Palestine Journal of Mathematics

Vol. 6(1)(2017) , 111-118 © Palestine Polytechnic University-PPU 2017

A class of three dimensional almost coKihler manifolds
Wenjie Wang
Communicated by Z. Ahsan

MSC 2010 Classifications: Primary 53D15, 53C25; Secondary 53D10, 53C10.

Keywords and phrases: 3-dimensional almost coKédhler manifolds, cyclic-parallel Ricci tensor, conformal flatness.

This work was supported by the National Natural Science Foundation of China (No. 11526080), Key Scientific Research
Program in Universities of Henan Province (No. 16A110004), the Research Foundation of Henan Normal University (grants
No. 5101019170126 and 5101019279031).

Abstract. In this paper, we consider three-dimensional almost coKihler manifold M? sat-
isfying V¢h = 0. We prove that the Ricci tensor of M? is cyclic-parallel if and only if M3
is conformally flat with £ an eigenvector field of the Ricci operator, and this is also equivalent
to that M3 is locally isometric to either the flat Euclidean space R* or the Riemannian product
R x N?%(c), where N?(c) denotes a Kihler surface of constant curvature ¢ # 0.

1 Introduction

As a special class of almost contact metric manifolds and an analogy of Kéhler manifolds, the
geometry of (almost) coK#hler manifolds was introduced and studied in the last years by many
authors (see for example Blair [1], Goldberg and Yano [7], Dacko et al. [4, 6] and Olszak
[10, 11]). In the present paper, (almost) coKéhler manifolds are just (almost) cosymplectic
manifolds discussed in the above earlier literatures. The main reason why the new terminology
recently was adopted widely lies in the fact that the coKahler manifolds are really the odd-
dimensional analogy of Kdhler manifolds (see [8]). In a recent survey [3], the authors collected
some new results concerning (almost) coKihler manifolds both from geometrical and topological
viewpoints. It is also worth pointing out that Perrone in [12, 13] obtained some classification
results of three-dimensional almost coKahler manifolds which are homogeneous or the Reeb
vector fields are minimal. Recently, three-dimensional almost coKihler manifolds were also
studied by Wang [14].

In this paper, we investigate three-dimensional almost coKihler manifolds M3 satisfying
Ve¢h = 0. An example satisfying this condition was provided in Section 3. We first give some
classifications of M3 for which the Ricci tensor is cyclic-parallel in Section 4. As stated in Dacko
[5], it is difficult to give a complete classification of M? with a conformal flatness condition. In
Section 5, we obtain that a three-dimensional conformally flat almost coKihler manifold with
Ve¢h = 0 and £ being an eigenvector field of the Ricci operator is locally isometric to either the
flat Euclidean space R? or the product space R x N?(c), where N?(c) denotes a Kihler surface
of constant curvature ¢ # 0.

2 Almost coKihler manifolds

On a smooth manifold M?"*! of dimensional 2n + 1, if there exist a (1, 1)-type tensor field ¢, a
global vector field ¢ and a 1-form 7 such that

PP =—-id+n®& n(E) =1, 2.1

where id denotes the identity endomorphism, then we say that M>"*! admits an almost contact
structure denoted by the triplet (¢, £, n7), where ¢ is called the Reeb vector field. From (2.1) we
have ¢(¢) = 0,10 ¢ = 0 and rank(¢) = 2n. We denote by (M>"+1 ¢, ¢, ) a smooth manifold
M*+1 endowed with an almost contact structure, which is called an almost contact manifold.
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On the product manifold M2"*! x R we define an almost complex structure .J by

7 (x.15) = (0x - ren0 )

where X denotes the vector field tangent to AM/>"*!, ¢ is the coordinate of R and f is a smooth
function defined on product M>"*+! x R.

An almost contact structure is said to be normal if the above almost complex structure J is
integrable, i.e., J is a complex structure. According to Blair [2], the normality of an almost
contact structure is expressed by [¢, ¢] = —2dn @ £, where [¢, ¢| denotes the Nijenhuis tensor of
¢ defined by

[6,0](X,Y) = ¢*[X, Y] + [6X, ¢Y] — ¢[¢X, Y] — ¢[X, $Y]

for any vector fields X, Y on M>"*1, If on an almost contact manifold there exists a Riemannian
metric g satisfying
9(6X,0Y) = g(X,Y) — n(X)n(Y)

for any vector fields X, Y, then g is said to be compatible with the associated almost contact
structure. In general, an almost contact manifold furnished with a compatible Riemannian met-
ric is said to be an almost contact metric manifold and is denoted by (M*"*! ¢, & 1, g). The
fundamental 2-form @ on an almost contact metric manifold M>"*! is defined by ®(X,Y) =
9(X, ¢Y) for any vector fields X and Y.

