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Abstract. Two estimates are proved for the generalized Fourier-Bessel transform in the space
Li,n on certain classes of functions characterized by the generalized continuity modulus.

1 Introduction

In [5], Abilov et al. proved two estimates for the Fourier transform in the space of square in-
tegrable functions on certain classes of functions characterized by the generalized continuity
modulus, using a translation operator.

In this paper, we consider a second-order singular differential operator B on the half line which
generalizes the Bessel operator 3,,, we prove two estimates in certain classes of functions charac-
terized by a generalized continuity modulus and connected with the generalized Fourier-Bessel
transform associated to B in Li)n analogs of the statements proved in [5]. For this purpose, we
use a generalized translation operator.

In section 2, we give some definitions and preliminaries concerning the generalized Fourier-
Bessel transform. Two estimates are proved in section 3.

2 Preliminaries on the generalized Fourier-Bessel transform

Integral transforms and their inverses the Bessel transform are widely used to solve various
problems in calculus, mechanics, mathematical physics, and computational mathematics (see
(3, 4D.

We briefly overview the theory of generalized Fourier-Bessel transform and related harmonic
analysis (see [1, 6])

Consider the second-order singular differential operator on the half line defined by

_ d f(x) . (2a+1)df(x) 4n(a+n)

Bf(z) dx? x dx x2 f(=),

where a > *71 andn =0,1,2,.... For n = 0, we obtain the classical Bessel operator

Bpi) — PI@) | Qa1 df(e)

dxz? x dz

Let M be the map defined by
Mf(z) =2 f(z), n=01,.

Let L}, ,, 1 < p < o0, be the class of measurable functions f on [0, oo[ for which
[/ llp.cin = ||M71f‘|p7a+2n < 00,
where

I/

L) 1/p
— p2a+1
I (/ F@)Pe dx) .
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If p = 2, then we have L7 ,, = L*([0, oo, z***1).
For a > ’71, we introduce the normalized spherical Bessel function j, defined by

_ 2°T(a+1)Ja(z)

moz

Ja() 2.1)

)

where J,, (x)is the Bessel function of the first Kind and I'(x) is the gamma-function (see [7]).
The function y = j, () satisfies the differential equation

Bay +y= 0
with the condition initial y(0) = 0 and y’(0) = 0. The function j, (z) is infinitely differentiable,

even and moreover entire analytic.
In the terms of j, (), we have (see [2])

l—ja(x) = O(1), z>1. (2.2)
1 —jo(z) = O@*), 0<z<1 (2.3)
VheJy(hz) = O(1), hx> (2.4)
For A € C, and x € R, put
ox(@) = 2" joron (M), 2.5)

From [1, 6] recall the following properties.

Proposition 2.1.
(1) py satisfies the differential equation

By = =X

(2) Forall A € C, and x € R

|<,0)\(l‘)| < xZne\Im)\Hﬂ_

The generalized Fourier-Bessel transform that we call it the integral transform defined by
Fuf(\) = / F(@)pa(2)e>Hdr, A > 0, f € LY.
0

(see [1]). Let f € L} ,, such that F5(f) € L! ,, = L'([0,00[, z?*#"*1dz). Then the inverse

a,n a+2n
generalized Fourier-Bessel transform is given by the formula

fx) = /O " Fsf (Nor (@) dpasan (),

where
1
_ 2a+4n+1 _
d/“LOt-FZTL()\) - aa+2n)\ d/\; G = 4“(F(OL n 1))27
(see [1]).
Proposition 2.2. []]

(1) For every f € La)n N L?%n we have the Plancherel formula
+oo +o00
| r@Pe s = [ B )P 2n (V).

(2) The generalized Fourier-Bessel transform Fg extends uniquely to an isometric isomorphism
from L, ,, onto L*([0, 400, ftat2n).
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Define the generalized translation operator 7", h > 0 by the relation

[e3

T"f(2) = (2h)" 70 0, (M f)(2),2 > 0,

where 7, is the Bessel translation operators of order o + 2n defined by

a+2n
hf(z) = cq /ﬂ F(V/x? + b2 — 2zhcost) sin® tdt,
0

where |

_ T 20 B B F(a+ 1)

Caq = (/0 sin tdt) = 71"(@1"(04—1— %)

For f € L7, ,,, we have

Fs(T"N)A) = ex(m)Fs(f)(), (2.6)

Fs(B(A) = =NFs(f)(N), (2.7)

(see [1, 6] for details) .
Let f € L2, ,,. The quantity

w(f, 5)2,a,n = Sup ||Thf(a:) - thf(x)

0<h<s

2,a,m o > 07

is called the modulus of continuity of the function f.
Let Wy ¢(B), r =0, 1, ..., denote the class of functions f € Lfm that have generalized derivatives
satisfying the estimate

w(B"f,0)2,a,n = 0(¢(9)), 6 —0,

where ¢(z) is any nonnegative function given on [0,00), and BOf = f, B"f = B(B""'f),
r=12,..
i.e.,

Wy 4(B) ={f € L2, B'f € [% and w(B'f,6)0n = O(6(5)),d — O}.

a,n’

3 Main Results

The goal of this work is to prove several new estimates for the integral

o0
Relr) = [ 1785 0P ditasn (V)
in certain classes of functions in L2

a,n

Lemma 3.1. For f € Wy ,(B), we have

IT"B" f(x) — h*"B" f(x)

o0
Bam = h4”/0 A jaran(AR) = 1P| Fsf(N) Pdias2n(N).-

wherer =0,1,2, ...
Proof. From formula (2.7), we obtain
Fe(B' fYN) = (=)' X" Ff(A);r =0,1,... (3.1)
By using the formula (2.6), we conclude that
F(T"f = ¥ F)(A) = " (jas2n (M) = D) Fsf(A).- (3.2)

Now by formulas (3.1), (3.2) and Plancherel equality, we have the result. O
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Theorem 3.2. Given r and f € Wz” ¢(B). Then there exist constant ¢ > 0 such that, for all
N >0,
IN(f) = O(NTZ#2"¢(c/N)).

