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Abstract. We de�ne a semi-symmetric semi-metric connection in a recurrent af�ne manifold

and we consider non-degenerate umbilical af�ne hypersurface of recurrent af�ne manifold en-

dowed with a semi-symmetric semi-metric connection. Moreover, we also obtain relation with

respect to this induced structure.

1 Introduction

In 1924, A. Friedmann and J. A. Schouten [9] introduced the notion of semi-symmetric linear

connection. A linear connection ∇ is said to be a semi-symmetric, if its torsion tensor T is of

the form

T (X,Y ) = τ(Y )X − τ(X)Y,

where τ is a 1-form. The connection ∇ is symmetric if the torsion tensor T vanishes, otherwise

it is non-symmetric. The connection ∇ is metric connection if there is a Riemannian metric g
in M such that ∇g = 0, otherwise it is non-metric. It is well know that a linear connection is

symmetric and metric if and only if it is the Levi-Civita connection.

H. A. Hayden [10] introduced a semi-symmetric metric connection on a Riemannian man-

ifold. K. Yano [15], proved the theorem: In order that a Riemannian manifold admits a semi-

symmetric metric connection whose curvature tensor vanishes, it is necessary and suf�cient that

the Riemannian manifold to be conformally �at. B. Barua [7] introduced and studied subman-

ifolds of a Riemannian manifold with a semi-symmetric semi-metric connection. Later, semi-

symmetric semi-metric connection was further studied in [2, 3, 4, 6]. Y. C. Wong [13, 14] �nd

a recurrent tensor on a connected differentiable manifold and studied a linear connection with

tensor and recurrent curvatures.

Y. Ahmet and A. Nihat [1], studied non-degenerate hypersurfaces of semi-Riemannian man-

ifolds with a semi-symmetric metric connection. Z. Olszak [12], studied non-degenerate umbili-

cal af�ne hypersurfaces in recurrent af�ne manifolds. Motivated by the studies [1, 2, 3, 4, 5, 6,7]

, in the present paper, we de�ne a semi-symmetric semi-metric connection on non-degenerate

umbilical af�ne hypersurfaces in recurrent af�ne manifolds similar to the hypersurfaces in a Rie-

mannian manifold [11].

2 Preliminaries

Let M̄ be an (n + 1)-dimensional af�ne manifold, that is, a connected differentiable manifold

endowed with an af�ne connection ∇̄.

and letM be an n-dimensional connected differentiable manifold immersed into M̄ and assume

that there exists a transversal vector �eld ξ along the hypersurfaceM (which is not tangent toM
in general), by X̄T and X̄⊥ we indicate its tangential and transversal parts repectively.
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We denote ∇, the af�ne connection induced on M by assuming ∇XY = (∇̄XY )T for all

vector �elds X, Y tangent to M . In the sequel, M will be called an af�ne hypersurface of the

manifold M̄ . Thus, we have the Gauss equation

¯̄∇XY = ∇̄XY + h(X,Y )ξ (2.1)

for all X , Y tangent toM , where h is a symmetric (0, 2)-tensor �eld, which is called the af�ne

fundamental form ofM or the af�ne metric corresponding to ξ.
The af�ne hypersurfaceM is said to be non-degenerate if the af�ne metric h is non-degenerate.

In this case, h is Riemannian or pseudo-Riemannian metric on M . It should be mentioned that

there is no relation between the af�ne metric h and the induced connection ∇.

For the af�ne hypersurfaceM , we also have the Weingarten equation

¯̄∇Xξ = −AX + τ(X)ξ, (2.2)

where A is a (1, 1)-tensor �eld and τ is a 1-form onM . A and τ are called, the shape operator

and the transversal connection form ofM respectively.

Let ¯̄R and R̄ be the curvature tensor �elds of connection ¯̄∇ and the induced connection ∇̄.