In this paper, by an almost coKéhler manifold, we mean an almost contact metric manifold
such that both the 1-form n and 2-form ® are closed (see [3]). In particular, an almost coKdhler
manifold is said to be a coKihler manifold if the associated almost contact structure is normal,
which is also equivalent to V¢ = 0, or equivalently, V& = 0.

In this paper, we set b = L¢¢ and B’ = h o ¢ on an almost coKihler manifold M/>"+!. Note
that both i and h’ are symmetric operators. Then the following formulas can be found in Olszak
[10] and Perrone [12]:

he =0, he+¢h=0, tr(h)=tr(h') =0, (2.2)
Vep =0, VE=h, dive =0, (2.3)

Veh = —h*¢ — ¢, (2.4)

dlp — 1 =2h2, (2.5)

where | := R(-,&)¢ is the Jacobi operator along the Reeb vector field and the Riemannian
curvature tensor R is defined by R(X,Y)Z = VxVyZ — VyVxZ — V[ny] Z, and tr and div
denote the trace and divergence operators, respectively.

3 Three dimensional almost coKihler manifolds with V:h = 0

Throughout this paper, we denote by (M3, ¢, ¢, 7, g) an almost coKéhler manifold of dimension
3. By using the second term of relation (2.3) we may obtain (L¢g)(X,Y) = 2¢(h'X,Y), this
means that £ is a Killing vector field if and only if h = 0. Then, from Goldberg and Yano [7,
Proposition 3] we know that a three-dimensional almost coK#hler manifold is coKéahler if and
only if A is vanishing. However, the converse of this assertion is not necessarily true in case of
dimension greater than three (for more details see [3]).

Proposition 3.1. On any 3-dimension almost coKdhler manifold, the following four conditions
are equivalent.

Veh=0, Vel=0, h*+1=0, ¢l=I¢. 3.1)
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Proof. Firstly, the equivalence between V¢h = 0 and V¢l = 0 was already proved by Perrone
[12, Lemma 3.1]. If V¢h = 0O, using it in (2.4) gives that h? = ¢l¢ and using this in (2.5) yields
the third term of relation (3.1). Conversely, using k> = —[ in (2.5) and (2.4) we obtain Veh =0.
By (2.5), the equivalence between the last two terms of relation (3.1) is easy to check. O

In what follows, we shall study 3-dimensional almost coKihler manifolds A3 satisfying
Ve¢h = 0. Obviously, on any 3-dimensional coKihler manifold, such a condition holds trivially
because of vanishing of h. Next, we present a non-trivial example as follows.

Example 3.2. Let M3 be an almost coKihler manifold of dimension 3 with the Reeb vector field
& belonging to the k-nullity distribution (see [4]), that is,

R(X,Y)E = k(n(Y)X —n(X)Y) (3.2)

for any vector fields X, Y, where k is a non-zero constant. If & in the above relation is a smooth
function, Dacko in [4] proved that k£ must be a constant. From relation (3.2) we have | = —k¢?.
Using it in equation (2.5) we have h> = k¢?, hence k is a negative constant and M?> is non-
coKihler. Using this in equation (2.4) gives that V¢h = 0.

Let U, be the open subset of M3 on which h # 0 and U, the open subset defined by U =
{peM 3:h=0ina neighborhood of p}. Therefore, U U U, is an open dense subset of M 3,
For any point p € U; U Uy, we may find a local orthonormal basis {&, e;,eo = ¢e;} of three
distinct unit eigenvector fields of A in certain neighborhood of p. On U/; we may assume that
he; = Aej and hence hey = — ey, where ) is a positive function, continuous on M 3 and smooth
on U Ulh. Using V¢h = 0, according to [13, Lemma 2.1] we have the following

Lemma 3.3. On U, we have

Vgel = O, Vgez = 0, Valg = —)\627 Vazf = —)\61,
1 1
Ve €1 = ™ (ez()\) + 0'(61)) €2, Ve,e0 = ™ (el(/\) + 0(62))61,
1 1
Vee1 = A — n (el()\) + 0(62))62, Ve e =X — n (62(/\) + a(el)>el,

where o is an 1-form defined by o(-) = S(- ,£) and S denotes the Ricci tensor:

Using Lemma 3.3, the Ricci operator () can be expressed (see [13]) on U; by

Q¢ = —2X%¢ + a(er)er + o(er)er,
Qer = o(er)é + %(r+2A2)el, (3.3)
Qer = o(e2)€ + %(r + 2)\2)62,

with respect to the local basis {, e1, ex }, where r denotes the scalar curvature.

