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Abstract Let R be a commutative ring with 1 # 0, n be a positive integer and M be an R-
module. In this paper, we introduce the concept of n-absorbing primary submodules generalising
n-absorbing primary ideals of rings. A proper submodule N of an R-module M is called an n-
absorbing primary submodule if whenever a; ...a,m € N for ay,...,a, € Rand m € M, then
either a; ...a, € /(NN : M) or there are n — 1 of the a}s whose product with m is in N. We
have tried to prove some results on n-absorbing primary submodules.

1 Introduction

In this paper, all rings are commutative with non-zero identity and all modules are unital. Let R
be aring, I be an ideal of R, M be an R-module and N be a submodule of M. The radical of
is denoted by v/Ti.e. VI = {r € R:r* € I for some k € N}. We denote the residual of N over
Mby (N:M)ie. (N:M)={reR:rM C N}.

The first generalisation of prime ideals in commutative rings was introduced by Ayman
Badawi in [4], where he defined a non zero proper ideal I of R to be a 2-absorbing ideal of
R if whenever a,b,c € R and abc € I, then ab € I or ac € I or bc € I. Expanding on this
definition, Anderson and Badawi in [1] introduced the concept of n-absorbing ideals of R for
a positive integer n. A proper ideal I of a commutative ring R is called as n-absorbing ideal if
whenever x| ...zn41 € I for zy,...,2,41 € R, then there are n of the s whose product is in
1.

In [5], Badawi introduced a generalisation of primary ideals, where he defined a proper ideal
I of R to be a 2-absorbing primary ideal of R if whenever a,b,c € R and abc € I, then ab € I
or ac € /T or be € \/I. Recentely, A. E. Becker generalised 2-absorbing primary ideals to n-
absorbing primary ideals for positive integer n in [6]. A proper ideal I of a commutative ring R is
said to be an n-absorbing primary ideal of R if whenever x|, ..., 2,11 € Rand 123 ... 2,41 €
I, then either x5 . ..z, € I or a product of n of the /s (other than z; ...x,) is in V1.

The concept of 2-absorbing and weakly 2-absorbing submodules, which are generalisations
of prime and weak prime submodules, was introduced and investigated by Darani and Soheilnia
in [7]. They defined a proper submodule N of an R-module M to be 2-absorbing (respectively
weakly 2-absorbing) submodule of M if whenever a,b € R, m € M and abm € N (resp.
0 # abm € N),thenab € (N : M) or am € N or bm € N. Later in [8], Darani and Soheilnia
introduced and studied the concept of n-absorbing submodules generalising n-absorbing ideals
of rings. They defined a proper submodule NV of an R-module M to be an n-absorbing submod-
ule if whenever a; ...a,m € N foray,...,a, € Rand m € M, then either a; ...a, € (N : M)
or there are n — 1 of the a;s whose product with m is in N. In [9], M. K. Dubey and P. Ag-
garwal introduced the concept of 2-absorbing primary submodule which is a generalisation of
primary submodule. They defined a proper submodule N of an R-module M to be 2-absorbing
primary submodule if whenever a,b € R, m € M and abm € N, thenam € N or bm € N or
ab € /(N : M).

In this paper, we generalise the concept of n-absorbing primary ideals of a ring R to that
of n-absorbing primary submodules of an R-module M. Let n be a positive integer. A proper



846 Nilofer I. Shaikh and Rajendra P. Deore

submodule N of an R-module M is said to be an n-absorbing primary submodule of M if
whenever ay,...,a, € R, m € M and a; ...a,m € N, then either a; ...a, € /(N : M) or
there are n — 1 of the a}s whose product with m is in N. We have proved several properties of
n-absorbing primary submodules. Most of the results are related to the references [6], [8] and
[9] which have been proved for n-absorbing primary submodules.

In Theorem 2.3, we have proved that if NV is an n-absorbing primary submodule of a cyclic
multiplication R-module M, then (N : M) is an n-absorbing primary ideal of R. In Theorem
2.8, we have shown that any n-absorbing primary submodule is an m-absorbing primary sub-
module for m > n. In Theorem 2.15, we have given a characterisation of an n-absorbing primary
submodule when it is irreducible.