Thus
¯̄R(X,Y ) = [ ¯̄∇X ,

¯̄∇Y ]− ¯̄∇[X,Y ]

for any vector �elds X , Y onM and

R̄(X,Y ) = [∇̄X , ∇̄Y ]− ∇̄[X,Y ]

for any vector �elds X , Y onM .

As the integrability conditions of (2.1) and (2.2), we have the Gauss and Codazzi equations [11]

¯̄R(X,Y )Z = R̄(X,Y )Z − h(Y, Z)AX + h(X,Z)AY (2.3)

+((∇Xh)(Y, Z) + τ(X)h(Y,Z)− (∇Y h)(X,Z) + τ(Y )h(X,Z)) ξ,

¯̄R(X,Y )ξ = −(∇XA)Y + τ(X)AY + (∇YA)X − τ(Y )AX (2.4)

+((−h(X,AY ) + h(Y,AX) + 2dτ(X,Y )) ξ.

In the above formulas and in the sequel, symbols X,Y, Z denotes arbitrary vector �elds tangent

toM .

3 Structure equations with semi-symmetric semi-metric connection

Let M̄ be an (n+ 1)-dimensional differentiable manifold of class C∞ and ∇̄ be a linear connec-

tion in M̄ . The torsion tensor T̄ of ∇̄ is given by

T̄ (X̄, Ȳ ) = ∇̄X̄ Ȳ − ∇̄Ȳ X̄ − [X̄, Ȳ ], (3.1)

for every X̄, Ȳ ∈ χ(M̄) and is of the type (1, 2). If the torsion tensor T̄ satis�es

T̄ (X̄, Ȳ ) = τ̄(Ȳ )X̄ − τ̄(X̄)Ȳ

for a 1-form τ̄ , the connection ∇̄ is said to be semi-symmetric [5].

Let there be a given pseudo Riemannian metric ḡ in M̄ and ∇̄ satis�es

∇̄g = 0,

such a linear connection is called metric connection. Now, owing due to existence of one form τ
on af�ne manifold M̄ , we de�ne a semi-symmetric semi-metric connection by

∇̄X̄ Ȳ = ¯̄∇X̄ Ȳ − τ̄(X̄)Ȳ + ḡ(X̄, Ȳ )P̄ (3.2)
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for arbitrary vector �elds X̄ , Ȳ of M̄ , where ¯̄∇ denotes the Levi-Civita connection with respect

to the semi-Riemannian (pseudo-Riemannian) metric ḡ, τ̄ is a 1-form and P̄ the vector �eld

de�ned by

ḡ(P̄ , X̄) = τ̄(X̄).

Denoting by �∇ the Levi-Civita connection induced on the non-degenerate af�ne umbilical hy-

persurfaces from �̄∇ with respect to the unit normal vector �eld ξ, we have

�̄∇XY = �∇XY + �h(X,Y )ξ (3.3)

for arbitrary vector �elds X̄, Ȳ of M̄ , where �h is the second fundamental form of the non-

degenerate umbilical af�ne hypersurface M . Denoting by ∇ the connection induced on the

non-degenerate umbilical af�ne hypersurface from ∇̄ with respect to the unit normal vector �eld

ξ, we have
∇̄XY = ∇XY + h(X,Y )ξ (3.4)

for arbitrary vector �elds X, Y of M , where h is the second fundamental form of the non-

degenerate umbilical af�ne hypersurfaceM and we call (3.4) the equation of Gauss with respect

to the semi-symmetric semi-metric connection .

From (3.1), we obatin

∇̄XY = �̄∇XY − τ̄(X)Y + ḡ(X,Y )P̄ (3.5)

and hence, using (3.3) and (3.4) we have

∇XY + h(X,Y )ξ = �∇XY + �h(X,Y )ξ − τ̄(X)Y + ḡ(X,Y )P̄ .