4 Cyclic-parallel Ricci tensor

In this section, we shall classify three-dimensional almost coKihler manifolds whose Ricci ten-
sor is cyclic-parallel, that is,

9(VxQ)Y, 2) +9((VyQ)Z, X) + 9((VzQ)X,Y) =0 4.1)

for any vector fields X, Y and Z. Making use of the well-known formula divQ) = % grad(r) and
the symmetry of the Ricci tensor in equation (4.1), we have

Lemma 4.1. The scalar curvature of a Riemannian manifold with cyclic-parallel Ricci tensor is
a constant.

Before giving our main result, we first prove the following
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Proposition 4.2. A 3-dimensional coKdhler manifold with cyclic-parallel Ricci tensor is locally
isometric to either the flat Euclidean space R? or the product space R x N*(c), where N*(c)
denotes a Kdahler surface of constant curvature ¢ #= 0.

Proof. Recall that on any three-dimensional Riemannian manifold, the following relation

R(X,Y)Z =g(Y, Z2)QX — g(X, Z)QY +g(QY, Z)X

. (4.2)
~9(QX, 2)Y = L(9(Y, )X — (X, 2)Y)

holds for any vector fields X, Y and Z. On a three-dimensional coK&hler manifold, using h = 0
in the second term of relation (2.3) gives that Q¢ = 0 and also [ = 0. Thus, putting Y = Z = ¢
in equation (4.2) gives that

T. T
inld—§77®§.

Taking the covariant derivative of the above relation and using the second term of relation (2.3),

we have
1 1

(VxQ)Y = EX(T)Y - EX(T)T](Y)f 4.3)

for any vector fields X, Y. Applying Lemma 4.1 on equation (4.3), it follows that the Ricci tensor
is symmetric and hence M? is locally symmetric. According to Perrone [12, Proposition 3.1] we
know that any 3-dimensional locally symmetric almost coK#hler manifold is locally isometric to
either the flat Euclidean space R? or the Riemannian product R x N2(c), where N?(c) denotes a
Kihler surface of constant curvature ¢ # 0. This completes the proof. O

Using Proposition 4.2 we obtain directly the following

Corollary 4.3. Any 3-dimensional coKdhler manifold with constant scalar curvature is locally
isometric to either the flat Euclidean space R? or the Riemannian product R x N?(c), where
N?(c) denotes a Kihler surface of constant curvature c # 0.

Applying the above results, we may present our main results as follows:

Theorem 4.4. Let M? be a 3-dimensional almost coKdhler manifold satisfying V¢h = 0. Sup-
pose that the Ricci tensor of M3 is cyclic-parallel. Then, M? is locally isometric to either the
flat Euclidean space R® or the product R x N?(c), where N*(c) denotes a Kiihler surface of
constant curvature ¢ 7 0.

Proof. If U; is an empty subset, i.e., M 3 is a coKihler manifold, then the proof follows from
Lemma 4.1 and Proposition 4.2. Next, we consider the case that I/; is a non-empty subset and
A on it is a positive smooth function. Using V¢h = 0, it follows that £(\) = 0. Thus, on ¢; by
applying Lemma 3.3 and relation (3.3) we obtain the following relations.

(VeQ)€ = E(a(er))er +E(a(e2))en. (4.4)
(VeQ)er = &(a(er))€ + %5(7’)61- (4.5)
(VeQ)er = Elo(e2))é + 5€(r)ex @6
1
(Ve,Q)er =(e1(a(er)) — sv0(e2)(e2(N) +o(er)) )€
( o ) o

+ (%el(r) + 20610 )er — Ao(er)en.