2 n-absorbing primary submodule

In this section, we define n-absorbing primary submodule and prove several results related to the
same.

Definition 2.1. Let n be a positive integer. Let M be an R-module and IV be a proper submodule
of M. N is said to be an n-absorbing primary submodule of M if for any ay,...,a,, € R and
m € M, ay...a,m € N implies either a; ...a, € /(N : M) or there are n — 1 of the a}s
whose product with m is in V.

Let a; denote the element of R obtained by eliminating a; from the product a; . ..a,. Then
the above condition can be written as a; ...a,m € N implies either a; ...a, € /(N : M) or
a;m € N forsome 1 < i <n.

It is easy to see that every n-absorbing submodule is an n-absorbing primary submodule but
the converse need not be true which is illustrated as follows.

Example 2.2. Consider R = Z and an R-module M = Z¢,. Take a submodule N = {0, 81} of
M. Then (N : M)={re R:rM C N} ={0,81,162,...} =81Zand /(N : M) = {r €
R:7*M C N for some k € N} = {0,3,6,9,...} =3Z. Now,3-3-3-3€ Nbut3-3-3¢ N
and 3-3-3 ¢ (N : M). Therefore, N is not a 3-absorbing submodule of M but it is a 3-absorbing
primary submodule of M since 3-3-3 € /(N : M).

A natural question is that if N is an n-absorbing primary submodule of an R-module A/, then
is the ideal (IV : M) an n-absorbing primary ideal of R? This is true in the case when n = 2
and has been proved in [9, Theorem 2.6]. For the case where M is cyclic, we get the following
result.

Theorem 2.3. Let M be a cyclic multiplication R-module. Let N be an n-absorbing primary
submodule of M. Then (N : M) is an n-absorbing primary ideal of R.

Proof. Let M be a cyclic R-module generated by m. Let ay...any1 € (N : M) for some
ai,...,an+1 € R. Assume all products of n of the als except a; ...a, are not in /(N : M).
Then d;an1 ¢ (N : M) for every 1 < i < n, thatis, d;a,+1m ¢ N forevery 1 <4 < n. Since
ay...any1 € (N : M), ay...aps1m € N, which we can write as (az...an+1)(a1m) € N.
As N is an n-absorbing primary submodule of M, this implies either (ay...ay)(aym) € N or
(a3...an+1)(aym) € N or (azas...ans1)(aym) € Nor. .. or (ay...an—1an+1)(aym) € N
oray...ans+1 € /(N : M) ie. either ajay...a,m € N or d;ap1m € N forsome2 < i <n
or dian+1 € /(N : M). Since by assumption, d;a,+1 ¢ /(N : M) for every 1 < i < n, both
the latter cases are not possible. Therefore a; ...a,m € N, which implies a; ...a, € (N : M).
Thus (N : M) is an n-absorbing primary ideal of R. O

We state the following theorem which is used in this paper.

Theorem 2.4. ([6, Theorem 9]) If I is an n-absorbing primary ideal of R, then \/I is an n-
absorbing ideal of R.

Theorem 2.5. Let N be an n-absorbing primary submodule of a cyclic multiplication R-module
M. Then /(N : M) is an n-absorbing ideal of R.
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Proof. By Theorem 2.3, we get that (N : M) is an n-absorbing primary ideal of R. Then by
Theorem 2.4, /(N : M) is an n-absorbing ideal of R. O

We now give the following result using the ideal (N : m), defined as (N : m) = {r € R :
rm € N}, where R is a commutative ring, M is an R-module, N is a submodule of M and
m e M.

Theorem 2.6. Let N be an n-absorbing primary submodule of an R-module M. If m € N,
then (N : m) = R. If m ¢ N, then (N : m) is an n-absorbing primary ideal of R containing
(N : M).

