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Abstract. Let D be the Lie ball in C? and let A’(S) be the space of all hyperfunctions over
the Shilov boundary S of D.
The aim of this paper is to give a necessary and sufficient condition on the Poisson transform
Py f of an element f in the space A’(S) for f to be in L*(S). More precisely, we establish for
any X\ € R\{0} that:
(i) Let F = P\f, f € L*(S). Then we have

1 t 7]
IF|[2 = sup 7/ (/ / |F(kag.0)|? sinh(ry — ) sinh(ry + rg)dkdrz)dm < .
>0 Jo NJo Jsop)xo@)

(i) Let f be a hyperfunction on S such that its image F' = P, f satisfies the growth condition
||F||« < oo, then necessarily such f is in L*(S).

1 Introduction

Let D = G/K be a Riemannian symmetric space of the non-compact type with Furstenberg
boundary (maximal boundary)Sr. Each eigenfunction of all invariant differential operators on
D can be represented by the Poisson integral of a hyperfunction on Sgr. This was conjectured by
S. Helgason and proved by Kashiwara ef al.

If D = G/K is an irreducible bounded hermitian symmetric domain, it is well known that the
Hua operator associated to D characterizes the Poisson transform on the Shilov boundary (min-
imal boundary) S of D.

More precisely, the Poisson transform Py is a G-isomorphism from the space A'(S) of all hy-
perfunctions on S onto an eigenspace of the Hua operator for A varying in a subset of C.

Hence it becomes natural to look a characterization of the range of the Poisson transform on
classical spaces of S. This problem was handled by the authors in a series of papers for the case
of the classical LP-space on S.

More precisely, they showed that for A ranges a subset of A € C\R the eigenfunctions of The
Hua operator that are Poisson integral of LP-functions on the Shilov boundary S are character-
ized by an HP-condition.

In order to prove those result they established a Fatou-type theorem for the eigenfunctions of the
Hua operator. More precisely, they gave the LP-boundedness properties of the Poisson transform
P, associated to the space D. And they established the asymptotic behaviour of the generalized
spherical function @, ,,

By (2) = /S Pa (2 1) o (1)t

where ¢,, is the zonal spherical function.

Thus, we address the question of the characterization of the LP-range of the Poisson transform
Py for A € R. In [1], [5] the authors gave an answer of this question in the case of rank one
symmetric space with p = 2.

The aim of this paper is to give a necessary and sufficient condition on the Poisson transform
Py f, A € R\{0} of an element f in the space A’(S) for f to be in L*(S) in the case of Lie ball
D =50(2,2)/50(2) x SO(2).We are led:

First to establish the following lemma on the asymptotic behaviour of the generalized spherical
function ¢,,
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Lemma 1.1.  There exists a constant y; > O such that we have:

1 t 1
t—soo T 0

for every X € R\{0} and for every m = (m1,my) € A.

‘2 I2(i\) ’2
Ne=)

®, ,,(ag.0)| sinh(r; — ;) sinh(r; + rz)drz)dm = 'y%‘

Second to investigate L>-boundedness properties of the Poisson transform associated to D.
More precisely, we give the following lemma

Lemma 1.2. Let \ be a non zero real number. Then, there exists a positive constant v2(\) such

that
Su
1op 2 / /

The paper is organized as follows. In Section 2, we recall some preliminaries of harmonic
analysis on the Lie ball in C? and we state the main results of this paper. In Section 3, we give
the precise action of the Poisson transform L?(S). Section 4 is devoted to the proof of Theorem
2.1 and Theorem 2.2. We conclude with an appendix in which we give the proof of Lemma 1.1.

)’ sinh(r; — ry) sinh(r; + Tz)drz)drl <% (N).

2 Notation and statement of the main results

First, we recall some well known results of harmonic analysis in the Lie ball (see [3], [4]).
For any matrix we denote by a! and a the transpose and conjugate of a respectively.
Let

D={z=(21,2) € C* /1 =2z2" +|22')*> > 0 and |22!| < 1},

be the Lie ball, where |w|*> = w'w for any w € C2. The Shilov boundary S of D is given by
S={u=e%zrecC? 0<60<2mn, zecS'Y,

with
St = {(z1,22) € R2; x% +1’% =1}

Let G = SO(2,2) be the group of all matrices g in SL(4,R) such that g'Jg = J, where

I 0 .
J= < 02 I ) Then, the group G = SO(2,2) acts transitivity on D by:
—I

t

pima = {[(E ] (1))

y {((zztz—i— 1),i(zzt2_ 1)>Ct +th}.