Substituting (3.2) into (3.5), we get

∇XY + h(X,Y )ξ = ( �∇XY − τ̄(X)Y + ḡ(X,Y )P̄ ) + �h(X,Y )ξ,

from which we have

∇XY = �∇XY − τ̄(X)Y + ḡ(X,Y )P̄ ,

where τ(X) = τ̄(X) and
h(X,Y ) = �h(X,Y ). (3.6)

Taking account of (3.6), we �nd

∇X(g(Y,Z)) = (∇Xg)(Y,Z) + �∇X(g(Y,Z))

from which we have

(∇Xg)(Y,Z) = 0. (3.7)

We also have from (3.6)

T (X,Y ) = τ(Y )X − τ(X)Y. (3.8)

From (3.7) and (3.8), we have the following theorem:

Theorem 3.1. The connection induced on a non-degenerate umbilical af�ne hypersurfaces of

recurrent af�ne manifold with a semi-symmetric semi-metric connection with respect to the unit

normal vector �eld is also a semi-symmetric semi-metric connection.

Now, the Weingarten equation with respect to the Levi-Civita connection �̄∇ is

�̄∇Xξ = − �AX + τ(X)ξ (3.9)

for any vector �eld X in M , where A is a tensor �eld of type (1, 1) of M . On the other hand,

using (3.1), we get

∇̄X̄ Ȳ = �̄∇X̄ Ȳ − τ̄(X̄)Ȳ + ḡ(X̄, Ȳ )P̄ ,

∇̄X̄ξ =
�̄∇X̄ξ − τ̄(X̄)ξ + ḡ(X̄, ξ)P̄ . (3.10)
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Since ḡ(X̄, ξ) = 0. Thus from (3.9) and (3.10), we get

∇̄Xξ = − �AX, (3.11)

which is the Weingarten equation with respect to the semi-symmeyric semi-metric connection,

where �A is a (1,1)-tensor �eld onM and A is called the shape operator ofM .

Let R̄ and R be the curvature tensor �elds of semi-symmetric semi-metric connection ∇̄ and

the induced connection ∇. Thus

As the integrability conditions of (3.4) and (3.11), we have the Gauss and Codazzi equations

with respect to the semi-symmetric semi-metric connection using (2.3), (2.4), (3.4) and (3.11).

R̄(X,Y )Z = R(X,Y )Z − h(Y, Z)AX + h(X,Z)AY (3.12)

+((∇Xh)(Y,Z)− (∇Y h)(X,Z))− h (τ(Y )X − τ(X)Y, Z) ξ,

R̄(X,Y )ξ = −(∇XA)Y + (∇YA)X − τ(Y )AX (3.13)

− ((h(X,AY )− h(Y,AX)) ξ −A (τ(Y )X − τ(X)Y ) ,

where X,Y, Z are arbitrary vector �elds tangent toM .

4 Umbilical af�ne hypersurfaces

An af�ne hypersurface [12] M is said to be umbilical ([12],[13],[14]) if its shape operator A
is proportional to the identity tensor �eld at every point of the hypersurface, that is, we have

A = ρId, where Id is the identity tensor �eld and ρ is a certain function on M . Consequently,

for such a hypersurface, we also have

∇A = dρ⊗ Id, (4.1)

where d indicates the exterior derivative.
For an umbilical af�ne hypersurface, the Gauss and Codazzi equations (3.12) and (3.13) with

respect to the semi-symmetric semi-metric connection (3.12) and (3.13) takes the form

R̄(X,Y )Z = R(X,Y )Z − ρh(Y, Z)AX + ρh(X,Z)AY (4.2)

+((∇Xh)(Y,Z)− (∇Y h)(X,Z))− h (τ(Y )X − τ(X)Y, Z) ξ,

R̄(X,Y )ξ = (ρτ − dρ)(Y )X − (ρτ − dρ)(X)Y (4.3)

respectively.

5 Main Results

Proposition 5.1. For an umbilical af�ne hypersurface in an af�ne manifold M̄ with a semi-

symmetric semi-metric connection, we have(
(∇̄ZR̄)(X,Y )ξ

)T
= ρR(X,Y )Z − ρ2 (h(Y, Z)X − h(X,Z)Y ) (5.1)

+ρh (τ(Y )X − τ(X)Y, Z)ξ)
T − ((∇Z(ρτ − dρ)) (Y )X + ((∇Z(ρτ − dρ)) (X)Y

+h(Y, Z)(R̄(ξ,X)ξ)T − h(X,Z)(R̄(ξ, Y )ξ)T .