Proof. If m € N, then there is nothing to prove. Let m € M \ N. Then (N : m) is a proper
ideal of R containing (N : M). Leta;...an+1 € (N : m) for some ay,...,ap+1 € R. As-
sume all products of n of the a}s except a; ...a, are not in /(N :m). Since a;...an+1 €
(N :m),a...any1m € N, thatis, (az...an41)(aym) € N and N is an n-absorbing pri-
mary submodule of M. This implies either (az ...a,)(aym) € N or (a3...an+1)(aym) € N or
(axaq ...ans1)(aym) € Nor. . .or(az...an—1an41)(aym) € Noray...ant1 € /(N : M)
i.e. either a; ...ap,m € N or d;an+1m € N for some 2 <4 < nordja,si € /(N : M). There-
fore eithera; ...a, € (N :m)ordians € (N :m)forsome2 < i <nordianss € /(N :m).
Since by assumption, d;a, 1 ¢ /(N : m) for every 1 < i < n, both the latter cases are not pos-
sible. Therefore a; ...a, € (N : m). Thus (N : m) is an n-absorbing primary ideal of R. O

The set of zero divisors of an R-module M is denoted by Zd(M) and is defined as Zd(M) =
{r € R : there exists 0 # m € M such that rm = 0}.

Theorem 2.7. Let N be an n-absorbing primary submodule of M. If the set of all zero divisors
of M/N, Zd(M/N), forms an ideal in R, then it is an n-absorbing primary ideal of R.

Proof. Assume Zd(M/N)isanidealin R. Leta, ...a,+1 € Zd(M/N) for some ay, ..., ant1 €
R. We know from [3] that if M is an R-module and N is a proper submodule of M, then
Zd(M/N) = U (N :z). Therefore a;...an+1 € (N : m) for some m € M \ N. Since
zEM\N
N is an n-absorbing primary submodule and m € M \ N, by Theorem 2.6, (N : m) is an n-
absorbing primary ideal of R. This implies either a; ...a, € (N : m) or dian+1 € /(N :m)
forsome 1 < i < n. Ifa;. € (N :m), thenay...a, € Zd(M/N) and we are done. We
know from [2] that if R is a r1ng and E, is a family of subsets of R, then /U E, U VE,.

Therefore \/Zd(M/N) = U Wiz)= U V(N:z) If dapsr € /(N :m) for
ceM\N ceM\N

some 1 < i < n, then d;a,+1 € \/Zd(M/N) for some 1 < i < n. Thus we get that Zd(M/N)

is an n-absorbing primary ideal of R. O

Theorem 2.8. Every n-absorbing primary submodule of an R-module is an m-absorbing pri-
mary submodule for m > n.

Proof. It is sufficient to prove that every n-absorbing primary submodule of an R-module is
an (n + 1)-absorbing primary submodule. Suppose N is an n-absorbing primary submodule of
an R-module M. Let a;...ana,.1m € N for some ay,...,an,a,r; € Rand m € M. Let
GnQnt1 ‘= ap. Then we have aja, ...a,»m € N and N is an n-absorbing primary submodule.
This implies either aja; . .. a,s € /(N : M) ord;m € N forsomei € {1,2,3,...,n—1,n'}. If
i # n’, then we are done. If ¢ = n/, then we have a; . . . a,_;m € N and by definition of an ideal,
we get that ay ...ap—1a,m € N oraj...an—1a,+1m € N. Hence N is an (n + 1)-absorbing
primary submodule of M. O

We now examine the structure of the intersection of £ submodules that are each n;-absorbing
primary submodule of an R-module. For this, we first prove the following lemma.
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k
Lemma 2.9. Let N; be submodules of an R-module M forevery 1 < j < k. Then (| \/(N; : M) =
=1

i=

k
Proof. Letr € () +/(N,;:M). Then r € \/(N;: M) for every 1 < j < k. Therefore
j=1

rliM C N; for every 1 < j < k, where [; is some positive integer. Let [ = max{li,..., g}

k
Then r'M C Nj forevery 1 < j < kandsor'M C (| N;. Thusr € ,/(
i=1 j

k
N; : M). For the
i =1

k k

reverse inclusion, let s € /(| N; : M). Then s"M C [ N; for some positive integer n. This
j=1 j=1

implies s M C Nj forevery 1 < j <k, thatis, s € \/(NN, : M) for every 1 < j < k. Therefore

s€ 61\/(Nj : M). Hence 61\/(Nj:M) :1/(61Nj :M). O

Theorem 2.10. Let M be an R-module. If N; is an nj-absorbing primary submodule of M
for every 1 < j < k, then N1 N --- N Ny is an n-absorbing primary submodule of M for
n = ny+---+ng. Inparticular, if Ny, ..., N,, are primary submodules of M, then NyN---NN,
is an n-absorbing primary submodule of M.

