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Abstract. Recently, In [5],[6] Nikos Bagis defined Ramanujan Quantities R(a, b, p; q) as

M =q%")(1 = ¢"¢")
—(a—b)/2+(a*—b*)/(2p) n=0 0.1)

Ho(l —q°q"?)(1 — qr=bqnp)

R(a,b,p;q) =¢q

where a, b and p are positive rationals such that a + b < p. In this paper, we establish some mod-
ular equations of ratios for Ramanujan quantity R(q") := R(1,2,4;¢") forn = 2,3,4,5,7,9
and some of their evaluations.

1 Introduction

In Chapter 16 of his second notebook [1], Ramanujan develops the theory of theta-function and
is defined by

o

flab):= Y " b < L, (1.1)

= (—a;ab) oo (—b; ab)so (ab; ab) o

where (a:q)o = 1 and (a; ) = (1 — a)(1 — ag)(1 — ag?) -+
Following Ramanujan, we define

v(a) = fa.q9) = Zq —_qc)]), (12)
n(n+]) q q)
= =22 13
U(q) = fla.q ;)q . (1.3)
fa) = f—a. =) = > (~1)"¢"F = (@0) (1.4)
and
X(9) == (—¢: ¢ oo- (1.5)

Now we define a modular equation in brief. The ordinary hypergeometric series
2F1(a, b; c; ) is defined by

2Fi(a,byc;x) i= Z ngn7
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where (a)o =1, (a), = a(a+1)(a+2)---(a+n — 1) for any positive integer n, and | z |< 1.
Let

11
z:=z(x) = 7 (2 2,1,x) (1.6)
and .
q:=q(z) =exp| — ) (1.7
( 2F1(3, 5 1)

where 0 <z < 1.
Let r denote a fixed natural number and assume that the following relation holds:

T2F1(272’1’1 )_ZFl(zvz’l’l_B)
2P (272,1 a) 2 F (272’1 B)

Then a modular equation of degree r in the classical theory is a relation between « and /3 induced

by (1.8). We often say that 3 is of degree r over o and m := @ is called the multiplier. We

z(8)

also use the notations 21 := z(«) and z, := z(8) to indicate that 3 has degree r over .
Using Ramanujan continued fraction [1], Nikos Bagis [5],[6] deduced the following result:

(1.8)

q5=4 (a1 —biqr)(by —a1q1) (a1 — big})(by — arq3)

T—abi + (I—ab)(@+1) + (I—ab)(gF+1) +

_ ot —q%g™) (1 — "~ ™) (1.9)
[[2(1 = ¢bqm?)(1 — gp=tq™P)
where a; = ¢4, b1 = ¢, q1 = ¢**B,a =24 +3p/4,2B + p/4, and p = 4(A + B), |q| < 1..
In this paper, we establish several new modular relations between

R(-q) . R(-¢") R(—q) w2
and forn =2,3,4,5,7,9 and values of forg=e"",e " .
R(q) R(q™) R(q)

2 Preliminary results

Definition 2.1. [6]
la,p:q) = (""" ¢") e (4% 7)o (2.1)

where ¢ = e~ ™V" and a, p,r > 0.

Definition 2.2. [6]

2 a, p;
R(a, b,p; q) = q*<a*b)/2+(a —v”)/(2p) [ p. q] . (2.2)
[b, p: 4]

Lemma 2.3. [, Ch. 17, Entry 10-11, p.122-123]

1
U(q) = Ez{aq‘l}”8 (2.3)

1
v(=q) = \[35{a(l —a)g '} 24)
where ¢ = e Y.

Lemma 2.4. [4, Entry 17.3.1, p.385] If B is of degree 2 over «, then

(1 =VT—a)(1 =/B) =24/ — ). (2.5)
Lemma 2.5. [ I, Entry 5(ii), p.230] If 8 has degree 3 over a, then

(@B)* +{(1—a)(1 = B)}/* =1. (2.6)
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Lemma 2.6. [4, Entry 17.3.2, p.385] If B has degree 4 over «, then

(1=VT—a)(1-/B) =2y/8(1 - a).

Lemma 2.7. [ I, Entry 13(i), p.280] If B has degree 5 over «, then

(@B)'? +{(1 = a)(1 = B)}'/* + 2{16aB(1 — a)(1 = B)}/* = 1.

Lemma 2.8. [1, Entry 19(i), p.314] If B has degree 7 over «, then
(@B)/F+{(1—a)(1 = B)}"/* = 1.
Lemma 2.9. [, Entry 3(x),(xi), p.352] If 3 has degree 9 over a, then

€)' (20) ™ (g e

(5) - (55) (63 -

Lemma 2.10. [/, Entry 24(i), p.39]

3 Modular relations of Ratio’s of Ramanujan Quantities of R(q)

In this section, we obtain certain modular relations between a = R(=9) and ¢ =
b R(q) d
a . _ R(-q) ¢._ R(=¢")
Theorem 3.1. If — := and - = then
"R M AT R@)

2 2
ac\? be d
— — ] =2(-] .
(bd) + (ad) (c)
Proof. Putting a = 1,0 =2,p =4 in (0.1), we obtain

