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Abstract. In this paper, we introduce minimum hub energy F (G) of a graph G and compute
minimum hub energies of some standard graphs and a number of well-known families of graphs.
Upper and lower bounds for E; (G) are established.

1 Introduction

Throughout the paper, we consider a simple graph G = (V, E), that is nonempty, finite, having
no loops, no multiple and directed edges. Let p and ¢ be the number of its vertices and edges,
respectively. The symbols A(G) and §(G) denote the maximum degree and the minimum degree
of G, respectively. For graph theoretic terminology, we refer to [11].

M. Walsh [16] introduced the theory of hub numbers in the year 2006. Suppose that H C
V(G) and let z,y € V(G). An H-path between x and y is a path where all intermediate vertices
are from H. (This includes the degenerate cases where the path consists of the single edge =y
or a single vertex z if = y, call such an H-path trivial). A set H C V(G) is a hub set of G
if it has the property that, for any z,y € V(G) — H, there is an H-path in G between z and y.
The smallest size of a hub set in G is called the hub number of G, and is denoted by h(G) [16].
For more details on the hub number see [5]. A set S C V(G) is called a dominating set of G if
each vertex of V' — S is adjacent to at least one vertex of S. The domination number of a graph
G denoted as v(G) is the minimum cardinality of a dominating set in G [12].

Eigenvalues and Eigenvectors provide insight into the geometry associated with the linear
transformation. The concept of energy F(G) of a graph G was introduced by I. Gutman [7]
in the year 1978, and is defined as the sum of the absolute values of the eigenvalues of its
adjacency matrix A(G). ie. E(G) = X_||\;|. Let G be a graph with p vertices and ¢ edges
and let A = (a;;) be the adjacency matrix of G. The eigenvalues A1, Ao, ..., A, of A, assumed in
nonincreasing order, are the eigenvalues of the graph G. As A is real symmetric, let Ay, Az, ..., Ag
be the distinct eigenvalues of G with multiplicity mq, ma, ..., ms , respectively. The multiset

Spec(G):<)\1 A /\S>

mi mo e Mg

of eigenvalues of A(G) is called the adjacency spectrum of G, the eigenvalues of G are real
with sum equal to zero. The work of Coulson [4] shows that there is a continuous interest
towards the general mathematical properties of the total 7-electron energy as calculated within
the framework of the Huckel molecular orbital (HMO)model. The properties of this energy are
discussed in detail in [2, 8, 9, 10, 15].

We introduce minimum hub energy Fr (G) of a graph G and compute minimum hub energies
of some standard graphs and well-known families of graphs. Upper and lower bounds for £y (G)
are established.

2 The minimum hub energy

Let G be a graph of order p with vertex set V' = {v,v2,...,v,} and edge set E. Any hub set H
of a graph G with minimum cardinality is called a minimum hub set. Let H be a minimum hub
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set of G. The minimum hub matrix of G is the p x p matrix Ay (G) = (a;;), where

1, ifvﬂﬁ c F;
Qaij = 1, ifi=jandv;, € H;
0, otherwise.
The characteristic polynomial of Ay (G) denoted by f,(G, \) is defined as
Ip(G, ) = det(A] — Ap(G)).

The minimum hub eigenvalues of the graph G are the eigenvalues of Ay (G). Since Ag(G) is
real and symmetric, its eigenvalues are real numbers and we label them in non-increasing order
A1 > Xy > ... > Ay, The minimum hub energy of G is defined as:

EH(G) = Ef:1|)‘i\-

Example 2.1.Let G = P, with vertices vy, v, v3,v4 and let its minimum hub set be H; =

{Ul,vz}.

Then the minimum hub matrix of G is

1 100
1 110
Ay, (G) =
#(C) 01 0 1
0 010
The characteristic polynomial of Ay, (G) is f,(G, ) = A* — 23 —2)2 + 3, the minimum hub
eigenvalues are \; = 2.3028, A, = 1, \3 =0, \y = —1 3028, and therefore the minimum hub

energy of G is
Ey, (G) = 4.6056.

If we take another minimum hub set of G, namely H, = {v,, v3}, then

0100
1110
Am(@ =10 | | |
0010

The characteristic polynomial of Ap, (G)is f,(G,A) = A* —2X% —2)X2 + 2X\ + 1, the minimum
hub eigenvalues are A\; = 2.4142, \, = 1, \3 = —0.4142, )\, = —1, and therefore the minimum
hub energy of G is

En,(G) = 4.8284.

