Palestine Journal of Mathematics

Vol. 10(2)(2021) , 834-844 © Palestine Polytechnic University-PPU 2021

Closure prime spectrum of }/.S—Almost Distributive Lattices

N. Rafi!, Ravi Kumar Bandaru? and M. Srujana’

Communicated by Ayman Badawi

MSC 2010 Classifications: 06D99,06D15.

Keywords and phrases: Almost Distributive Lattice(ADL), M S—ADL, closure ideal, Hausdorff space, compact space.

Abstract In this paper, the concept of closure ideal is introduced in an M S—ADL and their
properties are studied. It is observed that the set of all closure ideals forms a De Morgan ADL and
topological properties of prime closure ideals are studied in an M S—ADL. Finally, equivalent
conditions are provided for prime closure ideal to become maximal.

1 Introduction

In 1981, the idea of an Almost Distributive Lattice (ADL) was introduced by Swamy and Rao as a
common abstraction of almost all the current ring theoretical generalizations of Boolean algebra
on the one side and distributive lattices on the other. An ADL is an algebraic structure (L, V, A, 0)
that satisfies most of the distributive lattice conditions with the smallest element 0, except, if
possible, the commutativity of two binary operations V and A and the right distributivity of
the binary operation "V" over "A." It has also been noted that each of these three properties
transforms an ADL into a lattice distributive. Subsequently, several researchers have extended
concepts like the class of pseudo-complemented lattices, stone lattices and normal lattices to the
class of almost distributive lattices. In [2], authors introduced the concept of closure ideal in
M S—algebras and studied its properties. In [8], as a popular abstraction of De Morgan ADLs
and Stone ADLs, G. M. Addis recently identified a new equational class of algebras called
MS—ADLs. The M S—ADL class properly includes the M S—algebras class, and most of the
M S—algebras properties are generalized to M S—ADL class. In this paper, we introduce the
concepts of closure ideal in an M S—ADL and studied its properties. We discuss topological
properties of prime closure ideals of an M .S—ADL and give equivalent conditions for a prime
closure ideal to become maximal.

2 Preliminaries
We recall certain definitions, properties of an ADL and an M S—ADL in this section. We can go
through the references for further literature about ADL.

Definition 2.1. [4] An almost distributive lattice (ADL) is an algebraic structure (L, V, A,0) of
type (2,2,0) satisfying the following set of axioms:

1. av0=a,

2. OANa=0,

3. (avb)Ac=(anc)V(bAc),

4. an(dVe)=(anb)V(aNc),

5. av(bAce)=(aVb)A(aVec),

6. (avb)Ab=10b, foralla,b,ce L.

Note that an element m of an ADL L is called a maximal element if mAx = x forall z € L.

Definition 2.2. [4] A nonempty subset I of L is called an ideal (respectively a filter) of L, if
aVb,aNzx € I (respectively a Ab,x Va € I)forall a,b € I and x € L. The set of all ideals
(respectively filters) of L is denoted by J(L) ( respectively F(L)).
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Lemma 2.3. [4] Let I be an ideal of an ADL L. Then, for any a,b € L,
I. anbelifandonlyifbNa el

2. a<bandb e I impliesthata € I.
A proper ideal P of L is called a prime ideal if, for any x,y € L,x Ay € P = x € Por
y € P. A proper ideal M of L is said to be maximal if it is not properly contained in any proper

ideal of L. It can be observed that every maximal ideal of L is a prime ideal. Every proper ideal
of L is contained in a maximal ideal.

Definition 2.4. [8] An M S—almost distributive lattice (M S—ADL) is an algebra (L, V,A,°,0)
of type (2,2, 1,0) such that (L, v, A, 0) is an ADL with maximal elements and z > x° is a unary
operation on L satisfying the following axioms:

1. z°° ANz =z,
(zVy)® =2 Ay,
(zAy)® =2V,

S

m° = 0 for all maximal elements m of L,
forall z,y € L.
In addition, if it satisfies the following condition:

5. z°° =z Am,

then L is called a De Morgan ADL.

Lemma 2.5. [8] The following holds in an M S—ADL L:

1. 0° is maximal,

2. a<b=0b°<a°,

3 4 =,

4. (aNnb)®® =a° Nb°,

5. (V)™ =a%® Vb,

6. (aAm)® =a°,

7. (anb)°>=(bAa)° foralla,be L.

Definition 2.6. [8] An element x of L is said to be dense if 2° = 0. The set of all dense elements
of L is denoted by D(L).

Throughout this paper, an ideal of an M S—ADL (L, V, A,° ,0) is an ideal of an ADL (L, V, A, 0).

3 Closure ideals of M S—ADLs

In this section, we introduce the concept of closure ideal in an M S—ADL and study their prop-
erties.

Definition 3.1. Let L be an M .S—ADL and A be any nonempty subset of L. Define the dominator
of Sas Soo ={a € L|s°°ANa=a, forsomes € S}.

The following lemma can be proved easily.