(0% 0% (¢% 0" ) o
(636" 00 (@®1¢*) o0

R(q) := R(1,2,4;q) =

Using the equations (1.1), (1.2) and (1.3), the above equation can be written as

(==  e(—¢?)
Rla) = fl—a.—¢)  ¥(-q)

Replacing g by —q in the above equation, we obtain

(= —)  e(—4?)
R =" = o

Dividing (3.4) by (3.3), we obtain
R(-q) _ ¢(-q)

R(q) — (a)
Employing the equations (2.3) and (2.4), we obtain

Y(—q) RNV
¥(q) = (=)

2.7

2.8)

(2.9)

(2.10)

2.11)

(2.12)

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Dividing (3.4) by (3.3) and then using (3.6), we obtain

1y = fC0 Q) (3.7)
From the equation (3.7) and lemma (2.4), we obtain
(b*c* + 20%d*a® + *a*) (b et — 202 d*a® + *at) = 0. (3.3

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood about
the origin, where the second factor is zero; whereas first factor are not zero in this neighborhood.
By the Identity Theorem second factor vanishes identically. This completes the proof. O

a _ R(-q) ¢ R(-¢)
Theorem 3.2. If — := and - = then
75 R(q) d  R(¢)
ad 2 bd be 2 ac
i o _ (= - 3.9
<bc> +2ac (ad) +2bd G9)

Proof. From the equation (3.7) and lemma (2.5), we obtain
(d*a* 4 2dcPba® — 2d3cbPa — Ab*) (d*a® — 2dPba® 4 2d3 b a — ) = 0. (3.10)

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood about
the origin, where the second factor is zero; whereas first factor are not zero in this neighborhood.
By the Identity Theorem second factor vanishes identically. This completes the proof. O

a _ R(—q) ¢ . R(—¢")
Theorem 3.3. If — := and - = then
7T R M AT R
ac\4 be\* a? P d* (a®> b
oe it il - 3.11
o)+ (%) 5 (5 alve)=s5(hvn)  om

Proof. From the equation (3.7) and lemma (2.6), we obtain(3.11). O

a
Theorem 3.4.Ifg = R(9) nd 7= RE) then
ad bd ad be\? ac\? be
T — =\ — — 3.12
(bC) +4(ac> T35 (ad) +4(bd) MR (3.12)

Proof. From the equation (3.7) and lemma (2.9), we obtain
(=5b*d*cta® — 4d°Vca + d°a® + 4bdcPa’® 4 5d* VP Pat — bOcP)
(—=5b*d*c*a® + 4d3b ca + d°a® — 4bdc’a® + 5d*b*Pat — b5c°)
(150*dBc*a® — 106102 c10a* + 1568 d*cBa* + 2000d55a® + b12ct?
+ d"%a" + 164000 + 166030 a* — 10400 c*a'0) (b4
+58b%°d* %t — 32004 at + 2560 *b?0d* + 1423b'063 P 1O
— 1408b'"a8d"0c® — 320" d*c®a'? 4 620422 d"? + o**d*
— 140813080 + 142303100 + 256422t d* — 3200*d'? 1?0
4 58b*d*0c* a0 — 3204712 *al?) = 0.

(3.13)

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood about the
origin, where the second factor is zero; whereas other factors are not zero in this neighborhood.
By the Identity Theorem second factor vanishes identically. This completes the proof. O



Modular equations of ratio’s of Ramanujan quantity 177

then

a _ R(- c _ R(=q)
Theorem 3.5.Ifg = R i~ R

G = ()
o[G0+ () s[5+ (4]

Proof. From the equation (3.7) and lemma (2.8), we obtain(3.14). O

+70

(3.14)

Theorem 3.6. If % =

ad )", ()"
be ad

(Zi)SJr(Z) +10 )41
<Z§)4+(ZC£> (Zi) +<ZZ) +48K ) (Z)Zﬂ (3.15)
o) () o) B e (2 [ ]

Proof. From the equation (3.7) and lemma (2.9), we obtain (3.15). O

(i)

+ 16 +15

_ _n

Remark 3.7. Similarly, we obtain the Modular relations between 4 = i) and € = R )

b~ R(q) " R(q")
forn=8,11,13,15,17,19,23 and 25.
4 Explicit values of Ratio’s of Ramanujan Quantities of R(q)
In this section, we obtain explicit values of Ratio’s of Ramanujan Quantities of R(q).
Theorem 4.1. We have

R ™) _ d(=e) wh

R(e=mm)  tp(emm)
Proof. Put ¢ = ¢~ "™ in equation (3.5), we get (4.1) O

In his first notebook, Ramanujan’s second notebook [7] recorded many elementary values of
©(q). In particularly, he recorded ¢(e~"™) and p(—e~"") for n = 1,2,4 and etc. Noting from
[[3], Entry 1, p.325], we have

/4
I'(3/4)
Employing the equations (4.1), (4.2) and (2.12), we obtain

1/4
and p(—e™™) = ——21/4, (4.2)

pe™™) = T(3/4)

R(—e™")

—-1/8 43
R(e~™) @.3)
Using the above value in Theorem (3.1), we get
_ 27
R(—e*) _ 25/16[\@_ 1]1/4. (4.4)
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