The above example illustrates that the minimum hub energy of a graph G depends on the
choice of the minimum hub set. i.e., the minimum hub energy is not a graph invariant. We need
the following to prove main results.

Theorem 2.2. [14] For any (p,q) graph G, p — q < v(G). Furthermore, v(G) = p — q if and
only if each component of G is a star.

Lemma 2.3. [16] For any graph G, v(G) < h(G) + 1.

Theorem 2.4. [16] If G is a connected graph then h(G) < |V (G)| — A(G), and the inequality is
sharp.

3 Minimum hub energy of some standard graphs

In this section, we investigate the exact values of the minimum hub energy of some standard
graphs.
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Theorem 3.1. For the complete graph K,,, p > 2,
Eu(K,) =2p-2.

Proof. Let K, be the complete graph with vertex set V' = {vy,v,--- ,v,}. Then the minimum
hub number is h(K,) = 0. Then
0 1 1 11 11
1 01 11 11
1 10 11 11
Ag(Kp)=1| 1 1 1 0 1 11
1 11 1 0 11
1 11 11 0 1
1 11 11 10
pXp
The respective characteristic polynomial is
A -1 -1 - =1 -1 - =1 -1
-1 x -1 - =1 -1 - =1 -1
-1 -1 x - -1 -1 -+ =1 -1
fp(Kp, )= -1 -1 -1 -~ X -1 --- -1 -1
-1 -1 -1 - =1 X - =1 -1
-1 -1 -1 - =1 -1 - Xx -1
-1 -1 -1 -+ =1 -1 -+ =1 A
=(A—(@-D)A+1Pn
The spectrum of K, will be written as
-1 -1
MH Spec(K,) = P
1 p—1
Hence, the minimum hub energy of a complete graph is Ey (K),) = 2p — 2. O
Theorem 3.2. For the complete bipartite graph K,, ,,, n > 3, the minimum hub energy is n +
1+ (n—1)yn
Proof. For the complete bipartite graph K, ,,, n > 3 with vertex set V' = {w1,ua, -+ ,up, v1, 02, -+, Up }.
The minimum hub set is H = {uy, v1}. Then
10 --- 011 - 1
00 ---011 -1
0 0 0 1 1 1
A Kn n
#(Kon) 11 110 0
11 1 00 0
11 1 00 0

(2n)x(2n)
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The characteristic polynomial of Ay (K, ) is

A=1 0 v 0 -1 —1 ... -1
0 0 -+ 0 —1 —1 - -1
0 0 - 0 —1 —1 - —1

nl(n’ruA =

Fon (Ko A) 1 -1 -+ =1 A=1 0 - 0
1 -1 ... -1 o0 0 .. 0
-1 -1 —1 0 0 0

_ )\2n74()\2 —(n+ DA+ (n— 1))()\2 +(n—1DA=(n-1)),

and

0 il | V/mdnds ng1 Vn2o2n45  1op NIV e
MH Spec(Ky.n) = 2
2n—4 1 1 1
Hence, Ey(K,n) =n+1+ (n—1)y/n. o
Theorem 3.3. For p > 2, the minimum hub energy of a star graph K ,_ is equal to \/4p — 3.

Proof. Let K1 ,_; be a star graph with vertex set V' = {vg,v1,v2,--- ,vp—1}, o is the center,
and the minimum hub set is H = {vg}. Then

111 -+ 1

1 00 0

AH(Kl,P—l): 1 O 0 0

1 00 --- 0
pPXp

The characteristic polynomial of Ag (K1) is

A—1 -1 -1 ... —1
-1 A 0O --- 0
fo(Kip-1,\) =] —1 0O X\ --- 0
-1 0 0 A

= N = A= (p- 1))

and

0 1++1/3p=3  1—+/4p—3
MH Spec(Ki 1) = 2

-2 1 1
Therefore , By (K1 p—1) = /4p — 3. O

Definition 3.4. [6] The double star graph .S, ,, (see Figure 1) is the graph constructed from
Ki -1 and K ,,_1 by joining their centers vg and ug. A vertex set V (S, ) = V(K ,—1) U
V(Kl’mfl) = {Uo, ULy ey Uy 15 UQy ULy -+ e umfl} and edge set E(Smm) = {U()’LL(), Vs, ’LL()’LLj|1 <
i<n—1,1<j<m-1}
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Un—1

Um—1
(% U
. V0 ug
(%) ) U2
vy Figure 1: Double star

Theorem 3.5. Forn > 3, the minimum hub energy of the double star S, ,, is equal to 2(v/n — 1+
V/n).