Lemma 3.2. Let L be an M\S—ADL and S, T be any two nonempty subsets of L. Then we have
the following:

1. §CSo
2. if S C T then Soo C Too
3. (Soo)oo = Soo-
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Lemma 3.3. Let S, T be any two ideals of an M S—ADL L. Then we have the following:
1. Soo is anideal of L
2. (SNT)oo = Soo N Too
3. (SVT)oo = Soo V Too.

Proof. 1. Clearly, we have that 0 € S, and hence S,, # 0. Let a,b € S,.. Then there exist
elements s, s, € S such that s7° Aa = a and s5° A b = b. Since s1,s, € S and S is an ideal
of L, we have that s; V s, € S. Now, (51 V $2)°° A (aVb) = (s7°Vs°)A(aVb)A(aVb) =
(((55°V s3°) Aa) v (5 V s5°) AD)) A (a v B) = (((55° Aa) V (s5° A ) V ((57° AB) V (s5° A
b)) A(aVDd)=((aV(s5°Aa))V((s°Ab) VD) A(aVD)=(aV(s5°Na)VDb)A(aVb)=
((s3°Na)VaVvb)A(aVb) = (aVb)A(aVb)=aVb. Therefore a Vb e Sso. Leta € Soo.
Then there exists an element s € S such that s°° A a = a. Let r be any element of L. Clearly, we
have that s°° Aa Ar = a A r and hence x A r € So,. Therefore S, is an ideal of L.

2. Since SNT C Sand SNT C T, we have that (SNT) oo C Soo and (SNT)oo C Too. Therefore
(SNT)oo C Soo NToo. Let a € Soo N Too. Then a € Soo and b € Tyo. Since a € Soo, there
exists an element s € S such that s°° A a = a. Since a € T, there exists an element ¢ € T such
that t°° Aa = a. Since s € S, t € T and S, T are ideals of L, we have that s At € SNT. Now
(sAt)°° ANa = s°° At°° Aa = a. That implies a € (SNT)oo. Therefore Soo NToo € (SNT)oo-
Thus (SN T)oo = Soo N Too-

3. Clearly, we have that Soo V Too € (SV T)oo. Leta € (S'V T)qo. Then there exists an element
b€ SVvT suchthat b°° Aa = a. Since b € SV T, there exist s € S and ¢t € T such thatb = sV t.
Now, a = b° Aa = (sViE)°°ANa = (s°Vt°)ANa = (s*°Na)V (t°° Na) € Soo V Too,
(since s°° A (8°° Ab) = s°° Ab = s°° Ab € Soo). Therefore (S V T)oo C Soo V Too. Hence
(SVT)oo = S0V Too. O

Corollary 3.4. If { S, }aca is a family of ideals of L, then we have the following:
1. ( m S(x)oo = m (Sa)oo

a€EA acA
2. ( V Soc)oo - \/ (Soc)oo
a€cA acA

Now we have the following definition
Definition 3.5. An ideal I of an M S—ADL L is said to be a closure ideal if I = I,,.

By lemma-3.3, it is easy to get that the set Jo (L) of all closure ideals of L forms a bounded
distributive lattice. For any element a of an M S—ADL L, the dominator {a}.. is called a
principal closure ideal of L. For any M S—ADL L we can define the set of closed elements
L ={zeL|xz=uz}

Lemma 3.6. Let L be an M S—ADL with maximal elements. Then for any x,y € L, we have the
following:

1. {z}oo = (2]oo = (2°°]

{0}o0 = {0}

If m is any maximal element of L then {m}..c = L
(7)o = (°°]oo

2 € (Yloo if and only if (z]oo C (Yoo

ifx < ythen (z]oo C (Yoo

(z]oo = L if and only if x is a dense element of L

(z]oo = {0} if and only if x = 0.

G N S A WD
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Proof. 1. Clearly, we have that {z}.c C (x]oo. Let a € (x]oo. Then there exists an element
b € (z] such that b°° A a = a. Since b € (x], we have 2 A b = b. Now 2°° Aa = (2 V b)°° Aa =
(z°°Vb°°) Aa = (z°° Aa) V (b°° Aa) = (2°° Aa) V a = a. That implies a € {z}., and hence
(2]oo € {Z}oo. Therefore (z]oo = {7}oo. Now a € {x}o iff 2°° Aa = aiff a € (2°°]. Therefore
{2}o0 = ()00 = (2°°].

2. Let a € {0}oo. Then 0°° A @ = a. That implies 0 A @ = a and hence a = 0. Therefore
{0}o0 = {0}

3. Let m be any maximal element of L. For any a € L, we have that m°° Aa = m A a = a.
Therefore a € {m}oo, forall a € L. Hence L = {m}qo.