A B
for g = c D € G = SO(2,2). Thus as homogeneous space, we have the identification

D = G/K where K is the stabilizer in G of 0 given by K = S(O(2) x O(2)). The action of G
extends naturally to D and under this action the group K acts transitively on the Shilov boundary
S and we have S = K/{I4}.

Finally recall that every z in D can be written as z = kar.0, with respect to the Cartan decom-
position of G is given by SO(2,2) = KAK. Here

ap e A= digg(c?sh rl,cF)sh ) d.z'ag(sinh r1,sinhry) : R=(r1,m) € Ri .
diag(sinhry,sinhry)  diag(coshry,coshrs)

Let L?(S) be the space of all square integrable C-valued functions on S with respect to the
measure du. Then the group K acts on L?(S) by:

f—a(k)f=fok™\, keK,
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and under this action the space L*(S) has the following Peter-weyl decomposition (see [3]) :

Lz(s) = @ ‘/mv

meA

where A is the set of all two-tuple m = (my,my) € Z* with m; > my. The K-irreducible
component V,,, is the finite linear span {¢,, o k, k € K}. where ¢,,, € V,,, is the zonal spherical
function given by

¢m(u) = (ul - iu2)m17mz(u% + u%)mz’ U= (u17u2) € Sa m = (mlamz)'

Let P(z,u) be the Poisson kernel of the Lie ball D with respect to the Shilov boundary S of D,
given by (see [4])

1 — 222t + |22

(z = u)(z —u)t )

Let A € C the Poisson transform P, is defined for f € A’(.S) by:

P(z,u) =

Py f](2) = / Py (2, u) f (u)du, @.1)

S

where
iA+1

Py(z,u) = (P(z,u)) 7 .

The main result of this paper is the following theorems.

Theorem 2.1. Let A € R\{0} . Then, we have:
(1) Let F = Pyf, f € L*(S). Then

1 t 71
||F||> = sup t—z/ (/ / |F(kag.0)|* sinh(r; — ) sinh(r| + rg)dk:drz)dm < 0.
t>0t"Jo VMo Jso@)xo)

(2) Let f € A(S). If F = P\f satisfies ||F||. < oo, then f € L*(S). Moreover, there exists a
positive constants 1 and v2(\) such that for every function f € L*(S) we have:

NCNf lzzis) < 1Pl < n(MII/]

L2(S) (2.2)

(i)
where C(\) = 1_‘4(5/\+2).
2

As a second result of this paper, we give an L’-type inversion formula for the Poisson trans-
form.

Theorem 2.2. Let F = Py\f, f € L*(S). Then its L*-boundary value f is given by the
Jollowing inversion formula
t 71
lim —/ (/ / F(kag.0)Px(hag.0, ke) sinh(r; — r2) sinh(ry + rz)dkdrz)drl
0 0 K
= RICNPf(he), in L*(S).

The difficult part in proving our result is to show that every FF = P\ f, f € A’(S) such
that ||F||. < oc is the poisson transform of an L?-function on the Shilov boundary S. Indeed,
expanding F' into a C'*° series (see corollary below)

F(kar.0) = Z am®Pxm(ar.0)fr (k.€)

meA

next, applying the Lemma 1.1 of asymptotic behaviour of integral type of @, ,,(ar.0).
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3 The Poisson transform.

In this section, we give the precise action of the Poisson transform Py on L?(S).
For A € C and for k € Z*, let ¢, ;(r) denote the following C-valued function on r € [0, 1]

: ARy A4 T i+ 1
_ (1 -2yt Gk
SO)\JC(T) ( r ) r (l)k ( 2 ’ 2
where (a)r = a(a+ 1)(a+2)...(a + k — 1) is the Pochhammer’s symbol and F'(a, b, ¢; z) is the
classical Gauss hypergeometric function.