Proof. Let ay,...,a, € Rand m € M with ay...a,m € Ny N---N N := N such that
a;m ¢ N forevery 1 < i < n. Since aj...ap,m € NyN---N Ny, a;...a,m € N, for
every 1 < j < k. Now, for every 1 < j < k, N; is an nj-absorbing primary submod-
ule of M and n; < n. Therefore by Theorem 2.8, each N; is an n-absorbing primary sub-
module of M. This implies a;...a, € /(N;: M) for every 1 < j < k, which gives that

k [k
ai...ap € [\ V&N;: M) = /() N;j : M) by Lemma 2.9. Thus a;...a, € /(N : M),
j=1 j=1

proving that, NV is an n-absorbing primary submodule of M. The “In particular” statement is
clear. O

Theorem 2.11. Let N be an n-absorbing primary submodule of an R-module M and K be a
submodule of M. Then N N K is an n-absorbing primary submodule of K.

Proof. Clearly, NN K is a proper submodule of K. Leta;, ...a,k € NNK forsome ay,...,a, €
Rand k € K. Then a;...a,k € N and N is an n-absorbing primary submodule of M. This
implies either d;k € N forsome 1 < i <noraj...a, € /(N:M). If g;k € N for some
1 <i < mn,thend;k € NN K forsome 1 < i < n and we are done. If a; ...a, € /(N : M),
then (a; ...a,)™M C N for some positive integer m. In particular, (a; ...a,)" K C N. There-
fore (ay...a,)™K C N N K, which implies a; ...a, € \/(NNK : K). Hence N N K is an
n-absorbing primary submodule of K. O

Theorem 2.12. Let M = M, & M, where M| and M, are R-modules. Let P and () be proper
submodules of M| and M, respectively. Then the following statements hold.

(1) P ® M, is an n-absorbing primary submodule of M if and only if P is an n-absorbing
primary submodule of M.

(2) My ® Q is an n-absorbing primary submodule of M if and only if Q) is an n-absorbing
primary submodule of M.

Proof. (1) Let P @& M, be an n-absorbing primary submodule of M. Let a;...a,m € P
for some ay,...,a, € R and m € M, such that é&;m ¢ P for every | < ¢ < n. Then
aj...an(m,0) € P® M, but (4;m,0) ¢ P& M, forevery 1 < i < n. As P® M, is an
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n-absorbing primary submodule of M, we get thata, ...a, € \/(P & M, : My @© M>). This im-
plies (aj . ..a,)*(M; @ M,) C P& M, for some positive integer k. Therefore (a; . ..a,)*M; C
P, thatis, a; ...a, € /(P : M;). Hence P is an n-absorbing primary submodule of M.

Conversely, let P be an n-absorbing primary submodule of M. Let aj,...,a, € R and
(mi,mp) € M with ay...a,(mi,my) € P& M,. Then ay...a,m; € P. Assume that
@;(my1,my) ¢ P& M, forevery 1 < i < n, which gives that d;m; ¢ P forevery 1 <i < mn. As
P is an n-absorbing primary submodule of M, this implies that a; . ..a, € /(P : M), that is,
(ay ...an)*M; C P for some positive integer k. Therefore (a; . ..a,)*(M; © My) C P & M.
Hence P @& M, is an n-absorbing primary submodule of M.

(2) Proof is smiliar to (1). O

Let M be an R-module and N be a submodule of M. Forr € R, (N : r), also denoted by N,
isdefinedas N, = (N :r) = {m € M : rm € N}. Clearly, N, is a submodule of M containing
N.

Theorem 2.13. Let N be an n-absorbing primary submodule of an R-module M. Then N, =
(N :r) is an n-absorbing primary submodule of M containing N forallr € R\ (N : M).

