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Abstract. In this paper, we give new Hermite-Hadamard-type and Ostrowski-type inequal-
ities of convex functions of 2-variables on the co-ordinates by using Holder’s inequality. Our
established results generalize some recent results for functions whose partial derivatives in gth
power of absolute value are convex on the co-ordinates on the rectangle from the plane.

1 Introduction

In 1938, the classical integral inequality established by Ostrowski [15] as follows:

Theorem 1.1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative f
(a,b)— R is bounded on (a,b), i.e., |f'||., = sup |f'(t)| < co. Then, the inequality holds:

te(a,b)
b
_ / F(t)de| <
b—a -

for all x € [a,b]. The constant } is the best possible.

fﬁ(”z;))] (0—a) 1]l (L)

Inequality (1.1) has wide applications in numerical analysis and in the theory of some special
means; estimating error bounds for some special means, some mid-point, trapezoid and Simpson
rules and quadrature rules, etc. In addition, the current approach of obtaining the bounds, for a
particular quadrature rule, have depended on the use of Peano kernel. The general approach in
the past has involved the assumption of bounded derivatives of degree greater than one.

In a recent paper [3], Barnett and Dragomir proved the following Ostrowski type inequality
for double integrals:

Theorem 1.2. Let f : [a,b] x [c,d]— R be continuous on [a,b] x [c,d], f)|, = a‘?;{y exists on
(a,b) x (c,d) and is bounded, i.e.,

O f(x,y)

Hf:gy Hoo = sup 90y

(z,y)€(a,b)x(c,d)

‘<oo

Then, we have the inequality:

/b / F(s,Hydtds — (d - ¢) (b — a)f(z,)

d

- (b—a)/f(x,t)dt—i—(d—c)/f(s,y)ds (12)

d+c

?| [+ - P s
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forall (z,y) € [a,b] x [c,d].

In [3], the inequality (1.2) is established by the use of integral identity involving Peano ker-
nels. In [16], Pachpatte obtained an inequality in the view (1.2) by using elementary analysis.
The interested reader is also refered to ([3], [5], [16]) for Ostrowski type inequalities in several
independent variables and for recent weighted version of these type inequalities see [1], [2], [20],
[21] and [22].

Let f : I C R — R be a convex mapping defined on the interval I of real numbers and
a,b € I, with a < b. The following double inequality is well known in the literature as the
Hermite-Hadamard inequality [9]:

The inequalities (1.3) have grown into a significant pillar for mathematical analysis and op-
timization, besides, by looking into a variety of settings, these inequalities are found to have a
number of uses. What is more, for a specific choice of the function f, many inequalities with
special means are obtainable. Hermite Hadamard’s inequality (1.3), for example, is significant
in its rich geometry and hence there are many studies on it to demonstrate its new proofs, re-
finements, extensions and generalizations. You can check ([6], [7], [10], [11], [19]) and the
references included there.

Let us now consider a bidimensional interval A =: [a, b] x [c, d] in R? with a < b and ¢ < d.
A mapping f : A — R is said to be convex on A if the following inequality:

F w4 (1= 1) 2ty + (1 =) w) < tf (2,9) + (1= 1) f (z.0)

holds, for all (z,y),(z,w) € Aand ¢t € [0,1]. A function f : A — R is said to be on the co-
ordinates on A if the partial mappings f, : [a,b] — R, f, (u) = f(u,y) and f, : [¢,d] — R,
fz (v) = f (z,v) are convex where defined for all = € [a,b] and y € [c, d] (see,[5])

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.3. A function f : A — R will be called co-ordinated canvex on A, for all ¢, s € [0, 1]
and (z,y), (u,v) € A, if the following inequality holds:

flitx+ (1 —t)y,su+ (1 —s)v)
< tsf(zu) +5(1 =) fy,u) +t(1 = 8)f(z,0) + (1 =) (1 = 5)f(y,v).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist co-ordinated
convex function which is not convex, (see, [5]). For several recent results concerning Hermite-
Hadamard’s inequality for some convex function on the co-ordinates on a rectangle from the
plane R?, we refer the reader to ([12], [17], [18], [8], [14], [23]-[26]).

Also, in [5], Dragomir establish the following similar inequality of Hadamard’s type for co-
ordinated convex mapping on a rectangle from the plane R?.

Theorem 1.4. Suppose that f : A — R is co-ordinated convex on A. Then one has the inequali-
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ties:
f<a—2|—b,c—|2—d> (1.4)
A [ a1 () 0]
< baldc/b/df(x,y)dydx
< 4[_a/mdx+/fxd
/fayder/fbydy]
. f(a70)+f(a,d)+f(b,0)+f(bvd)_

4

The above inequalities are sharp.