+ K, 1+ ks r?),

Proposition 3.1. [2] Let m = (mq,my) € A and let f € V,,. Then, we have

(Prf)(kap.0) = @y m(ar.0)f(k.e),
where the generalized spherical function @y ,, is given by

mn—"nr

q)A,m(aPuO):47r2|:50/\,|m1\(tanh( 5 ) mo| (tanh(

)

Corollary 3.2. Let F = Py f, f € A'(S). Then, there exists a sequence of spherical harmonic
functions (f)men such that for every z = kar.0 € D, k € K ar € A, F may be written in the
form as follows

F(z) =Y ®am(ar0)fm(k.e),  fm € V.

meAn

Proof. For fin A’(S). Let f = > fu, it’s K-type decomposition. Then using Proposition 3.1
meAN
we get

F(kag.0) = > ®xm(ar0)fm(ke),  fm € Vi

meA

4 Proof of main results

4.1 Proof of Theorem 2.1

For the proof Theorem 2.1, we will need the Lemma 1.2, which we recall below
Lemma 1.2 Let A be a non zero real number. Then, there exists a positive constant v2(\) such

that
1 t 7]
sup—/ (/
>0t Jo \Jo

Proof. In order to get the proof for this lemma, we introduce the following lemma

<1>A,m(aR.0)(2

sinh(ry — r2) sinh(r; + Tz)dT2>dT1 <%

Lemma (see [1]): Let A be a non zero real number. Then, there exists a positive constant
A(X) such that for every ¢ > 0, we have

sup
keZ+

@,k (tanh t)‘ < A(\)cosh™' ¢.

For fixed ¢ > 0, we have

lt( ]
t20/0

4 [t, m _ ) -
— ?/ (/ coth%%)coth%#)’cbxm(aR_O)‘ tanh(%)tfmh(W)dm)drl
0 0

t 71 _ 2
i/ (/ cothz(Lzrz)cothz(w)lé,\,m(aR.O)‘ dr2>dr1.
0o “Jo

‘ 2

@y (ar.0)| sinh(r; — o) sinh(ry + rz)drz) dry

IN

t? 2
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Then, we deduce from the above lemma that there exists a positive constant v, (\) such that

su
t>18 t2 / /

Then, for the necessary condition let f € L?(S)andlet f = > f,, be its K-type decomposition.
meA
By Proposition 3.1, with 3= |®x . (ar.0)]*||fm|l72(s) < oo, for every R = (r1,12) € R, we

meA

. . 1
)‘ sinh(ry — ;) sinh(ry + rz)drz)dm < WAZ()\) =3 ().

have
(Prf)(kar.0) = F(kag.0) = > ®xm(ar.0)fm(k.c).

meAN

Then, replacing F' by the above series expansion we get
||F||2 = sup / Z ‘(I))\ mlaR. 0 ’ ||fm||2 SlIlh(Tl — 7’2) smh(rl + ’I”z)d’l"z)d’l’l
Next, we use the Lemma 1.2 to obtain

3 IIfZ;H% /t</”

Henceforth

:

D, (agr.0) sinh(rl—rz)sinh(m—l—rg)drz)drl <\ Z | fm|]3 < 0.

meAN

1PASIle < 2112,

this gives the right hand side of estimate (2.3) in Theorem 2.1.
Now, to prove the sufficiency condition. Let F' = Py f, f € A’(S) such that ||F||. < co. Let

f= > fm beits K-type decomposition, then using Proposition 3.1, we get
meAN

F(kap.0) = > @ m(ar.0)fm(ke).

meAN

Since ||F||. < oo, we have

" 2 . .
Z Hfm||2t2 / (/ |(I))\7m(aR.0)| smh(rl — 7“2) smh(rl + Tz)d?“z)d’l‘l < o0
meAN 0
Let A, be a finite subset of A, then we have

" 2 o . 2
> IimlBg / (/ [ (a5 ) sinh(r, — r2) sinh(r, +r2)drs)dry < || |2 < oo,
meEANo Y

for every ¢t > 0.
Next, using the asymptotic behaviour of @) ,, given by Lemma 1.1. we obtain

RO D (Ifmll3 < IFIS < oo

meENo

Since A, is arbitrary, we get

RO DY I fmlly < 1| < oo

meAN

Thus 7 |C(N)?[|£113 < ||F|]? < oo and f € L?(S) this finishes the proof of Theorem 2.1.
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4.2 Proof of Theorem 2.2

In this section we try to prove the L’-inversion formula.
Let FF = Py\f, f € A’(S) such that || F||. < co. By the Theorem 2.1, we know that f in L*(S).