1
(VeR)er =(e2(0(e2)) = 5yo(en(e1(V) +o(e2)) )¢
2 (2 2 ) 1 1 2 ) 48)

— Xo(ex)er + (%62(7“) + 2)\62()\))62.
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(VeiQ)er =(e1(0(e2)) + M+ 63) + 5r0(en) (ea(3) + o (en) )¢

2 1 2\ 4.9)
“o(er)er — (2)\0(62) — zeir) - 2)\61()\))62.
(VesQler =(ea(o(e) + 3Mr +6X) + 5r0(en)(er(N) +o(e2))) e o
~ (220(e) - %62(7“) ~2ea(N))er -~ Aaler)en. '
(Ve Q)¢
=2 (0(e2) = 2e1 (V)¢
+ (erloen) — gyoea)(e() +ofen))e @1h
+ (207 ea(o(e) + M+ 202) 4 g (en)(ea(d) + o(en)) en
(Ve, Q)€
—2\ (U(el) - 262()\))5
+ (ealo(e2)) — gyoten)(er(h) +olea)))es @12
+(2X +ealo(en) + Al +2X) + grofen) (@) + a(e) Jer
Firstly, putting X — Y — Z in equation (4.1) then it follows that
9((VxQ)X, X) =0 (4.13)

for any vector field X. Therefore, applying Lemma 4.1 we obtain from relations (4.4) and (4.7)-
(4.8) that X is a global constant, where we have used that A > 0 on U/; and ) is continuous. Since
the scalar curvature r is a constant, by using (4.4) and (4.7)-(4.8) in the well-known formula
divQ = 1grad(r) we have

(o(er) 0
&(o(ez)) — Aa(er) =0, (4.14)
e1(o(er)) + ea(o(e2)) = xo(er)o(ea).

Next, putting Y = Z into equation (4.1) and using the symmetry of Ricci tensor we have
J(VxQ)Y +2(VyQ)X,Y) =0 (4.15)

for any vector field X, Y. Then, putting X =e;, Y =¢and X =¢,Y = e; into equation (4.15),
respectively, from relations (4.5) and (4.11) we have that

{)\0(62) +&(o(er)) =0 (4.16)

ei(o(er)) — ia(ez)a(el) =0.

Similarly, putting X = e;, Y = £and X = &, Y = e; into equation (4.15), respectively, from
relations (4.6) and (4.12) we have that

{)\0(81) +£&(o(e2)) =0

ex(0(e2)) — gro(er)a(er) = 0. (4.17)

Due to A > 0 on Uy, from the first terms of (4.14) and (4.16) we get o(e;) = 0. Similarly,
from the second term of (4.14) and the first term (4.17) we have that o(e;) = 0. This means that
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£ is an eigenvector field of the Ricci operator. In fact, such conclusion can also be deduced from
using (4.9)-(4.10) in (4.15).

On the other hand, if we set X = £,Y = e; and Z = e in equation (4.1), by using equations
(4.5), (4.9) and (4.12) we have that

r+6X> = 0. (4.18)
Using this in relation (3.3) we see that M3 is an Einstein manifold whose Ricci operator is
Q = —2)\%id. Thus, putting it into equation (4.2) gives that M? is of constant sectional curvature.

According to Olszak [11, Theorem 3] we know that any three-dimensional almost coKéhler
manifold of constant sectional curvature is a locally flat coK&hler manifold. It follows that
A = 0, a contradiction. O

Theorem 4.5. On a three-dimensionalalmost coKdihler manifold M3 satisfying V¢h = 0, the
following conditions are equivalent.

« M3 is locally symmetric.
« The Ricci tensor of M? is parallel
« The Ricci tensor of M? is cyclic-parallel.

o M3 is locally isometric to either the flat Euclidean space R> or the Riemannian product
R x N%(c), where N*(c) denotes a Kihler surface of constant curvature c # 0.

Proof. The proof follows from Theorem 4.5 and [12, Proposition 3.1]. O

Corollary 4.6. Let M? be a 3-dimensional almost coKéhler manifold such that ¢ belongs to the
k-nullity distribution, where k is a smooth function on M?3. If the Ricci tensor of M3 is cyclic-
parallel, then M? is locally isometric to either the flat Euclidean space R3 or the product space
R x N2%(c), where N*(c) denotes a Kihler surface of constant curvature c # 0.

Proof. For the coKihler case, i.e., k = 0, the proof follows from Lemma 4.1 and Proposition
4.2. For the non-coKihler case, i.e., k& # 0, the proof follows from Theorem 4.4 and Example
3.2. O

5 Conformal flatness

It is well-known that a three-dimensional Riemannian manifold M is said to be conformally
flat if and only if its Weyl-Schouten tensor is of Codazzi-type, or equivalently, its Ricci tensor
satisfies

(VxQ)Y ~ (VyQ)X = [{X(r)Y —Y(r)X} 5.1)
for any vector fields X, Y on M.

Theorem 5.1. Any 3-dimensional conformally flat coKdhler manifold is locally isometric to ei-
ther the flat Euclidean space R? or the product space R x N>(c), where N*(c) denotes a Kiihler
surface of constant curvature ¢ # 0.

