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Abstract. Let G be a(p, q) graph. Letf be an injective map fron¥ (G) to {1,2,...,p}.
For each edgey, assign the Iabe(lf;) or (Y) according asr > y ory > x. f is called a parity
combination cordial labeling (PCC-labeling) fifis a one to one map and;(0) — e;(1)| < 1
wheree(0) ande (1) denote the number of edges labeled with an even number and odd number
respectively. A graph with a parity combination cordial labeling is calledraypeombination
cordial graph (PCC-graph). In this paper, we investigate the paritpoation cordial labeling
behavior of helmspP?2, dragonC,, oK 1,m and some more graphs.

1 Introduction

All graphs in this paper are finite, undirected and simple. The synib@ls) and E(G) will
denote the vertex set and edge set of a graphA general reference for graph theoretic ideas can
be seen in3]. A labeling of a graph is a map that carries graph elements to numbsralfy
to positive or non-negative integers). Most graph labeling methods traair origin to one
introduced by Rosa]] in year 1967. Labeled graphs serves as a useful mathematical foode
broad range of application such as coding theory, X-ray crystallbgrapalysis, communication
network addressing systems, astronomy, radar, circuit desigresabase managemeg}.[The
union of two graphs¥, andG; is the graphz, U Go with V (G1 U G2) = V (G1) UV (G2) and
E(G1UG2) = E(G1) U E(G>). In 1980, Cahit 1] introduced the cordial labeling of graphs.
In [5], ponraj et al. introduced a notion, called combination parity cordialllagpeln this paper
we present combination parity cordial labelings for hel®$,dragon,C,, 5K ,,, and some more
graphs.

2 Some basic results and definitions

Definition 2.1.Let G be a(p, ¢) graph. Letf be an injective map fron' (G) to {1,2,...,p}.

For each edgey, assign the Iabe(l‘”f/) or (Y) according asc > y ory > x. f is called a parity
combination cordial labeling (PCC-labeling) ffis a one to one map and;(0) —ef(1)] < 1
wheree;(0) ande (1) denote the number of edges labeled with an even number and odd number
respectively. A graph with a parity combination cordial labeling is calledraypeombination
cordial graph (PCC-graph).

Result 2.2.(.",) = (7) is even ifn is even and odd if is odd.
Result 2.3.(%) is evenifn = 0,1 (mod 4 and odd ifn = 2,3 (mod 4).

Proof. Case 1.n =0 (mod 4.

Letn = 4t. Then(3) = ‘“(LZ‘D = 2t(4t — 1). Hence(}) is even.
Case2.n=1 (mod 4.

Letn = 4t + 1. Then(}) = WED% — 2441 4 1). Hence(%) is even.

Case 3.n =2 (mod 4.

Letn = 4t + 2. Then(}) = WAL — (24 4 1)(4¢ 4 1). Hence(%) is odd.
Case 4.n =3 (mod 4.
Letn = 4t + 3. Then(%)

%2(41%2) = (2t + 1)(4t + 3). Hence(}) is odd. O
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Result 2.4.I1f n» = 0 (mod 4 then(3) is even.

Proof. Case 1.n =0 (mod 19.

Letn = 12. Then( )= 202 DA22) _ 9412 — 1)(12 — 2). Hence(}) is even.

Case 2.n = (mod 12.

Letn = 12t + 4. Then(y) = 12HA0283A242) _ 5034 4 1)(4¢ + 1)(12¢ + 2). Hence(%) is
even.

Case 3.n =8 (mod 12.

Letn = 12t + 8. Then(}) = 12B24NA240) _ 53¢ 4 2)(12¢ + 7)(4t + 2). Hence(?) is

6
even. O

Result 2.5.(") = (,",).

Definition 2.6. The graphP? is obtained from the patR, by adding edges that joins all vertices
wandv with d (u,v) = 2.

Definition 2.7. The helmH,, is the graph obtained from a wheel by attaching a pendant edge at
each vertex of the-cycle.