4. Clearly, we have that (x] C (x°°] and hence (x]oo C (2°°]oo- Let a € (2°°]oo. Then there
exists an element b € (2°°] such that b°° Aa = a. Since b € (2:°°], we have 2°° Ab = b and hence
2% A b =b°°. Now 2°° Aa = (z°° Vb°) Aa = (2°° Aa) V (b°° Aa) = (2°° Na) Va = a.
That implies a € (z°°] = (x]oo. That implies (2°°]oo C (x]oo. Therefore (2°°]oo = (7]oo-

5. Assume that z € (y]oo. Then y°° Az = z. Leta € (2oo. Then 2°° Aa = a. Now a = 2°° Aa =
(y°° A z)°° Aa = y°° Ax°° Aa = y°° A a. That implies a € (yloo. Therefore (z]oo C (Y]oo-
Assume that (z]o0 C (y]oo. Clearly, we have that z € (2o C (y]oo. Therefore z € (y]oo

6. Assume that x < y. Thenx Ay = x. Leta € (x]oo. Then 2°° Aa = a. Now a = z°° Aa =
(zAY)°° Aa=2x°Ay°° Aa = y°° Az°° Aa = y°° A a. That implies a € (y]oo. Therefore
(I]oo C (y]oo-

7. Assume that (z],o = L. Then choose a maximal element m of L such that m € (z],.. That
implies z°° Am = m. Now z° = 2° V0 = z° Vm® = 2°°°Vm® = (z°° Am)° = m° = 0.
That implies z is a dense element of L. Conversely, assume that z is a dense element of L. Then
x° = 0. Let a be any element of L. Now a = 0° A @ = 2°° A a. That implies a € (z]o., for all
a € L. Therefore (z]o0 = L.

8. Assume that (z]o, = {0}. Clearly we have that z € (z]o, and hence = 0. Conversely
assume that x = 0. Let a € (%]oo. Then 2°° A @ = a. That implies 0°° A @ = a and hence
0 A a = a. Therefore a = 0. Thus (z]o, = {0}. o

Theorem 3.7. Let L be an M S—ADL with maximal elements. Then we have the following con-
ditions:

1. The set Moo (L) of all principal closure ideals of L is a bounded sublattice of the lattice
Je(L)

2. L is homomorphic to Moo (L)
3. Moo(L) is a De Morgan algebra
4. L°° is isomorphic to Moo (L).

Proof. 1. Clearly, we have {0}, L € Moo (L). Let (2]oo, (y]oo € Moo(L). Now we have (z]o0 V
(Wloo = ((z] V (y]loo = (zV yloo and (z]oo N (yloo = ((] N (ylloo = (& A yloo. Therefore
(Moo (L), V,N, {0}, L) is a bounded sublattices of Joo(L).

2. Define f: L — Moo (L) by f(z) = (2]0o. Clearly, we have that f(0) = {0} and f(m) =

where m is any maximal element of L. Let z,y € L. Now f(zVy) = (2Vyloo = (@]oo V (Y]oo =

f(x)V f(y) and f(z Ay) = (2]oo N (y]oo = f(z) N f(y). Therefore f is homomorphism.

3. Define the unary operation ~ on Mo, (L) by (z],, = (2°)eo. Let z,y € L. (i). Now (2], =
%000 = (2%]o0 = (#]oo- (i). Now (#]oo V (y]oo = (#Vyloo = ((#V y)°Joo = (2° Ayloo =
o0 1 (5°)e0 = (oo O Wl (i) Now (a0 (1 (gloo) = (@A Yloe = (@ A 9)Tew =

2%V ¥°loo = (2°]00 V (¥°]oo = (z],, V (y],,- (iv). We have that (0] , = (0°]oo = L. Therefore

(Moo (L), V,N,~,{0}, L) is a De Morgan algebra.

4. Define g : L°° — Moo (L) by g(z) = (2°°]o0, forall z € L°°. Let z,y € L°°. Then x = 2:°°

and y = y°°. Suppose x = y. Then (2°°]oo = (y¥°°]oo. That implies g(z) = g(y) and hence

g is well defined. Let z,y € L°°. Then z = z°° and y = y°°. Suppose g(z) = g(y). Then

(2°°]oo = (¥°°]oo. That implies (2°°] = (y°°]. That implies 2°° Ay = y and y°° Az = =.

That implies (z°° A 3)°° = y°° and (y°° A 2)°° = x°°. That implies z°° A y°° = y°° and

x°° A y°° = z°°. Therefore 2°° = y°° and hence x = y. Thus g is one-one. Let (2°°]o, €

Moo(L). Clearly, we have that (2°°]oc = g(z). Therefore g is onto. Let z,y € L°°. Then

z = 2% and y = y°°. Now g(z V y) = ((z V y)loo = (2°°]eo V (y°°]oo = g(z) V g(y). Now
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g@Ay) = (2 AYy)°°loo = (2°°]oo N (¥°°]oo = g(x) A g(y). Therefore g is homomorphism and
hence g is isomorphism. O

Theorem 3.8. Let I be an ideal of an MS—ADL L. Then Ioo = |J (z]oo.
xel

Proof. Let a € I,,. Then there exists an element x € I such that z°° A @ = a. That implies
a € (z]oo and hence a € |J (z]oo. Therefore Ioo C |J (2]oo. Leta € | (x]oo. Then there exists

zel zel xel
an element y € I such that a € (y]oo. That implies y°° Aa = a. Since y € I, we get that a € Io..
Therefore |J (2]oo € Ioo and hence |J (z]oo = Ioo.- O
xzel xel

Definition 3.9. Let L be an M .S—ADL.
For any ideal I of L, define an operator o : J(L) — J(Moo(L)) as o (1) = {(z]oo | z € T}.
For any ideal I of 9., (L), define an operator & : Moo (L) — I(L) as T (I) = {a €
L | (aloo € I}.