Expanding f into its K-type series, f = > f, and using Proposition 3.1, we get the series
meAN
expansion of F,

F(kap.0) = > ®xm(ar.0)fm(ke), fm € Vin, (4.1

meAn

with Y [®yn(ar.0)P||fm|]3 < oo, forall R = (r1,71), 71 > r > 0. Next, set for each
men
t > 0, the following C-valued function on .S

gi(h.e) = / / / (kagr.0)Py(hagr.0, k.e)| sinh(ry — ry)|sinh(ry + rz)dkdm)drl

Then, replacing F' by its above series expansion in (4.1), the function g; can be rewritten as:
1 -
gi(h.e) = ) / / / Z Dy (ag.0) fr(k.e)Pr(har.0, k.e)| sinh(r;—r)| smh(rl—l—rz)dkdrz) dry.
meAn

Since, for every fixed r; > r > 0, the series Y @) ,,,(ar.0) fin(k.€) is uniformly convergent
meAN
on S, we get

¢(h.e) =2 Z / / / D, (ar.0)fm(k.e)Pr(hag.0, k.e)| sinh(r;—rs)| Sinh(rl—l—rg)dkdrz) dry
K

meAN

and by proposition 3.1, we have

o(hee) tZZ[/ (/

Hence the L?(S)-norm of the function g, is given by:

(aR.O)‘2| sinh(r, — r2)| sinh(ry + rz)dm)drl} F(hee).

2
llgell2 =

@S]

meAN

2 2
®rm(ar0)| [sinh(ry = r2)| sinh(ry + r2)drs ) dri ||| B

Now using the fact that
1 [ "
2, (]
1 t T
- =/ (]

we obtain that

EIC) g = £113

. [%2019)‘2 /Ot(/o

menN

2
CDA,m(aR.O)‘ | sinh(r; — 73)| sinh(ry 4+ rz)dm) dry

2
P)\(bm(aR.O)‘ | Sil’lh(?"l — 7”2)| Sil’lh(T’l + T’z)d?”z) dry < ’}/%

2
2
QDA,m(aR.O)‘ | sinh(r; — 7)) | sinh(r; + rz)drz) dry — 1} Hme%

and, using the uniform pointwises boundedness of ®, ,, given by Lemma 1.1, we see that
: 2 —2 2 —
Jim (200|290~ F1]3 =0

which given the desired result.
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S Appendix The asymptotic behaviour of @ ,,,.

We will now establish the asymptotic behavior of the generalized spherical function @} ,,. Re-

call that @, ,,, is given by

_ —(iA+1)
@y n(ap.0) = 47r2[cosh(r1 702)cosh(rl+r2 }
’ 2 2
- + 72 (35 i) (B35 )
X tanh‘"”‘(Ll Lz)tanh‘m”(r1 ) l .
2 2 (D) (D
iA+1 iA+1 —
X F(Z + ,Z + Jr\ml|,|ml|+l;tanhz(r1 7“2))
2 2 2
iA+1 iA+1
X F(y P fmal, fma + Litank(M 1))
2 2 2
Lemma 1.1 There exists a constant «; > 0 such that we have:

t 1

lim 1 / (/

t— 00 t2 0
for every A € R\{0} and for every m = (my,ms) € A.