Definition 2.8. The bistarB,, ,, is the graph obtained by making adjacent the two central vertices
of Kl,m andKl’n.

Definition 2.9. The dragonC,, @P,, is the graph obtained by unifying an end vertex of a path
P, and a vertex of a cycl€,.

Definition 2.10. The graphC,, oK} ,, is obtained fronC,, and K ,,, by unifying a vertex oiC,,
and the central vertex df’y ,,.

Definition 2.11. The graphC,, oK ,, is obtained fronC,, and K ,,, by unifying a vertex otC,,
and a pendent vertex @y ,,.

Definition 2.12. Two even cycles of the same order, s8y, sharing a common vertex with
pendent edges attached at the common vertex is called a butterfly Byaph

3 Main Results

First we look into the grapl¥ U P,, whereG is a parity combination cordial graph.

Theorem 3.1.Let G be a(p,q) parity combination cordial graph. Thenu P, is also parity
combination cordial if» # 2, 4.

Proof. Let P, : ujuz...u, be the path andy, vy, . .., v, be the vertices off. SinceG is a parity
combination cordial graph, there exists a parity combination cordial laheday .
Thereforee;(0) = (1) = 4 if ¢ is even, and if is odd thene;(0) = 41 ande;(1) = 42
(o) ef(0) = %5* ande; (1) = 172

Now, define an injective function: V(GUP,) — {1,2,...,p+n}byg(v) = f(v;),1<i<p
andg(u;) =p+j,1<j<n.

Case l.pis even.

Thenp + 1 is odd. Now(p;fil) =p+i+ 1where 1< i < n — 1. Butpis even. Therefore

the path contributed=! zeros and;* 1's if n is odd andy zeros,3 — 1 1's if n is even.

n=1l if nisodd
if niseven

(i.e) Number of edges with label zero if, = {

NIS N

nel .
Number of edges with label 1 iR, = 2 I.f n's odd
5—1 if niseven

Subcase lag is even. Ifn is odd, then

leg(0) —eg(1)| = |(_ ) 1) (% Tl)| = 0
For the case when is even, we havée, (0) — e, (1)| = [(53 + %) — (3 -1+ )| =1.
Subcase 1bg is odd. Here we have the foIIowmg possible ca se@m
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() es(0) = % andef (1) = 32,
(i) ¢7(0) = %5+ ande(1) = 2.

Consider the first case. Supposes odd, then
e(0) = e, = [(22+42) - (22 + )| = 1

If nis even and = 0 (mod 4 then relabel the vertices,, uz by p + 3, p + 2 respectively.

Now (?13) = (*3°) and since» = 0 (mod 4, (*3°) is odd and hencg’*?) is odd. Also(?*3) =

("3%) = p+ 3, which is odd,(?13) = ("3*), and sincep = 0 (mod 4) (5% is even. Hence

eg(0) =4 + 2 1 ¢ (1) = % + 2. This forcesie, (0) — e,(1)] =

If nis even ang = 2 (mod 4) then assign the labels as in before and then interchange the
labels of the vertices, anduz. That is, label the vertices aP, as in previous casg; = 0
(mod 4. Now (2*3) = ("3°). Sincep = 2 (mod 4, p+3 =1 (mod 4 and by the resul.3,

(?13) = (5% is even. Also(?*3) = ("1°) = p + 3, which is odd. Finally(*!3) = (}*) and

sincep = 2 (mod 4, p+4 =2 (mod 4 and therefor¢”}*) is odd. Hence, (0) = 41 +2 -1,
eg(1) = 451 + 2. This implies|ey (0) — e4(1)| = 0.
Now we look into the second case rdifis odd, then

leg(0) —eg(1)] = (nT_l + q%l) - (nTl qT)‘
For even values of, we havee, (0) — ¢,(1) ‘1‘1) (% + ol 1) ‘ =0.
Case 2.pis odd.

In this casep + 1 is even. Henc ;fil) =p+i+1where 1< i < n — 1. Butpis odd.

Hence the patt®, contributes”>? zero’s and25* 1's if n is odd and} — 1 zero’s,2 1's if n is
even.