Proof. Firstly, we have

B(f) < / il + / 11— fldp, (33)

N N

with j = j,(Ah), p = o + 2n and du = |Fsf(A)|*dpiat2n()). The parameter b > 0 will be
chosen in an instant.
In view of formulas (2.1) and (2.4), there exist a constant ¢; > 0 such that

] < er(AR) P2

Then

/N il < el (hN) P2 (f).

Choose a constant ¢, such that the number ¢c3 = 1 — ¢i¢, =3 is positif.
Setting h = ¢, /N in the inequality (3.3), we have
e3J%(f) g/ 11— jldp. (3.4)

N

By Holder inequality the second term in (3.4) satisfies

[ ondidn = [ =gl
N N

o0 1/2 o0 1/2
< () ([ )
N N
o0 1/2
< ([T gpaan)
N
0o 1/2
< Nz’"</ |1j|2x”du) In(f).
N

From Lemma 3.1, we conclude that

2

2,a,mn:

/ 11— JPAYdp < W4 | T BT f(z) — BB f(2)
N
Therefore

/ 11— jldu < N2 [TB7 £ () — 127 B (@) ln.amd ():
N

For f € Wy ,(A) there exist a constant ¢4 > 0 such that

IT"B" f(x) = h*"B" f(x)

12.a,n < capp(h).
For h = ¢, /N, we obtain
X (f) < & NP eag(ea/N) In ().
Hence
A3 In(f) < N~ 2(cy /N).

for all N > 0. The theorem is proved with ¢ = ¢;. O
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Theorem 3.3. Let ¢(t) = ¥, then
IN(f)=O(N ") & fe W3 4(B),
where, 7 =0,1,..;0 <v < 2.
Proof. We prove sufficiency by using Theorem 3.2 let f € W7 ¢(B) then
In(f) = O(N i),
To prove necessity let

JN(f) — O(N—2r—u+2n)

/NOO | FfN)Pdpasan(N) = O(N 42 tn)

It is easy to show, that there exists a function f € Li’n such that B"f € Li’n and

B f(x) = (~1) /0 N Fi N (@)dtasan ().

From formula (3.5) and Plancherel equality, we have

IT"B" f () = h*"B" f(2)[13,0,n = h4"/0 A |jatan (M) = 12 Fs f () Pdpasan(A)-

This integral is divided into two

[e's) N 00
[ff e
0 0 N

where N = [h~!], We estimate them separately.
From (2.2), we have the estimate

L < o / X7\ Fi () Pt san (M)
A >N

SN X1 Fis () Pl 20 ()
1—0 Y NHIS[AISN+I+1

oo
< 6 Z ar(ug — ui41),
1=0

with @ = (N + 1+ 1)* and u; — / o f O 2dttasan(N).
[A>N-+1
For all integers m > 1, the Abel transformation shows
S a(w—war) = aouo+ Y (@ — 1) — Gmlmi
1=0 =1

n
aguo + (a1 — a—1) u,
-1

IN

because a,,um,+1 > 0. Moreover by the finite increments theorem, we have
a—aj_1 < 4’/“(N + 1+ 1)47”71
Furthermore by the hypothesis of f there exists ¢ > 0 such that, forall N > 0

le\f(f) S C6N74r72u+4n’

(3.5)
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For N > 1, we have

m
E (ll —ap— 1
=1

1\ m 1 4r—1
cs (1 + ) N7 dreg Y (1 + ) (N + 1)~ 172vtin
=1

IA

N N +1

< 22rc6N72V+4n + 47"247”7166 Z(N + 1)7172114'477,.
=1

Finally, by the integral comparison test we have

m 0o 1
N l—l—2u+4n</ —1—21/+4nd — N—2y+4n'
l;( ) =" YT an

Letting m — oo we see that, for » > 0 and v > 0, there exists a constant ¢; such that, for all
N > 1andforh > 0,
12 S C7N72V+4n.

Now, we estimate /;. From formula (2.3), we have

L o< et / N4 i £ Pt 20 (V)
AN
N—-1
=kt [ ) P, ()
=0 JI<IN<iH
N—
< Cgh4 Z l—l— 1 4r+4 ’Ul — UHI)

=0

with v; = / |Ff(A)Pdparan(N).
x>

Using an Abel transformation and proceeding as with I, we obtain

N—-1
Cgh4 (UO + Z((l + 1)4’1"+4 o l47"+4),ul>
=1

N-1
C8h4 <U0 + 4T +4 C6 Z 4r+3l—4r—2u+4n> ,
=1

I

IN

IA

since v; < cgl 4274 by hypothesis. From the inequality [ + 1 < 2 we conclude

N-1
Il < CSh4 <’U0 + co Z l32u+4n> ]

1=1
As a consequence of a series comparison for 1+ > 1 and ¢ < 1 we have the inequality,

N—-1
py 1P < Nt for >0 and N >2.
=1

If u =4 —2v+4n > 0 for v < 2 then we obtain
I < egh® (vo + c1oN*72747) < egh? (vo + crh™ 2747
since N < 1/h. If h is sufficiently small then vy < c10h~*"2¥=4". Then we have
I, < e h2 4
Combining the estimates for /; and I, gives
IT"B" f(x) = h*"B f(2)|l2,0,0 = O(R"),

The necessity is proved. O
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