} of o’.
In fact drnJ., X' = J,dn X' = J, X, since 7 is (¢’, o )-para-holomorphic.

In the following we denote by the symbol ~. fact to be m-related to.

V&Y' A VxY and J! X' ~ J, X lead to the following relations
VEILY' ~ VxJ,Y and J. (V% Y') ~ J(VxY), which the difference gives the relation
(Vi J)Y" ~ (VxJa)Y which itself leads to (V% . J)JLY' ~ (Vi xJa)JoY .
From both the last relations we derive ;

(VA INY 4+ (VR ID)ILY' A~ (Vx Jo)Y + €a(Vi, xJa)JaY.
So If the total space is locally quasi hyper para- K iihler almost para-quaternionic Hermitian man-
ifold, then the base space is locally hyper quasi para- K dhler almost para-quaternionic Hermitian
manifold,

Let’s now show 2)

(VUJ(;)V = —EQ(VJ;UJ&)J(;V
VuJLV —J(VyV) = —EQ{VJ&UJSV — J&(VJ&UJ&V)}
VuJlV —J(VyV) = 76(1{VJ§UJ§2V* J(’l(VJgUJﬂ/)}

By taking the vertical part, we get

DIV~ JUTEV) = el ViV — (VY0 2V))
(VB = —ea( Ty J")ILV.

Then fibers are locally hyper quasi para-Kdhler almost para-quaternionic Hermitian manifolds.

7.3 Example 1

An example of (semi — Riemannian) almost para-Hermitian fiber bundle for which the corol-
lary 5.3 applies, is a fiber bundle which projection is para-quaternionic Hermitian submersion,
whose total space is a locally hyper quasi para-Kahler and satisfy (V¥ J,)U = 0 for all Y
horizontal and U vertical, for all o € {1.2.3}, for any canonical local basis {J{, J;, J;} of o’.
In fact:

For almost para-quaternionic Hermitian submersion whose total space is locally hyper quasi
para- K dhler almost para-quaternionic Hermitian manifold, the horizontal distribution is inte-
grable (ie A = 0), the fibers are locally quasi hyper para-Kdhler almost para-quaternionic
Hermitian manifolds and totally geodesic(ie 77 = 0), the base space is locally almost hyper
semi-para-K dhler almost para-quaternionic Hermitian manifold since it is locally hyper quasi
para- K ahler almost para-quaternionic Hermitian manifold ( see both the theorems above ).

Before giving the second example let’s give one theorem

7.4 Theorem

Theorem 7.3. Let (N, o', h) = (M, 0, )] be a (semi— Riemannian) almost para-quaternionic
Hermitian submersion.

If the toal space is locally hyper almost para- K ihler almost para-quaternionic Hermitian man-
ifold, then

(V% JL)U = 0, for all Y horizontal and U vertical, for all « € {1.2.3}, for any canonical
local basis {J{, J5, J;} of o’
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Proof

Proof. Let W and U be vertical vector fields on N and X horizontal . Since NV is locally hyper
almost para- K dhler almost para-quaternionic Hermitian manifold, it implies d®, = 0.

= dD.(W,J.V,X)

= WD (JLV,X) — J Vb (W, X) + X.D(W, V)

— O, (W, I, V], X) + @u([W, X], JLV) = o ([J,V, X], W)
0 = Wh(JLV,JuX) = JV.R(W,J.X)+ X.h(W,JV)

— (W, V)], J.X) + h([W, X], J5V) — h([JLV, X], J,W)
0 = Wh(JLV,JuX) — J/V.L(W, J.X) + X.h(W,—€,V)

— (W, V], JLX) + (W, X], —eaV) = h([J,V, X], J,W).
0 = Wh(JILV, JuX) — J. VAW, J.X) — ea X.H(W, V)

— (W, V], JLX) = eah((W, X], V) = h([J,V, X], JLW).

Since the dot product of a vertical and a horizontal is zero, the first two terms and the fourth
vanish. Thus one get

= —eXWW,V) —eh([W,X],V) = h([J,V,X], J,IW).

= —MVxW,V) = eah(W,VxV) — eah(Viw X — VxW,V)

- h(VypvX —VxJV,J,W)
0 = —eh(VxW,V) = e h(W,VxV) — e h(Vig X, V) + e h(Vx W, V)

— h(VypvX,J,W)+h(VxJV,J,W)
= —eh(W,VxV)+h(VxJV,J\W) = eah(Vw X, V) = h(V v X, JW)
—eh(JLW, T, (VxV)) + BV x IV, W) = eah(Vw X, V) = B(V g v X, JLW)
—h(JW, I (VX V) + h(Vx IV, JLW) = eah(Vw X, V) = M(V v X, JLW)
= h(VxJOV,JW) — eah(Tw X, V) = h(Ty v X, JLW).

o o o ©
\

Since the total space is locally almost hyper para- Kdhler almost para-quaternionic Hermitian
manifold; it is locally hyper quasi para-K dhler almost para-quaternionic Hermitian manifold
then ' = 0 so h((Vx J.,)V, W) = 0, for all vertical vector field W, and (V% J,,)V = 0, for all
Y horizontal and U vertical, for all o € {1.2.3}, for any canonical local basis {.J{, J;, J3} of o’.

|

7.5 Example 2

An example of (semi — Riemannian) almost para-Hermitian fiber bundle for which the corol-
lary 5.3 applies is a fiber bundle which projection is para-quaternionic Hermitian submersion,
whose total space is a locally almost hyper almost para- K dhler almost para-quaternionic mani-
fold.

7.6 Example 3

T

Let [(N,o',h) = (M, o,g)] be a (semi — Riemannian) almost para-quaternionic Hermi-
tian fiber bundle such that (N, ¢’, h) is a locally almost hyper quasi para-Kdhler almost para-
quaternionic manifold and let v : M — N be a section.

If w is a (o, 0’)-para-holomorphic map, then u is a harmonic section.

In fact :
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On the one hand, a section that is a (o, o’)-para-holomorphic map is obvious a (¢, c’)-para-
holomorphic section.
In fact

duoJ, = J.odu
d°uoJ = J. odu
d’uod, = J,od"u

because VE € x(N),J"" (E) = J'(E), since 7 is an almost para-quaternionic Hermitian sub-
mersion.

On the other hand, since w is a (¢, 0’)-para-holomorphic map from a locally almost hyper semi
para- K ahler almost para-quaternionic manifold (since it is quasi) to a locally hyper quasi para-
Kahler almost para-quaternionic manifold, then by virtue of corollary 3.2,  is a harmonic map;
morever one knows that a section that is harmonic map is a harmonic section.
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