Proof. Let M? be a 3-dimensional coKihler manifold, we observe that h vanishes and equation
(4.3) holds. Since M? is conformally flat, putting (4.3) into (5.1) yields that

X(r)Y =Y (r)X = X(r)n(Y)§ =Y (r)n(X)¢

for any vector fields X and Y. Replacing Y by ¢X, where X is orthogonal to &, in the above
relation gives that r is invariant along the contact distribution ker7. On the other hand, letting
Y = ¢ and using the formula divQ = grad(r) in equation (4.3) gives that £(r) = 0. This means
that r is a constant and hence the following proof follows from Corollary 4.3. O

Theorem 5.2. Let M3 be a three-dimensional conformally flat almost coKdihler manifold satis-
fying Veh = 0. Then € is an eigenvector field of the Ricci operator if and only if M? is locally
isometric to either the flat Euclidean space R® or the product space R x N*(c), where N?(c)
denotes a Kdahler surface of constant curvature ¢ #= 0.
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Proof. Firstly, let us consider the non-coKihler case, i.e., U is an non-empty subset. As shown
in Theorem 4.4, V¢h = 0 implies that (\) = 0. Then, putting X = ¢; and Y = £ into (5.1) and
using (4.5) and (4.11) gives that

2A0ez) A (V) — (o) ~ fer(r) =0,
er(ofer)) — olen)(e <A>+o<e1>> Le(r)

=0, 5.2)
203 +er(o(e2)) + IA(r 4+ 20%) + Lo(er)(ea(N)

+o(er)) = 0.

Similarly, putting X = e; and Y = £ into equation (5.1), and making use of equations (4.6)
and (4.12) gives that

2Xo(e1) —4Xex(N) — &(a(e)) — Lea(r) =0,
e2(a(e2)) — ax0(er)(er(A) +a(e2)) — 3¢ 7’) =0, (5.3)
203 + ex(o(er)) + FA(r 4+ 222) + o (ex)(er(A) + o(e2)) = 0.

Similarly, putting X = e; and Y = e; into equation (5.1), and making use of equations (4.9)
and (4.10) gives that

Aa(er) — %62(7") —2Xea(N) =0,
Ao(ez) — 181(7‘) —2Xe1(A) =0,
ea(o(er)) —ei(o(e2)) (5.4)

The above three relations (5.2)-(5.4) are the necessary and sufficient condition for a 3-dimensional
almost coKidhler manifold with V¢h = 0 to be conformally flat. Putting the second term of (5.4)
into the first term of (5.2) gives that

E(o(e1)) = Aa(ea) —2Xe1(A). (5.5

Similarly, putting the first term of (5.4) into the first term of (5.3) gives that

6(0(62)) = )\0(61) — 2)\62()\). (56)

Assuming that ¢ is an eigenvector field of the Ricci operator, it follows from equations (5.5)
and (5.6) that X is a global positive constant, where we have used that X is positive and con-
tinuous. In this case, from the last terms of relations (5.2)-(5.3) we see that r = —6)2 being a
negative constant. As shown in proof of Theorem 4.4, using » = —6)2 in (3.3) we see that M
is Einstein and hence by (4.2) we see that M? is of constant sectional curvature. According to
Olszak [11, Theorem 3], we know that M? is a locally flat coKihler manifold, a contradiction.
If M? is a coKihler manifold, the proof follows from Theorem 5.1. The converse is easy to
check. O

From Example 3.1 and Theorem 5.2 we have the following

Corollary 5.3. Any 3-dimensional almost coKdahler manifold with £ belonging to the k-nullity
distribution (k a smooth function) is conformally flat if and only if it is locally isometric to either
the flat Euclidean space R® or the Riemannian product R x N*(c), where N?(c) denotes a Kiihler
surface of constant curvature ¢ # Q.

Remark 5.4. Any one condition in Theorem 4.5 is also equivalent to that M is conformally flat
and ¢ is an eigenvector of the Ricci operator.

Remark 5.5. Dacko and Olszak [6, Section 5] constructed a three-dimensional conformally flat
almost coKihler manifold which is non-coKihler and not locally flat. Moreover, on such mani-
fold £ is not an eigenvector field of the Ricci operator and V¢h # 0.

Remark 5.6. Dacko in [5, Theorem 1] gave a necessary and sufficient condition for a special
three-dimensional almost cosymplectic manifold to be conformally flat.
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