Lemma 3.10. Let L be an M S—ADL. Then we have
1. Foranyideal I of L, o(I) is an ideal of Moo(L)

2. For any ideal T of Moo (L), 7 (I) is an ideal of L

& and o are isotones

3.
4. o' (I) = I, for all ideal I of M, (L)
5

. o is homomorphism.

Proof. 1. Let I be any ideal of L. Clearly, we have that (0], C o(I) and hence o(I) # 0. Let
(a]oo, (bloo € o(I). Then a,b € I. That implies a V b € I. that implies (a V b]oo € o(I). Since
(@)oo V (bloo = (@Vb]oo, we have that (a]oo V (bloo € o(I). Let (aloo € o(I) and (7] € Moo (L).
Then a € I and hence a A r € I. That implies (a A 7]oo € o(I). Therefore (aloo N (r]oo € (1)
and hence o (1) is an ideal of Mo (L).

2. Let I be any ideal of M, (L). Since (0]o, € I, we have that 0 € % (I). Therefore & (I) # 0.

Leta,b € 7 (I). Then (a Joos (Bloo € I. Since I is an ideal of 901, (L), we have that (a]ooV (b]oo €
I and hence (a V b]o, € I. Therefore a Vb € & (I). Leta € & (I) and r € L. Then (aoo € T
and (r]oo € Moo(L). Since I is an ideal of Moo (L), we have that (a]oo N (r]oo € I and hence
(anr]eo € I. Therefore a A r € & (I). Thus U( I) is an ideal of L.

3. Let I and J be two ideals of Moo (L) with I C J. Now we prove that & (I) c T (J). Let
ae Tl ) Then (aoo € I C J. That implies (a]o, € J. That implies a € & (J). Therefore
% (I) € & (J) and hence & is an isotone operator. Let I and .J be two ideals of L with I C .J.
Let (a]oo € o(I). Then a € I C J. That implies (a]oo € o(J) and hence o(I) C o(J). Therefore
o is an isotone operator.

4. Let I be an ideal of Mo, (L). Then & (I) is an ideal of L. Let a be any element of L. Now
(a)oo € Tiff a € & (I) iff (a]oo € o(T (I)). Therefore I = o(%F (I)).

5. Let I, J € J(L). Clearly we have o(I N J) C o(I) No(J). Let (aloo € o(I) No(J). Then
(aloo € o(I) and (aloo € o(J). Then there exist i € I and j € J such that (a]oo = (i]oo and

(aloo = (F]oo- Now (aloo = (i]ooN(j]oo = (iAjloo € o(INJ). Therefore o(I)Na(J) C o(INJ).
Hence o(I)No(J) = o(INJ). Clearly, we have o(I) Vo (J) C o(IV J). Let (a]oo € a(IV J).
Then a € IV J. Then there exist z € I and y € J such thata = z V y. Now (aloo = (2 V Yoo =

(z]oo V (Yoo € a(I) Vo (J). Therefore (I vV J) Co(I)Va(J). Hence o(IV J) = o(I)Va(J).
Thus o is homomorphism. O

Theorem 3.11. The map 5o : 3(L) — J(L) is a closure operator.

Proof. 1. Let I be any ideal of L and a € I. Then (a]oo € o(I). Since o(I) is an ideal of
Moo (L), we getthat a € & (o(I)). Therefore I C %7 (o(I)).

2. Let I, J be any two ideals of L with I C J. Let # € 7 (c(I)). Then (a]o, € o(I). That
implies a € I C J. That implies a € .J and hence (a]o. € o(J). Therefore a € & (o(.J)). Thus
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(o(1)) € T (a(J)).
1 and 2, we have that 7 (o(I)) € 5 o(To(I)). Let a € To(To(I)). Then (a]oo €
(T o(I)) and hence a € T (o(1)). Therefore T o (T o(I)) C ¥ (o(I)). Thus To(To(l)) =

Corollary 3.12. For any two ideals I, J of an MS—ADL L, we have Go(INJ) = 5 (I) N
%
oo(J).

Proof. Clearly, we have that 5o(INJ) C To(I) N To(J). Leta € T(I) N To(J). Then
a € T (I)and a € T o(J). That implies @"O € o(I) and (a]oo € o(J). That implies (a]oo €
o()na(J)=0c(INJ). That implies a € T o(IN.J) and hence To(I)NTo(J) C To(INJ).

Therefore To(INJ) = To(I)NnTo(J). i
Theorem 3.13. Let I be an ideal of an M S—ADL L. Then the following conditions are equiva-
lent:

1. Go(I)=1.

2. forany a,b € L, (aloo = (bloo and a € I imply b € 1
3. I is a closure ideal
4. I = (i]oo
i€l
5. ifa e 1then (aloo C I

Proof. 1 = 2 : Assume that 5 o(I) = I. Let a,b € L with (a]oo = (bloo and a € I. Then
a € o o(I). Then (aloo € o(I). That implies (b]oo € o(I) and hence b € 7 o(I) = I. Therefore
bel.