Proof. Using equations (3.4), (3.11) and A = ρId into the general formula

(∇̄ZR̄)(X,Y )ξ = ∇̄ZR̄(X,Y )ξ − R̄(∇̄ZX,Y )ξ

−R̄(X, ∇̄ZY )ξ − R̄(X,Y )∇̄Zξ,
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we �nd

(∇̄ZR̄)(X,Y )ξ = ∇̄ZR̄(X,Y )ξ − R̄(∇̄ZX,Y )ξ − R̄(X, ∇̄ZY )ξ (5.2)

−h(Z,X)R̄(ξ, Y ) + h(Z, Y )R̄(ξ,X)ξ + ρR̄(X,Y )Z.

On the other hand, using the equations (4.3), (3.11) and (3.4), we �nd

(∇̄ZR̄)(X,Y )ξ − ∇̄ZR̄(X,Y )ξ − R̄(∇̄ZX,Y )ξ − (R̄(X, ∇̄ZY )ξ)
T (5.3)

= (∇Z(ρτ − dρ))(X)Y − (∇Z(ρτ − dρ))(Y )X.

Moreover, (4.2) and (4.3) implies

(R̄(X,Y )Z)T = R(X,Y )Z − ρh(Y, Z)X + ρh(X,Z)Y, (5.4)

(R̄(X,Y )ξ)T = (ρτ − dρ)(X)Y − (ρτ − dρ)(Y )X. (5.5)

Using (5.3)-(5.5) in (5.2) and comparing tangential parts, we get (5.1).

Now, we will study the case when the ambient af�ne manifold M̄ is a recurrent af�ne man-

ifold, that is, the curvature tensor �eld R̄ of M̄ is non-zero and its covariant derivative ∇̄R̄
satis�es the condition ([13])

∇̄R̄ = ψ ⊗ R̄ (5.6)

for certain 1-form ψ.
We will prove the following result:

Proposition 5.2. Let M be an umbilical af�ne hypersurface in a recurrent af�ne manifold M̄
with a semi-symmetric semi-metric connection. Then the curvature tensor R is given by

ρR(X,Y )Z = ρ2(h(Y, Z)X − h(X,Z)Y ) + ρh(τ(Y )X − τ(X)Y,Z)ξ)T (5.7)

−ψ(Z) ((ρτ − dρ)(Y )X − (ρτ − dρ)(X)Y )

− ((∇Z(ρτ − dρ)(Y ))X − (∇Z(ρτ − dρ)(X))Y

−h(Y, Z)(R̄(ξ,X)ξ)T + h(X,Z)(R̄(ξ, Y )ξ)T .

Proof. At �rst, note that (5.6) and (4.3) enable us to �nd

(∇̄ZR̄)(X,Y )ξ = ψ(Z) ((ρτ − dρ)(Y )X − (ρτ − dρ)(X)Y ) .

Then, applying the above in (5.1), we obtain (5.7).

6 A special class of Semi-symmetric semi-metric connection

In this section, a geometric situation occurs in which a pseudo-Riemannian manifold (M, g) ad-
mits a semi-symmetric semi-metric connection ∇̄ which is related to the Levi-Civita connection
�̄∇ of the metric g by the formula

∇̄XY = �̄∇XY − η(X)Y + g(X,Y )E, (6.1)

where η is a 1-form and E a vector �eld onM .