Proof. Letr € R\ (N : M). Leta;...a,m € (N : r) for some ay,...,a, € Rand m € M.
Then a; . ..a,(rm) € N and N is an n-absorbing primary submodule of M. This implies either
ay...an, € /(N:M)ordirm € N forsome 1 < i < n. Ifay...a, € \/(IN: M), then
(ay...a,)*M C N for some positive integer k. Therefore (a;...a,)*M C N, as N C N,.
This gives that a; ... a,, € \/(N, : M) and we are done. If for some 1 < i < n, d;rm € N, then
d@;m € (N : r) for some 1 < i < n. Thus (N : r) is an n-absorbing primary submodule of M
containing V. O

Theorem 2.14. Let N be a submodule of an R-module M. Then the following are equivalent.
(1) N is an n-absorbing primary submodule of M.

(2) For ay,...,an, € R such that ay...an ¢ /(N :M), Ny . .o, = U Ng, where d; =

ar...a;—1Gi41 ... 0np.

Proof. (1) = (2) Assume that N is an n-absorbing primary submodule of M. For ay,...,a, €
Rletay...an ¢ /(N :M). Letm € Ng,._q,- Thenay...a,m € N and N is an n-absorbing
primary submodule. This implies either a; ...a, € /(N : M) ord;m € N forsome 1 <i <mn.
Since by assumption, a; ...a, ¢ /(N : M), d;m € N for some 1 < i < n, thatis, m € Ny, for

some 1 <i <n. Thusm € |J Ng,. Now, let k € |J Ng,. Then G;k € N for some 1 < i < n.
i=1

= =1

Therefore a;d;k = a; ...ank € N. Thus k € N,, ., . Hence we get that N, .. = U Ng,.
i=1
(2) = (1) Letay ...a,m € N for some ay,...,a, € Rand m € M such that a;...a, ¢
n
/(N : M). Then by assumption, N, o, = U Ng,. Asaj...apm € N, m € Ny, 4, =
i=1

\J Ng,. Therefore m € N, for some 1 < ¢ < n, thatis, d;m € N for some 1 < i < n. Thus N
i=1
is an n-absorbing primary submodule of M. O

A submodule N of an R-module M is said to be irreducible if it cannot be expressed as the
intersection of two submodules of /. We now give a characterisation of an n-absorbing primary
submodule when it is irreducible.

Theorem 2.15. Let N be an irreducible proper submodule of an R-module M. Then N is an
n-absorbing primary submodule of M if and only if (N : v~ ') = (N : v") forall v € R\
(N : M).

Proof. Assume that NV is an n-absorbing primary submodule of M. Let r € R\ /(N : M).
Clearly, (N : r»~1) C (N : r™). For the reverse inclusion, letm € (N : ™). Then r"m € N and
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N is an n-absorbing primary submodule of M. Therefore either r"~!m € N orr™ € \/(N : M).
If 7"~'m € N, then m € (N : 7"~!) and we are done. If r™ € /(N : M), thenr € \/(N : M),
which is a contradiction.

Conversely, assume that (N : 7"~ 1) = (N : ) forallr € R\ /(N : M). Leta; ...a,m €
N for some ay,...,a, € Rand m € M such that ay...a, ¢ /(N : M). Then we have to
show that ¢;m € N for some 1 < i < n. On the contrary, we assume that ¢;m ¢ N for ev-
eryl <i<n. Ifa; € \/(N:M)forsomel <i < n,thena...a, € /(N : M), which
is a contradiction. Therefore a; ¢ /(N : M) for every 1 < ¢ < n. Hence by assumption
(N :a?™") = (N :ap)forevery 1 <i < n.Clearly, N+ Ra}~'m and N + Rdym are submod-
ules of M and N C (N + Ra}'m) N (N + Rdym). Letn € (N + Ra}~'m) N (N + Rdym).
Then n = ny + rla?_lm = nyp 4+ rpaym where r1,7 € R and nj,n, € N. Therefore
ain = aini +riafm = aina+1ra;1 . .. apymand raq ... a,m, ainy, ang € N,soriafm € N,
which implies rym € (N : a}). But (N : a}) = (N : a?""). Therefore rja}"'m € N
and hence n € N. Therefore (N + Ra}"'m) N (N + Rdym) C N. Thus we get that N =
(N + Ra?~'m) N (N + Rdym), which is a contradiction as N is an irreducible submodule of
M. Hence N is an n-absorbing primary submodule of M. O

Theorem 2.16. Let f : M — M’ be an epimorphism of R-modules. Then the following state-
ments hold.