Proof. For the double star graph S, ,, with vertex set V = {wvo, v1, ..., Up—1, U0, U1, .., Up—1 }, the
minimum hub set is H = {vg, ug}. Then

1 11 --- 11O --- 0

00 --- 000 --- 0

1 0 0 - 0 0 0 0

Ap(Snn) =
1(Snin) 100 -~ 011 1
0O 0 0 - 010 0
0 0 O 01 0 .
The characteristic polynomial of Ay (S, ) is
A—1 -1 -1 —1 -1 0 0
-1 A 0 0 0 0 0
-1 0 0 A 0 0 0
n S 77A =

Fon(Snins A) -1 0 0 0 A—1 -1 -1
0 0 0 0 -1 A 0
0 0 0 0 -1 0 A

n—4

= AT (N —-n-1))AN=2x—(n-1)).

and

MHSPBC(SHM):< 0 Vn—1 —vn—-1 1+n 1_\/5)

2n —4 1 1 1 1
Hence, Ex(S,.n) =2(vVn— 14 /n). i

Definition 3.6. [1] The cocktail party graph, denoted by K5y, is a graph having vertex set
V(G) = Ule{ui,vi} and edge set E(G) = {uiuj,vivj,uwj,viuj 1 < 1< ] < p} i.e.

V(G)| =2, |E(G)| = E522.

Theorem 3.7. For the cocktail party graph K, p, the minimum hub energy is

Eu(Kaxp) > (4p —T) +21/2p.

Proof. Let K, be the cocktail party graph, having vertex set V (K»y,,) = JY_;{u;,v;} . Then
the hub number of K>y, is
h(Ksyp) = 1.
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Therefore, H = {u;} . Then

101 1 11
0 011 1 1
1 100 1 1
Ap(Kaxp) = 1100 1 1
11 11 0 0
b 0 2pX2p
The characteristic polynomial of Ay (K>x,) is
[ A—1 0 -1 —1 R -1 T
sz(K2><p7)\) = -1 -1 0 A - —1 -1
—1 -1 -1 -1 ... A 0
L -1 -1 -1 -1 ... 0 A |

= NI+ 2)P2(N = (2p = 3)A2 —2pA + (2p — 2))

=N A+ 2P (W = (20 = 3)X° = 2pA+ (2p - 2)) — (497 — 4p — 2)]
> AP A2)P72 [N (A = (2p = 3)) = 2p(A — (2p - 3))]

=M A42)P77 [(A = (2p = 3))(\* — 2p)]

Therefore,

-2 2p — V20 =2
MH Spec(Kyxp) = 0 p=3 P P
p—2 p—1 1 1 1

where & represents approximately equal. Hence, Er (Kaxp) > (4p — 7) + 2/2p. |

4 Some properties of minimum hub energy of graphs

In this section, we introduce some properties of characteristic polynomials of minimum hub
matrix of a graph G and some properties of minimum hub eigenvalues.

Theorem 4.1. Let G be a graph of order p, size q , and hub number h(G). Let f,(G,\) =
CoNP 4+ 1 AP~ + e \P=2 + .+ ¢, be the characteristic polynomial of minimum hub matrix of G.
Then

(i) co=1.
(i) c1 = —h(G).

. Q)
(iii) ¢ = ( ) ) —q.

Proof. (i) Follows by the definition of f,(G, \).

(ii) Since the sum of diagonal elements of Ay (G) is equal to |H| = h(G), the sum of determi-
nants of all 1 x 1 principal submatrices of Ay (G) is the trace of Ag(G) , which evidently
is equal to h(G). Thus, (—1)lc; = h(Q).



The minimum hub energy of a graph 253

(iii) (—1)2cy is equal to the sum of determinants of all 2 x 2 principal submatrices of Ay (G) ,

that is

Z Qi Gij

Cy = J
1<i<j<p| %t i

= D (auay; — aijaz)
1<i<j<p

2

= E, Giiyj — § i

1<i<j<p 1<i<j<p

W@)
[15)

Theorem 4.2. Let \i, Ay, ..., A, be the eigenvalues of Ay (G). Then
(1) i1 X = h(G).
(i) P A2 = h(G) + 2q.