2 = 3 : Assume 2. Clearly, I C I,.Leta € I,,. Then there exists an element z € [ 2°° Aa = a.
That implies (z°°Ajoo = (a]oo. That implies (aloo = (2°°Joo N (a]oo. That implies (aloo =
(z]oo N (a]oo = (z A a]oo. Since I is an ideal of L, we have that z A a € I. By our assumption,
we get that o € I and hence I, C I. Therefore I = I,.

3 = 4 : Clear.

4 = 5 : Assume that 4. Let a € I. By our assumption we get that (ao, C I.

5= 1: Assume that 5. Clearly, we have I C 5 o(I). Let a € T o(I). Then (a]o, € o(I). Then
there exists element b € I such that (a]oo = (b]oo. By our assumption, we get that (b],, C I and

hence (a]oo C I. That implies a € I. Therefore & o(I) C I. Hence G o(I) = I. i

Lemma 3.14. Let L be an M S—ADL. Then we have the following conditions:
1. ifx € L°° then (x] is a closure ideal of L
2. for anyideal I of L, <EU(I) =TI
3. foranyideal I of L, 1, is a closure ideal
4. the map ‘5o : 3(L) — (L) is homomorphism.

Proof. 1. Let z € L°°. Clearly, we have that (2] C 7o ((z]). Let a € T o((z]). Then (a]oo €
o((«]). That implies there exists an element b € (z] such that (a]oo = (b]oo. That implies (a]oo =
&]oo C (2]oo = (2°°] = (z]. That implies a € (z] and hence 7 o((z]) C (z]. Therefore
o o((z]) = (z]. Thus (z] is a closure ideal of L.

2. Let I be any ideal of L. Now we prove that I,, = ?U(I). Let a € I,,. Then there exists an
element = € T such that 2°° Aa = a. That implies (a]oo C (z]oo € o(I). Since o(I) is an ideal of
M., (L) and by lemma-2.3, we get that (a]o. € o(I). Therefore a € & o (I). Thus I, = T o (I).
Let a € o o(I). Then (a]o, € o(I). Then there exists an element b € I such that (a]oo = (b]oo.
That implies a € (b]o, and hence b°° A a = a. Since I is an ideal of L, we get that a € I,,.
Therefore FJ(I) C I.,. Hence I, = ?U(I).

3. Clear

4. Let I, J € J(L). Now Go(INJ) = (INJ)oo = Lo N Joo = To(I) N Ta(J). Now
Go(IvJ)=(IV J)oo =TIV =0 ) V % o(J). Clearly, we have that oo ({0}) =
% ({0}) = {0} and To(L) = T ((M)eo(L)) = L. Therefore & o is homomorphism. i
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Definition 3.15. A closure ideal I of an M .S—ADL L is said to be prime if [ is a prime ideal of
L.

Theorem 3.16. Let L be an M S—ADL. Then there is an isomorphism of the lattice of closure
ideals of L onto the ideal lattice of Moo(L). Under this isomorphism the prime closure ideals
corresponding to prime ideals of Moo (L).

Proof. Define g : Jo(L) — TJ(Moo(L)) by g(I) = o(I). Clearly g is well defined. Let
I, J € 3o(L) with g(I) = g(J). Then o(I) = o(J) and hence T o(I) = 7o (J). Therefore
I = J. Thus g is one-one. Let I be an ideal of M.o(L). Then % (I) is an ideal of L. That

implies O’(TI)) = I. That implies & (o(7 (I))) = & (I). That implies & (I) is a closure ideal
of L. Now g(‘5 (I)) = 0’5 (I) = I. Therefore g is onto. Since o is homomorphism, we get g is
homomorphism. Hence g is an isomorphism. Let I be a prime closure ideal of L. Now we prove
that g(I) is a prime ideal of 9., (L). Let (a]oo, (bloo € Moo (L) With (a]ooN(b]es € g(I) = o(I).
Then (a A bloo € o(I). Then there exists an element ¢ € I such that (a A b]oo = (c]oo. Since I
is a closure ideal of L and ¢ € I, we get that a A b € I. Since [ is a prime ideal of L, we have
that either a € I or b € I. That implies (a]oo € o(I) or (bloo € o(I). Therefore o(I) = g(I)
is a prime ideal of M., (L). Let Tbea prime ideal of 9., (L). Since g is onto, there exists an
closure ideal I of L such that g(I) = I. Since g(I) = o(I), we have that o(I) = I.Leta,be L
with a A b € I. Then (a A blo, € o(I). That implies (a]oo N (boo € o(I) = I. Since I is a prime
ideal of 9%, (L), we have that (a]oo C I = o(I) or (blos C I = o(I). That implies a € T o (1)
orb € To(I). Thatimplies a € I or b € I. Therefore I is a prime ideal of L. O

Lemma 3.17. Let L and L' be two MS—ADLs and h : L — L', a homomorphism. Then we
have the following:

1. for any nonempty subset S of L, h(Soo) C (h(9))oo
2. for any nonempty subset T of L', (h™'(T))oo € h™(T0o).