I
—
NS
+

N\

ol if nisodd
—1 if niseven

n

(i.e) Number of edges with the label zeroiy = {

if nisodd

if niseven

n—1
Number of edges with the label 1 1, = { 2
2

Subcase 2agq is odd. Here we have the following possible caseS.in
(i) ef(0) = %1 andes(1) = Tl

(i) es(0) = 45+ ande (1) = 4.
Consider the first case. Supposes odd, then

(0 —eg(D] = |(2R2+452) - (22 +52)| = 1
For the case when is even,
00— el = [(5-1+5) - (3+%)] = o

Now consider the second casenlis odd, then

leg(0) — e4(1)| = (% + q;zl) - (%4 + ﬂ21)‘ =1

Suppose: is even angh = 1 (mod 4 then relabeliy, uz, uz by p+3, p+1, p+2 respectively.
Sincep = 1 (mod 4, p+3 =0 (mod 4. Hence("}3) = (*3°) is even. Also(®1%) = p + 2,
which is odd and”+ ) = (*3%). Butp+4 =1 (mod 4. Thereforep + 4 =2 (mod 4 is even.
Hencee,(0) = 4% + 2 andey (1) = L2 + 2 — 1.

If nis evenang = 3 (mod 4, n > 4, then relabel the vertices, uy, us, u4, us by p + 1,

p+3,p+5,p+2,p+4 respectively. Sincg+3 =2 (mod 4, by the resul2.3, (*13) = (p§3)
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is odd. Sincep +5 = 0 (mod 4, by the resul2.3, (3) = (”1°) is even. Sincg +5 = 0

(mod 4, by the resulR.4, (p+5) = (p+5) is even. Since + 4 = 3 (mod 4), by the resulR.3,

(213) = (*3%) is odd. Sincey + 6 = 1 (mod 4, by the resul2.3, (*15) = (*3°) is even. This
impliese, (0) = % + 2 andey (1) = 45 + 2 — 1. Henceley (0) — ey (1) = 0.

Subcase 2bg is even. Ifn is even, then

leg(0) —e4(1)| = |(%+%_1)_(%+%)‘ =1
Suppose is odd, therje, (0) — e, (1)] = | (%52 + %) — (25 + %)|
By the cases 1 and & U P, is parity comblnatlon cordial, if # |

We now investigate the square of a path.
Theorem 3.2.The graphP? is parity combination cordial.

Proof. LetV(P2) = {u; : 1 <i <n}andE(P?) = {wujy1: 1<i<n—1}U{uwup: 1<
i < n—2}. Clearly the number of vertices and edge$>gfaren and 2 — 3 respectively. Define
a functionf : V(P?) — {1,2,...,n} by f(u;) =i, 1 < i < n. Using the result®.2and2.3 it
is evident thatef(O) =n—2landes(1) =n— 2.

HenceP? is a parity combination cordial graph. |

Next investigation is about helms and dragon.
Theorem 3.3.The helmH,, is parity combination cordial.

Proof. Let V(H,,) = {u} U {u;,v; : 1 <i <n}andE(H,) = {wuir1 : 1 <i<n-—-1} U
{uu;, wv; + 1 < i < n}. The number of vertices and edgesHf are 2. + 1 and 3: respectively.
Case 1l.nis odd.

Defineamayy : V(H,) — {1,2,...,2n+ 1} by f(u) =

flui) = 2, 1<i<n
I (vi) 2i+1, 1<i<n.

From the result®.2and2.3, we notice that;(0) = 321 ande, (1) = 3%
Case 2.n is even.
Assign the labels to the vertices £, as in case 1. Then interchange the labels of the vertices
ug andvs. In this case ¢ (0) = ey (1) = 3.
HenceH,, is a parity combination cord|al graph. |

Example 3.4.A parity combination cordial labeling dffg is given in RKGURE 1.

10

11

Figure 1.
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Theorem 3.5.The dragorC,, @P, is a parity combination cordial graph.