Proposition 6.1. Let ∇̄ be a semi-symmetric semi-metric connection on a pseudo-Riemannian

manifold (M, g), which is related to the Levi-Civita connection �̄∇ of g by the formula (6.1). Then

for the curvature tensor �elds R and R∗ of ∇̄ and �̄∇, respectively it holds

R∗(X,Y )Z = R(X,Y )Z − (( �̄∇Y η)Z)X − (( �̄∇Xη)Z)Y (6.2)

−g(Y, Z)( �̄∇XE + g(X,E)E) + g(X,Z)( �̄∇Y E + g(Y,E)E).
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Proof. Let ∇̄2 and �̄∇2 denotes the second covariant derivatives with respect to ∇̄ and �̄∇, respec-

tively,

∇̄2

XY Z = ∇̄X∇̄Y Z − ∇̄∇̄XY Z,

and
�̄∇2

XY Z = �̄∇X
�̄∇Y Z − �̄∇ �̄∇XY

Z.

Then, obviously

R(X,Y ) = ∇̄2

XY − ∇̄2

Y X and R∗(X,Y ) = �̄∇2

XY − �̄∇2

Y X . (6.3)

At �rst, using (6.1), we �nd the following relation for the second covariant derivative

�̄∇2

XY Z = ∇̄2

XY Z − (( �̄∇Y η)Z)X − (( �̄∇Xη)Z)Y (6.4)

−g(Y, Z)(( �̄∇Y E + g(X,E)E) + SP (X,Y )Z,

where, SP (X,Y )Z indicates an expression which is symmetric with respect to X and Y . By

using (6.3) and (6.4) and the following expression for exterior derivative [16]

dη(X,Y ) =
1

2

(
( �̄∇Xη)Y )− ( �̄∇Y η)X)

)
.

(6.2) follows.

Now, we have the following theorem:

Theorem 6.2. Let M̄ be a recurrent af�ne manifold with dimensionM ≥ 5. And letM be a non-

degenerate umbilical af�ne hypersurface in M̄ with a semi-symmetric semi-metric connection,

whose shape operator A does not vanish at every point of M . Then the induced af�ne metric h
is conformally �at.

Proof. By considering proposition (6.1) and using (5.7), (6.2) with g = h, we have

ρh (R∗(X,Y )Z,W ) = α(h(Y,Z)h(X,W )− h(X,Z)h(Y,W )) (6.5)

+(h(Y,Z)w1(X,W )− h(X,Z)w1(Y,W ))

+ (w2(Y, Z)h(X,W )− w2(X,Z)h(Y,W ))

+β(h(X,W ))− γ(h(Z,W )),

where α, β and γ are the scalar functions and wi′s are the (0, 2) tensor �elds de�ned by

α = ρ2,

β = ρτ(Y ),

γ = ρτ(X),

w1 = ρ( �̄∇XE) + ρh(X,E)E + (R̄(ξ,X)ξ)T , Y ),

w2 = −ψ(ρτ − dρ)(X)− (∇Z(ρτ − dρ))(Y ).

The anti-symmetrization of (6.5) with respect to Z andW , we get

ρh (R∗(X,Y )Z,W ) = α(h(Y,Z)h(X,W )− h(X,Z)h(Y,W )) (6.6)

+(h(Y, Z)w(X,W )− h(X,Z)w(Y,W ))

+ (w(Y, Z)h(X,W )− w(X,Z)h(Y,W ))

+β(h(X,W ))− γ(h(Z,W )),

where w = 1

2
(w1 + w2).

From (6.6), for the Ricci tensor S∗ and the scalar curvature r∗ of �̄∇, we �nd

ρS∗(Y,Z) = (n− 2)w(Y,Z) + ((n− 1)α+ trh(w))h(Y, Z), (6.7)
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n(βτ(Y )− βτ(Z)).ρr∗ = 2(n− 1)trh(w) + n(n− 1)α+ nβτ(Y ), (6.8)

where, trh(w) indicates the trace of w with respect to the metric h.
Next, from (6.7) and (6.8), we get

w(Y, Z) =
1

n− 2
ρS∗(Y,Z)− 1

2

(
1

(n− 1)(n− 2)
ρr∗ + α

)

− 1

n− 2
(nβτ(Y )− βτ(Z)) .