Proof. 1. Let S be any nonempty subset of L. Let a € h(S,s). Then there exists an element
b € S, such that @ = h(b). Since b € Sy, there exists an element s € A such that s°° A b = b.
Now a = h(b) = h(s°° Ab) = h(s°°) A h(b) = (h(s))°° A h(b) = (h(s))°® A h(b). Since
h(s) € h(S), we get that a = h(b) € (h(S))oo and hence h(so0) C (h(S))oo-

2. Let T be any nonempty subset of L'. Let a € (h™'(T))oo. Then there exists an element
b € h=Y(T) such that b°° A a = a. Since b € h~!(T), we get that h(b) € T. Now h(a) =
h(6°° Aa) = h(b°°) Ah(a) = (h(b))°° A h(a). That implies i(a) € Tho and hence a € h='(Tho).
Therefore (h=1(T))oo € h™ 1 (Too). O

In general, h(So0) € (h(S))oo and h~™1(Tyo) € (h~1(T))oo are not true.

Example 3.18. Let L be the five elementchain0 < a <b<c<d< landa® =b°=b, d° =0.
Clearly L is an M S—algebra. Define h : L — L by h(0) =0, h(a) = h(b), h(d) =d, h(l) =
1. Clearly h is a homomorphism. Take S = 7' = {0, a}. Then Soc = {0, a, b} and h(S) = {0, b}.
That implies h(S.0) = {0,b} and (h(S5))oo = {0, a, b}. Therefore (h(S))oo € h(Aso). We have
that h=1(T) = {0} and T,, = {0,a,b}. That implies (h=(T))oo = {0} and h=1(T,,) =
{0, a, b}. Therefore h =" (Too) € (h™H(T))oo.

Definition 3.19. Let L and L' be two M S—ADLs and h : L — L', a homomorphism. & is
called closure ideal preserving if A(I,.) = (h(I))oo, for any ideal I of L.

Theorem 3.20. Let L and L' be two MS—ADLs and h : L — L', onto homomorphism. Then h
is a closure ideal preserving.

Theorem 3.21. Let L and L' be two M S—ADLs and h : L — L', onto homomorphism. Then
we have the following:

1. forany x € L, h((z]oo) = (h(x)]oo
2. for any closure ideal I of L, h(I) is a closure ideal of L’
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3. for any closure ideal I of L, h(I) = |J (h(%)]oo-
i€l

Proof. 1. Letx € L. Now a € h((z]oo) iff a = h(y), for some y € (z]o0 iff a = h(x°° A y),
(since y € (z]oo, 2°° Ay = y)iff a = h(z°°) A h(y) iff a = (h(z))°° A h(y) = h(y) iff
h(y) € ((h(x))°°]oo iff @ € (h(z)]oo. Therefore h((z]oo) = (h(z)]oo-

2. Let I be a closure ideal of L. Let a,b € h(I). Then there exist elements xz,y € I such that
a = h(z) and b = h(y). Since z,y € I, we getthat x Vy € I. Now a V b = h(z) V h(y) =
h(xz Vy) € h(I). Therefore a Vb € h(I). Let a € h(I). Then there exists an element z € [
such that a = h(z). Let r be any element of L’. Since & is onto, there exists an element y € L
such that h(y) = r. Since x € I, y € L and I is an ideal of L, we have that x A y € I. Now
anr = h(x)Ah(y) = h(zAy) € h(I). That implies zAr € h(I). Therefore h(I) is an ideal of L'.
clearly, we have that h(I) € T o(h(I)). Let a € 5o (h(I)). Then (a]oo € o(h(I)). Then there
exists an element b € h(I) such that (a]oo = (y]oo. That implies a € (bloo C h(loo) = h(I),
since I, = I. Thatimplies a € h(I) and hence 7 o(h(I)) C h(I). Therefore 7 o (h(I)) = h(I).
Thus (1) is a closure ideal of L'.

3. Let I be a closure ideal of L. Then I = I,, = |J(i|oo. That implies (i]oo C I, for all
el
i € I. That implies h((i]oo) C h(I) and hence (h(i)]oo € h(I). Therefore U( (1)]oo € R(I).

Let a € h(I). Then there exists an element b € I such that a = h(b). Now a = h(b) €
(h(b)]oo € U (h(b)]oo and hence a € |J (h(i)]oo. Therefore h(I) C | (h(7)]oo. Thus h(I) =
bel

i€l iel

U (A(3)]oo- O
i€l

Theorem 3.22. Let L and L' be two MS—ADLs and h : L — L', a homomorphism. Then we
have the following:

1. for any closure ideal I of L', h='(I) is a closure ideal of L
2. Kerh is a closure ideal of L
3. foraclosure ideal I of L', h™'(10) = (h=(I))oo.