Proof. Letwvq, vy, ..., v, bethe vertices of’,,, anduy, us, .. ., u, be the vertices of,,. Without
loss of generality unify the verticeg andv;.

Case 1.m andn are odd.

Define an injective mag : V(C,,@P,) — {1,2,...,m +n — 1} as follows:

flo) = i-1, 2<i<m
flu)) = m—-1+4, 1<i<n.

Case 2.m is odd andh is even.

Assign the labels to the vertices of the dragon, as in case 1.

Case 3.m is even andh is odd.

Assign the labels to the vertices as in case 1. Then interchange the labedsveftibesu; and
u4.

Case 4.m andn are even.

Assign the labels to the vertices of the dragon, as in case 1.

Tablel shows thatf is a parity combination cordial labeling 6%, @P,,.

Nature ofm andn er(0) er(1)

m—l—n_l m-+n

2 2
m+n—-1] m+n-1

m andn are odd

m is odd andn is even

2 2
. . -1 -1
m is even and: is odd mtn mtn

2
m-a+n mFn
m andn are even > 5 1

Table 1.
O

Now we investigate the parity combination cordial labeling behavior of bistdrbatterfly
graphs.

Theorem 3.6.The bistarB,, ,, is parity combination cordial.

Proof. Let V (B, n) = {u,v,u;,v; : 1 <i <m,1<j<n}andE(B,,) = {uv,uu,;,vv; :
1<i<m,1<j<n}.
Case 1.m = 0,4 (mod 12 andm +n =3 (mod 4.
Defineamapf : V(Bmn) = {1,2,....m+n+ 2} by f(u) =1, f(v) =2, f(v1) =n+ 3,
f(u1) =3,

flu)) = n+244 2<i<m

flv)) = j+2 2<j<n.

In this casez(0) = ey (1) = 2t

Case 2.m =8 (mod 12 andm +n =1 (mod 4.

Similar to case 1.

Case3.m =1,3 (mod 6 andm +n =1 (mod 4.

Defineamapf : V(Bm.n) — {1,2,...,m+n+2} by f(u) =1, f(v) = 2,

flu)) = n+244 1<i<m
flo;)) = j+2 1<j<n.

In this casex;(0) = e (1) = mttd,

Case 4.m =2 (mod 12 andm +n =1 (mod 4.
Similar to case 3.

Case 5.m =5 (mod 6 andm +n =3 (mod 4.
Similar to case 3.
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Case 6.m = 6,10 (mod 12 andm +n =3 (mod 4.

Similar to case 3.

Case 7.m andn are not in the previous cases.

Defineamapy : V(Bm,n) = {L2,....m+n+2} by f(u) =1, f(v) =2,

flu)) = i+2, 1<i<m
fl;)) = m+2+4j 1<j<n
It is easy to verify thafe(0) — ef(1)| < 1. o

Theorem 3.7.The butterfly graptBy,,, ., is parity combination cordial.

Proof. Let ujuy...u,u; anduvyv; ... v,v1 be the two copies of the cyclg,. Without loss of
generality, unify the vertices; andv;. Letws, wy, ..., w,, be the pendent vertices.

Case l.n=1 (mod 2 andm =1 (mod 2.

Define a one to one map: V(Bym.n) — {1,2,...,2n +m — 1} by

f(ul) = 1, 1<i<n
flwi)) = n+i-1 2<i<n
flw)) = 2n—1+i, 1<i<m.

Case2.n=1 (mod 2 andm =0 (mod 2.

Subcase 2an = 3.

Assign the label 1 tai;, then put the labels 2, 3 to the vertices ug respectively. For the
other side vertices,, vs, we put the labels 6 and 5 respectively. Now, the remaining vertices are
labeled with the labels frof¥, 7,8, ..., 2n + m — 1} in any order.

Subcase 2bn > 3.

Assign the labels to the vertices as in case 1. Then relabel the veirtices andu, with the
labels 3, 4 and 2 respectively.

Case 3.n =0 (mod 2 andm =1 (mod 2.