which by using in (6.6) gives

ρ(h(R∗(X,Y )Z,W )− 1

n− 2
(S∗(Y, Z)h(X,W ) (6.9)

−S∗(X,Z)h(Y,W ) + h(Y, Z)S∗(X,W )− h(X,Z)S∗(Y,W ))

+
r∗

(n− 1)(n− 2)
(h(Y,Z)h(X,W )− h(X,Z)h(Y,W ))

+
1

n− 2
(τ(Y )h(X,W )− τ(Z)h(Z,W )) = 0,

that is, ρC∗ = 0, where C∗ is the Weyl-Conformal curvature tensor of the metric h. This implies

the assertion, since n = dimM ≥ 4 and ρ is a non-zero everywhere onM .

References

[1] A. Yucesan and N. Ayyildiz, Non-degenerate hypersurfaces of semi-Riemannian manifold with a semi-

symmetric metric connection, Arch. Mathe. (BRNO) Tomus. 44, 77-88 (2008).

[2] M. Ahmad, Semi-invariant submanifold of nearly Kenmotsu manifold endowed with a canonical semi-

symmetric semi-metric connection,Mathematicki Vesnik, 62,189-198 (2010).

[3] M. Ahmad and J. B. Jun, On certain class of Riemannian manifold with a semi-symmetric semi-metric

connection, Tensor, N. S., 72,143-151 (2010).

[4] M. Ahmad, J. B. Jun and A. Haseeb, Submanifolds of an almost r-paracontact Riemannian manifold with
a semi-symmetric semi-metric connection, Tensor, N. S., 70, 311-321, (2008).

[5] L. S. Das, M. Ahmad, M. D. Siddiqi and A. Haseeb, Some properties of semi-invariant submanifolds of

nearly trans-Sasakian manifold with a semi-symmetric semi-metric connection, Demonstratio Mathemat-

ica, 46, 345-359 (2013).

[6] M. Ahmad and M. D. Siddiqi, Nearly Sasakian manifold with semi-symmetric semi-metric connection,

Int. J. Math. Anal. 35, 1725-1732 (2010).

[7] B. Barua, Submanifolds of Riemannian manifold admitting a semi-symmeyric semi-metric connection,

An. Stiint. Univ. "AI. I. Cuza" Iasi Sect. I a Mat. 9, 137-146 (1998).

[8] C. M. Fulton, Umbilical hypersurfaces in af�nely connected spaces, Proc. Amer. Math. Soc. 19, 1487-1490

(1968).

[9] A. Friedmann and J. A. Schouten, Uber die Geometrie der halbsymmetischen Ubertragungen, Math. Z.

21, 211-223 (1924).

[10] H. A. Hayden, Subspace of a space with torsion, Proc. London Math. Soc. 34, 27-50 (1932).

[11] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Volume I, Inter-Science Publisher,

NewYork (1963).

[12] Z. Olszak, On nondegenerate umbilical af�ne hypersurfaces in recurrent af�ne manifolds, Annal. Acad.

Paed. Craco. Studia Mathematica 4, 171-179 (2004).

[13] Y. C. Wong, Recurrent tensor on a linearly connected differentiable manifold, Trans. Amer. Math. Soc. 99,

325-334 (1961).

[14] Y. C. Wong, linear connexions with torsion and recurrent curvatures, Trans. Amer. Math. Soc. 102, 471-

506 (1962).

[15] K. Yano, On semi-symmetric metric connection, Rev. Roumaine Math. Pures Appl. 15, 1579-1586 (1970).



172 Mohd. Danish Siddiqi, Abdul Haseeb and Shah Alam Siddiqui

Author information

Mohd. Danish Siddiqi, Abdul Haseeb and Shah Alam Siddiqui, Department of Mathematics, Jazan University

Faculty of Science, Kingdom of Saudi Arabia.

E-mail: anallintegral@gmail.com, malikhaseeb80@gmail.com and shah.alammath@gmail.com

Received: October 15, 2015

Accepted: January 14, 2016.