Proof. Using the following identity on hypergeometric function (see[6]):
I'(c)T(c—a—0)

2
QDA’m(aR.O)‘ | sinh(r; — 7)|sinh(r; + rg)drz) dri =~}

T2(i\) |2
el

F(a,b,c;z) = ———=—<F(a,bja+b—c+1,1—2)

I'(c—a)l(c—10)
I'(c)T'(a+b—c)
I'(a)I'(b)

x Flc—a,c—bc—a—-b+1,1-2)

+ (1 _ x)c—a—b

Then, the hypergeometric function ¢, ;(z) can be written as follows

At . :
; 1 1
oax(tanh?z) = cosh™ (D) () tanhk(x)( (i) )kF(M;_ ,M;L
k

(BFH)el(—i))

iA+1 iA+1

+ k,k + 1;tanh*(z))

= cosh™ ™ (2) tanh* (2) . —— F( ,
Lk +152r(52) ° 2
LA 1—id 1=

+ cosh™ !(z) tanh* (2) —— ( ,
RICEIRhEE I

+ k1

Therefore for A € R\{0}, we have

loa & (tanh? 2)|? cosh(z) sinh(z) ~, o0 2‘ ‘ +A(X, k) cosh™™ () +

1—*2( z>\+1

L2\ (552w

5 thiA+ 11— tanh?(z)

— i\ 1 — tanh?(z)).

AN, k) cosh?™ ()

with A\ EK) = e
(L)
To complete the proof , we are going to establish that
I I I
lim =L = lim = = lim = =0
t—o0 12 t—o0 12 t—soo 12
where
t 1 ) _ )
L = / [/ coshz“\(L rz)coshz“\( Lt Tz)drz} dry
o LJo 2 2
t 1 . _ )
n = / [/ coshzm(¥)cosh_z“\(¥)dr2} dry.
o “Jo

t 1 . :l:
1'3i = / [/ coshh’\( 12 7qz)alrg} dry
o tJo
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Indeed,

For the integral I;
By using the fact that

20\

T . _ . 1 T
/ coshz“\(w) coshZM(T1 e Ydr, = = / (cosh(rl) + cosh(r2)> dry
A 2 2 2 Jo

and the fact that for every s > 0

(cosh(s) + cosh(y))?** — (cosh(y) + 1)**
2iA

/Os cosh(z)(cosh(z) + cosh(y))**~ldx =
+ /Os e~ *(cosh(z) + cosh(y))**~'dux,
which imply that
‘ / #(cosh(z) + cosh(y))z”\’ldx’ < /OS e~ (cosh(z) + cosh(y)) ~ldx

< / e fdr=1—e"<1, XeR\{0},
0

we have
tgnoo 2 =0
For the integral I,
The integral I, is equal
L, = / {/ coshzl)‘ 2)cosh ZM(L—;m)dTZ} dry
0 0

d?“21| d?”l

| =

/ / cosh(r; —I—cosh(m) [cosh(’”1 7’2)]21A—1
o tJo cosh?(71r2) cosh(12)

|
/t [/” sinh(r) + e~ + cosh(ry) [cosh(”g”)ri/\*l
o tJo

cosh? (B2 ) cosh(7t2)

2

drz] dry

| =

2

24
/ (cosh (ry) )
0

N l/t [/“ e~ " + cosh(r,) [cosh(”g”)rmq
2)o Lo coshz(—”;”) cosh(472)

d?“z} dry.

Then, by using the fact that for every A € R\{0}
'/t {/” e~ + cosh(ry) [cosh(”*”)}zi,\qdrz} dm‘
0 0 COShZ(%) Cosh(m-&-rw)
bro[™ e + e + sinh(r) trom t 2cosh(ry) \
< < —r] ) 1 V1)
= /0 {/0 cosh(ry) + cosh(r,) drz} dry < /0 {/0 (™ +e )drz} dri +/0 8 (cosh(rl) + l)d

we have

For the integral I 3
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By using the fact that

1 . _ T1 _ . _
/ coshz“\(L Tz)drg = / cosh(L Tz)coshz“\_l(L Tz)drz
A 2 A 2 2
T1 _ ” . _
= /0 {smh( ! 5 Tz) + el ™2 )} coshz“\_l(r1 5 rz)drg
cosh” (%) — 1 " elrmm) ix 1 — T2
= Py 2/0 [1 n e(m_m] cosh™"( )d

and the fact that

™ (r2—71) . —
(& ix, T T
/ {71 e(%_m] cosh? A( ! 5 2)dr2
o + elr2

o (ra—r)
) /° 1#”1“)61702:10’5(%) :7"1+10g(1+2@n>,

we have, for every A € R\{0} that

lim = =0
t— o0 t2
and analogously
I+
lim =3- =0.
t—so0 12
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