Assign the labels to the vertices as in case 1. Then interchange the labadsveftibesu, and
us.

Case 4.n =0 (mod 2 andm =0 (mod 2.

Similar to case 1.

Table?2 establish thaf is a parity combination cordial labeling &fy,,, ..

Values ofm andn e(0) e
n=1 (mod 2 andm =1 (mod 2 Zn+m—1] Zn+m+1

2 2
n=3andm =0 (mod 2 m;r6 m;r6
2n+m 2n+m

n=1 (mod 2,m =0 (mod 2, andn > 3
n=0 (mod 2,m=1 (mod 2
n=0 (mod 2,m =0 (mod 2

2 2
2n+m+1 | 2n+m-—-1

2 2
2n—+m 2n—+m
2 2

Table 2.

Final investigation is about the graphs which are obtained from a cycla atat.
Theorem 3.8.The graphC,, oK1 ,, is a parity combination cordial graph.

Proof. Letujus...u,uq be the cyclel,, and letu be the central vertex of the staf ,,, andv;
(1 < i < m) be the pendent vertices. Now unify the vertieesndu;.
Case 1.nis even andn is odd.
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Define an injective mag : V(C,,0K1,,) — {1,2,...,m + n} as follows:

flvi) = 14, 1<i<n
flu;)) = n+i, 1<i<m.

Case 2.m andn are even.

Assign the labels to the vertices as in case 1. Then interchange the labedsveftibesu, and
us.

Case 3.m andn are odd.

Assign the labels to the vertices as in case 1.

Case 4.m is odd andr is even.

Assign the labels to the vertices as in case 1.

Table3 shows thatf is a parity combination cordial labeling 6f,0K1 ,,,.

Nature ofm andn er(0) er(1)
n is even andn is odd mintlimtn—1
m-+n m+n
m andn are even 5 5
m andn are odd m;n m;n
. . -1 1
m is odd and is even mtn mAn
2 2
Table 3.

Theorem 3.9.The graphC,, 5K ,,, is parity combination cordial.

Proof. Letujuy...u,us be the cycleC,, and letv be the central vertex of the staf ,,, andv;
(1 <i < m) be the pendent vertices. Now unify the vertiegandu;.

Case 1.n =0 (mod 4 andm =1 (mod 2.

Define an injective map : V(C,,6K1.,,) — {1,2,...,m +n} by f(v) = 1,

flu)) = i+1, 1<i<n
flv;)) = n+i, 2<i<m.

Case 2.n =0 (mod 4 andm =0 (mod 2.

Assign the labels to the vertices as in case 1. Then interchange the labadsveftibesu; and
u.

Case 3.n=1 (mod 4 andm =1 (mod 2.

Similar to case 1.

Case4.n=1 (mod 4 andm =0 (mod 2.

Similar to case 1.

Case 5.n =2 (mod 4 andm =1 (mod 2.

Similar to case 1.

Case 6.n =2 (mod 4 andm =0 (mod 2.

Similar to case 1.

Case 7.n =3 (mod 4 andm =1 (mod 2.

Similar to case 2.

Case 8.n =3 (mod 4 andm =0 (mod 2.

Similar to case 1.

The table4 shows thalf is a parity combination cordial labeling 6f,5K7 ,,.

Example 3.10.The graphC75 K1 g is given in HGURE 2.
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Values ofm andn e/(0) EY
n=0 (mod 4 andm=1 (mod2 | "trtl[min-1
n=0 (mod 4 andm =0 (mod 2 m;n mIFn
n=1 (mod 4 andm =1 (mod 2 m;rn m;rn
n=1 (mod 4 andm =0 (mod 2 m+;z—1 m+g+1
n=2 (mod 4 andm =1 (mod 2 mEn—I  mFnsl
n =2 (mod 4 andm =0 (mod 2 m;n oy
n=3 (mod 4 andm =1 (mod 2 m;rn m;rn
n =3 (mod 4 andm =0 (mod 2 m+;z+1 m+;_1

Figure 2.
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