(1) If N is an n-absorbing primary submodule of M such that Kerf C N, then f(N) is an
n-absorbing primary submodule of M.

(2) If N' is an n-absorbing primary submodule of M', then f~'(N') is an n-absorbing primary
submodule of M.

Proof. (1) Assume N is an n-absorbing primary submodule of M such that Kerf C N. Let
ay...a,m’ € f(N) for some ay,...,a, € Rand m’ € M'. Then a; ...a,m’ = f(¢) for some
t € N. Asm/’ € M’ and f is an epimorphism, there exists m € M such that f(m) = m/'.
Therefore a; ...a,f(m) = f(t), thatis, f(a;...ap,m —¢) = 0. This implies a; ...a,m —
t € Kerf C N. Thus a;...a,m € N and N is an n-absorbing primary submodule of M.
Therefore either a; ...a, € /(N : M) or d;m € N for some 1 < ¢ < n. This implies either
ai...an € \/(f(N): M’)ord;m’ € f(N) for some 1 <i < n. Hence f(N) is an n-absorbing
primary submodule of M’.

(2) Assume N’ is an n-absorbing primary submodule of M’. Let a;...a,m € f~'(N')
for some ay,...,a, € Rand m € M. Then a;...a,f(m) € N’ and N’ is an n-absorbing
primary submodule of AM’. This implies either a;...a, € \/(N': M') or d;f(m) € N’ for
some 1 < i < n. Therefore either a; ...a, € \/(f~1(N'): M) or d;m € f~'(N’) for some
1 <i < n. Hence f~!(N’) is an n-absorbing primary submodule of M. O

Theorem 2.17. Let N and K be submodules of an R-module M such that K C N. Then N is an
n-absorbing primary submodule of M if and only if N/ K is an n-absorbing primary submodule
of M/K.

Proof. Define f : M — M/K by f(m) = m + K. Then f is an epimorphism of R-modules M
and M /K. Assume that N is an n-absorbing primary submodule of M. Now, Kerf = K C N.
Then by Theorem 2.16 (1), f(N) is an n-absorbing primary submodule of M /K. Hence N/K
is an n-absorbing primary submodule of M /K.

Conversely, assume that N/K is an n-absorbing primary submodule of M/K. Then by
Theorem 2.16 (2), f~!'(N/K) is an n-absorbing primary submodule of M. Hence N is an n-
absorbing primary submodule of M. O

Theorem 2.18. Suppose S is a multiplicatively closed subset of R and S~'M is the module of
fraction of M. Then the following statements hold.

(1) If N is an n-absorbing primary submodule of M such that (N : M)NS = (), then S~'N is
an n-absorbing primary submodule of S™' M.
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(2) If ST'N is an n-absorbing primary submodule of S~'M such that Zd(M/N) NS = 0,
then N is an n-absorbing primary submodule of M.

Proof. (1) Assume N is an n-absorbing primary submodule of M such that (N : M) NS = 0.
D S—IN for some ai,...,a, € R, s1,...,5n,1 € S and m € M. Then there
exists s € S such that s’a; ...a,m € N. Since N is an n-absorbing primary submodule of M,
we get that either a; ...a, € \/(N : M) or d;s'm € N for some 1 < i < n. This implies either
U e 5 /(N:M) = /(STIN:S"TM) or &2 € SN for some 1 < i < n. Thus
S~!N is an n-absorbing primary submodule of S~ M.

(2) Assume S~! N is an n-absorbing primary submodule of S~! M such that Zd(M/N)NS =

0. Leta...a,m € N for some aj,...,a, € Rand m € M. Then 422" ¢ S~ N and S~' N
is an n-absorbing primary submodule of S~'M. Therefore either “:%= € /(S—IN : S—1M)

or ™ ¢ SIN for some 1 < i < n. If 43 ¢ \/(S-IN:S-TM) = S7'\/(N: M),
then there exists s € S such that (sa; ... an)’“M C N for some positive integer k, that is,
sf(ay...an)*M C N. As Zd(M/N) NS = {, this implies (a;...a,)"M C N and we are
done. If % € SN for some 1 < i < n, then there exists ¢ € S such that td;m € N for some
1 <i < n, which gives that ¢;m € N for some 1 < i < n. Hence N is an n-absorbing primary
submodule of M. O
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