Proof. (i) Since the sum of eigenvalues of Ay (G) is the trace of Ay (G), we have
/4 p
S XN =) ai =|H| = h(G).
i=1 i=1
(ii) Similarly, the sum of squares of the eigenvalues of Az (G) is the trace of (Ag(G))?. Then

p p
2
> A=Y agag
p
— 2y s
= Ay Gijji
1

i#j

O

Theorem 4.3. Let G be a graph of order p, size q, and let \{(G) be the largest minimum hub
eigenvalue of Ay (G). Then
> 2+ h(G) .

p

Proof. Let G be a graph of order p and let \; be the largest minimum hub eigenvalue of Ay (G).
Then from [2] we have A\; = maxx_ {Xtti“‘)?(}, where X is any nonzero vector and X? is its
1

1
transpose and A is a matrix . If we take X = J = | _ | then we get

A(G)

1
JHAH(G)J  2q+ h(G)

A > = .
b=""7JtJ D
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5 Bounds on minimum hub energy of graphs
In this section, we shall investigate some bounds for minimum hub energy of graphs.

Theorem 5.1. Let G be a connected graph of order p and size q. Then

2¢+h(G) < Eu(G) < /p2g+ h(G))

Proof. Consider the Cauchy-Schwartz inequality

(£) = (54) (5%)

By choosing a; = 1 and b; = |)\;], we get

p 2 p p
(En(@)* = (ZM) < (Zl> <ZA3> =p(2¢+N(G)).

i=1 i=1 i=1

Therefore, the upper bound holds.

Now, since
p 2 p
i=1 i=1
we have (Ex (G))” > S22, A2 = 2 + h(G). Therefore, Ex(G) > +/2q + h(G). i

Theorem 5.2. For a connected graph G of order p and size q,

A
V2p—q—1<Eu(G)<p|p— >
Proof. By Lemma 2.3, and Theorem 2.4, we have
Y(G) -1 <h(G)<p-A (5.1)

Since for any graph, 2¢ < p*> — p, it follow by Theorem 5.1, that

En(G) < \/oCa-+(G) <\/ole? ~ ) +p - A =pyfp- 5.

For the lower bound, since for any connected graph p < 2¢q , by Theorem 5.1, Equation 5.1, and
Theorem 2.2, we get

Er(G) 2 /20 +h(G) 2 \Jp+4(G) — 12 Vpip—q-1=VIp—q- 1.

Theorem 5.3. Let G be a graph with p vertices and q edges. Then

m(a)gzqu‘(@w@—l)

2q+ h(G)\?
)

2+ h(G) — <

Proof. Consider the Cauchy-Schwartz inequality

(§) <(5) (5%)
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By choosing a; = 1 and b; = |);], we get
p 2 p P
i=2 i=2 i=2

(Ex(G) = M])” < (0= 1)(2g + h(G) = A}).

By Theorem 4.2, we have

Therefore,

Ex(G) < M /(0 — 1)(2g+h(G) - X)),

From Theorem 4.3, we have \; > 2Q+Th(a)_

Since f(z) =z + /(p — 1)(2¢ + h(G) — 2?) is a decreasing function, it follows that

fon) < 7EEME))
Thus,
Bu(@) < fn) < sLEME))
Therefore,
£4(C) 2“;“’)%( D |2+() - (1)

O

Theorem 5.4. Let G be a connected graph of order and size p and q, respectively. If K =
det(Ag(G)), then

G) = /24 + h(G) + p(p — 1)K/,

Proof. Since

G))? = (izp;w)z = (izp;l&'> <ZP;AI> ZIA P+ Il

i7j

using the inequality between the arithmetic and geometric means, we get

1/[p(p—1)]
1
- A0 > I\ .
TP ILIE (l [ mm)

i#] i#]
Thus

1/[p(p—1)]
(Eu(G >Z|)\|2+P 1( )\z’|/\j|)

» 1/[p(p—1)]
>Z|)\|2—I—p —1) (HA“’ 1)

=1 =1
P

P
—Zm%rp ~1) H

=2q+h(G) +p(p— )K2/P
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Theorem 5.5. Let G be a graph with a minimum hub set H. If the minimum hub energy Ey (G)
of G is a rational number, then
Eu(G) = |H|(mod 2).

Proof. Let A\i, Ao, ..., A\, be minimum hub eigenvalues of a graph G of which A1, A2, ..., A, are
positive and the remaining are non-positive, then

p
STl =+ X+ X)) = Qas + o+ Ap)

i=1

=201+ N4+ As) — A+ A

ie. Eg(G) = 2(M + X+ ...+ As) — |H|. Since Mg, Ay, ....., As are algebraic integers, so is
their sum. Therefore (A1 + A2 + ... + A,) must be an integer if Ey(G) is rational. Hence the
theorem. O
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