Proof. 1. Let I be any closure ideal of L'. Clearly, h~!(I) is an ideal of L. Since h=1(I) C
S o(h='(I)), we have to prove that & o (h='(I)) € h='(I). Leta € To(h~"(I)). Then (a],. €
o(h~!(I)). Then there exists an element b € h~!(I) such that (a]oo = (b]oo. That implies
(aloo = (b]oo. That implies h((a)oo) = h((b]oo) and hence (h(a)loo = (h(b)]oo. Therefore
h(a) € I, since h(b) € I and I is a closure ideal of L’. That implies a € h~'(I) and hence
T o(h='(I)) € h~'(I). Therefore h='(I) = T o(h~"(I)). Thus h~'(I) is a closure ideal of L.
2. Clearly, we have that Kerh is an ideal of L and kerh C 7 o(kerh). Let a € 5 o(kerh). Then
(aloo € o(kerh). Then there exists an element b € kerh such that (a]oo = (b]oo. That implies
(a)oo = (b]oo and h(b) = 0’. That implies a € (b]o, and h(b) = 0’. That implies b°° A a = a and
h(b) = 0'. That implies h(b°° A a) = h(a) and h(b) = 0'. That implies h(b°°) A h(a) = h(a)
and h(b) = 0'. That implies (h(b))°° A h(a) = h(a) and (h(b))°° = (0)°° = 0'. That implies
h(a) = 0" and hence a € kerh. Therefore o o(kerh) C kerh. Thus kerh is a closure ideal of L.
3. Let I be any closure ideal of L'. Then I = I,,. That implies h~!(I) = h~!(I,,) is a closure
ideal of L. That implies h~!(1,5) = (h~'(I))oo. Therefore h~! is a closure ideal preserving. 0O

Theorem 3.23. Let L and L' be two M S—ADLs and h : L — L', onto homomorphism. Then
we have the following:

1. Moo(L) is De Morgan homomorphic of Moo (L)
2. J¢(L) is homomorphic of 3o (L').

Proof. 1. Define f : Moo(L) — Moo(L') by f((2]oo)h((2]o0). Let (z ] ; (Yoo € Moo (L).
Now, f((z]oo V (tloo) = f((# V yloo) = h((zV yloo) = (h(xV )] = (h(z) V h(y)loo =
(h(@)]oo V (h(Y)loo = hl(#]oo) V 1((yloo) = f((#]oo) V f((yloo). Now, f((2]oo N (y]oo) =
F((@Ayloo) = h((zAYloo) = (A(zAY)loo = (A(z) AR(Y)]oo = (A(2)loo N (A(y)loo = A((z]oo) N
h((Yloo) = f((2]oo) N f((yloo). Clearly, we have that f((0]oo) = (0']oc and f((1m)oo) = (m/]oo,

\

where 0 and 0’ are the zero elements of L and L’ respectively, and m and m’ are maximal
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elements of L and L' respectively.

2. Define g : Jo(L) — Jco(L') by g(I) = h(I). Clearly we have that g(L) = L’, and
g({0}) = {0}, where 0 and 0’ are the zero elements of L and L’ respectively. Let I, J € Jo(L).
Now g(I VvV J) = h(IV J) = h(I)Vh(J)=g(I)Vg(J)andnow g(INJ) = h(INJ) =
R(I) N h(J) = g(I) N g(J). Therefore g is homomorphism. o

Theorem 3.24. Let I be a closure ideal and F, a filter of an M S—ADL L with F NI = (). There
exists a prime closure ideal P of L such that I C Pand PN F = (.

Proof. Consider § = {G | G is a closure ideal and GNF = 0}. Clearly, I € § and § satisfies the
Zorn’s lemma hypothesis. Then § has a maximal element say N. Leta,b € L withaAb € N. We
prove that either & € N orb € N. Suppose thata ¢ N andb ¢ N.Then N € NV (a] C To(NV
(a])and N € NV (b] € To(N Vv (b]). That implies N € 5 o(N V (a]) and N € 5o (N V (b)).
Since T (N V (a]) and T o (N V (b]) are closure ideals of L, we get that oo (N V (a]) N F # 0
and 5o(N V (b)) N F # 0. Then choose = € 5 o(N V (a]) N Fandy € 5o(N Vv (b]) N F.
Thereforez Ay € Fandz Ay € To(NV ()N To(NV (b)) = Fo((NV(a)N(NV () =
T o(NV(aAb)) = To(N) = N. Therefore N N F # (), which is a contradiction. Hence a € N
orb € N. Thus N is a prime closure ideal of L. O

Corollary 3.25. Let I be a closure ideal of an MS—ADL L and x ¢ I. Then there exists a prime
closure ideal P of L such that I C P and x ¢ P.

Corollary 3.26. For any closure ideal I of an M S—ADL L, we have
I =n{P/P is aclosure ideal of L and I C P}

Corollary 3.27. The intersection of all prime closure ideals of an MS—ADL L is {0}.

We discuss some topological properties of prime closure ideals. For this, we first need the
following.

Theorem 3.28. Let L be an M S—ADL. Then every proper closure ideal of L is the intersection
of all prime closure ideals containing it.

Proof. Let I be a proper closure ideal of L. Consider the following set

So = N{P | Pisaprime closure ideal and I C P}. Clearly, I C §o. Conversely, let v ¢ I.
Take § = {G | Gisaclosureideal, I C G,z ¢ G}. Then clearly I € §. Clearly § satisfies
the hypothesis of Zorn’s lemma. Let N be a maximal element of §. Let a,b € L be such that
a¢ Nandb ¢ N.Then N C NV (a] € To{NV (aJ}and N ¢ NV (b] € To{N v (0]}.
By maximality of N, we get z € To{N V (a|} and z € To{N Vv (b]}. Hence we get that
e TNV (@}nTa{NV @O} =5c{[NV(@@]n[NV®]} = Fo{NV(aAbl} If
aAbe N, thenz € To(N) = N, which is a contradiction. Thus N is a prime closure ideal
such that ¢ N. Therefore « ¢ § and hence § = Fo. Thus every proper closure ideal of L is
the intersection of all prime closure ideals containing it. O

4 The Space of Prime closure ideals

In this section, we discuss some topological concepts on the collection of prime closure ideals
of an M S—ADL. Let Specc(L) be the set of all prime closure ideals of an M S—ADL L. For
any A C L, let h(A) = {P € Specc(L) | A ¢ P} and for any = € L; h(z) = h({z}). For
any two subsets A and B of L, it is obvious that A C B implies h(A) C h(B). The following
observations can be verified directly.

Lemma 4.1. For any x,y € L, the following conditions holds.
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4. h(z)=02=0
5. h(z) = Specc(L) < x is a maximal element of L.

From the above Lemma, it can be easily observed that the collection {h(z) | z € L} forms a
base for a topology on Specc (L) which is called a hull-kernel topology.

Theorem 4.2. For any ideal T of L, h(I) = h(T o(I)).

Proof. Clearly we get that h(I) C h(% o(I)). Let P € h(‘7o(I)). Then T o(I) ¢ P. Therefore
we can choose an element z € & o (1) such that z ¢ P. Since z € T o(I), we have (z]o. € o(I)
and hence (x]oo = (y]oo, for some y € I. Suppose I C P. Then y € P. Since P is a closure ideal
of L, we get that z € P, which is a contradiction. Therefore I ¢ P and hence P € h([). Thus
h(To(I)) C h(I). o

In the following theorem, the compact open set of Specc (L) are characterized.

Theorem 4.3. For any M S—ADL, the set of all compact open sets of Specc(L) is the base
{h(z) |z € L}.

Proof. Let x € L with h(z) C |J h(z;). Let I be a ideal generated by {z; | ¢ € A}. Suppose
I)

i€A
x ¢ To(I). Since 5o () is a closure ideal of L, there exists a prime closure ideal P of L such
that = ¢ P and To(I) C P. Since ¢ P, we get that P € h(x) € |J h(x;). That implies
icA
x; ¢ P, for some i € A, which is a contradiction to that I C & o(I) C P. Therefore z € 7o (I).
That implies (z]o, € o(I) and hence (x]oo = (Yoo, for some y € I. Since [ is an ideal generated
by {z; |i € A}, we getthaty =z Vxo V -+ V &, for some x1,x2, ..., x, € {x; | i € A}. That
implies (y]oo = (1 V@2 V-V 2y]oo. Let P € h(x). Then z ¢ P. Suppose P ¢ |J h(z;). Then
i€A
z; € P foralli = 1,2,...,n and hence z; V2, V --- V z,, € P. That implies y € P, which is
a contradiction. Therefore P € |J h(z;) and hence h(xz) C |J h(z;). Thus h(z) is a compact
i€l i=1
space. It is enough to show that every compact open subset of Specc (L) is of the form h(z),
for some x € L. Let C be a compact open subset of Specc(L). Since C' is open, we get that
C = U h(a), for some A C L. Since C is compact, there exist ay, ap, ...,a, € A such that
a€A

C= CJ h(a;) = h( \n/ a;). Therefore C' = h(x), for some x € L. ]
= i=1

i=1
Corollary 4.4. Let L be an M'S—ADL. Then Specc(L) is a compact space.

Theorem 4.5. Let L be an M S—ADL. Then the following are equivalent:
1. Specc (L) is Ty —space
2. every prime closure ideal is maximal
3. every prime closure ideal is minimal
4.

Specc (L) is Hausdorff space.

Proof. 1 = 2 : Assume that Specc(L) is T)—space. Let P be a prime closure ideal of L.
Suppose () is any prime closure ideal of L with P g Q. Since Specc (L) is Ty —space, there exist
basic open sets h(x) and h(y) such that P € h(x) \ h(y) and @ € h(y) \ h(x). Since P ¢ h(y),
we get thaty € P ; Q. Therefore Q ¢ h(y), which is a contradiction. Hence P is maximal.

2 = 3 :itis obvious

3 = 4 : Assume that every prime closure ideal is minimal. Let P, Q € Specc(L) with P # Q.
Choose an element ¢ € P such that a ¢ ). By our assumption, P is minimal prime ideal of
L. Since a € P, then there ¢ ¢ P such that a A ¢ = 0. So that Q € h(a) and P € h(c). Now
h(a) Nh(c) =h(aVec)=0,since aVc=0.

4 =1 :Clear. O
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