In [23], Sarikaya et al. proved some new inequalities that give estimate of the deference be-
tween the middle and the right most terms in (1.4) for differentiable co-ordinated convex func-
tions on rectangele from the plane R?. For several recent results concerning Hermite-Hadamard’s
inequality for some convex function on the co-ordinates on a rectangle from the plane R?; we
refer the reader to ([4], [13]).

In [26], Sarikaya proved the following Lemma for double integrals. The lemma is necessary
and plays an important role in establishing our main results. Firstly, the Sy (f; g, h) operator that
we will use throughout the article may be defined as follow:

b d
Sx(f19.h) = (/g(u)du) (/h(u)du) (1.5)

) [(1= 20 7 (0,9) + A= N) £ (b y) + A (1= ) f (w,d) + N f (b,)]

_(jg du)/dh f(x,s) +Af (a,s)]ds

b d
- /g(u)du /h f(z,8)+ Af(b,s)]ds
my )
— /h(u)du /g Fty)+Af(o)]dt
Cd
- / h(u)du / o) (1= ) £ (t.y) + M (¢, )] dt

// (t,s)dsdt.

Lemma 1.5. Let f : [a,b] x [c,d] C R*— R be an absolutely continuous function such that
the partial derivative of order 2 exists for all (t,s) € [a,b] X [¢,d] =: A, and the functions
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g :a,b] = [0,00) and h : [c,d] — [0, 00) are integrable. If fi (t,s) € L(A), then the following
equality holds:

b d
//PA (2,0) Qx (4, 8) fus (1, 5) dsdt = S (f:9, h)

where . .
(1=XN)[gwdu+X[gu)du ,a<t<uz
P)\((E,t)lz ’ ’
(I—A)ftg(u)du—i-)\ftg(u)du ,x <t <b.
b x
and . .
(I=X)Jh(w)du+A[h(u)du ,a<t<ux
c y
Qi (y,s) =
(1=X)[h(u)du+X[h(u)du ,x<t<b.
d y
for A e [0,1].

The main purpose of this paper is to establish new Hadamard-type inequalities of convex
functions of 2-variables on the co-ordinates by using Lemma 1.5, Holder’s inequality and ele-
mentary analysis.

2 Hadamard’s Type Inequalities and Results

For convenience, we give the following notations used to simplify the details of presentation,

Ayx(z)=1-XNBb—a—-22)+A(Bb—2a—x),
By (x) = (1= \) (b—3a+2z) + A(2b— 3a +x)
Cx(y) =(1-2)(3d —c—2y) + A (3d —2c —y),
Dy(y)=(1=X)(d=3c+2y)+A(2d—-3c+vy),

An(@y) = Ax(@)On)1fis (@) + 2= V) (y = ) Ax (@) | fis (a, )|

+(2= ) (@ = a)Cx (9) 1fes (0,0)|" + 2= N (2 = @) (y = ) Ifus (b )",
By(r,y) = (2-X)(d—y)Ax (@) |fus (a,0)|" + Ax (2) Ds () | fus (0, )"

+(2= N (@ —a) (d=y) | fis (b,)|" + (2= N) (& — @) Dx () | fis (b, )",
Ox(@,y) = 2=N)(b=2)Cr(W)fis (a,0)[" + (2= 1) (b—2) (y = ) | f1s (a, )"

+B) () Cx (9) 1 fis (0,0 + (2= A) (y = ©) Bx () | fus (b,)|",
Dy(z,y) = (=N (b—2)(d—y)|fus ()" ++ (2= (b—z)Dx(y)fis (a,)|"

+(2= ) (d=y) Bx () [ fis (b, ¢)|" + Bx (z) Dx (y) | fus (b, )|,



SOME INEQUALITIES FOR DOUBLE INTEGRALS 261

[(b—ay = (b —2)’] [(a= — (- p)"]

A(m,y) = 4 |fts(aac)‘q
(b—a)’ = (b—2)*| (y - )
+[ 4 } ! | fis (a,d)|*
(d—¢)*—(d—y)*| (x—a)’ z—a)(y—c)
N - o=, G+ C= = g,
(=0 = (b —2)| (d— )’
B(x,y) = 4 |fts(aﬂc)|q
(b—a)’—(b—2)| [(d-c) ~(y—c)
N }4[ =
v —a)(d—y) (d=c) —(y—0)|(z—a)
2o ldzy) o+ & o=
(d—c)’ = (d—y)*| (b—2)? — 22 (y— )
Cln = b - | )l + OO o gy
(b—a)’ = (z—a)’| [(d—c)*— (d—y)’
J’_[ }4[ y ] ‘fts (bvc)‘q
[(6=a)’ = @@= aP| (v - ;
+ 4 |fts (b,C)| )
and
URCI: (d—c)’ = (y—c)|(b—-2)
D(amy) — (b)4(dy)|ft5(a70)|q+{ y4 } |fts(a;d)‘q
(b—a)’ = (z—a)*| (d—y)°
+[ ) =y [ fes (b, €)|*
(b—a)’—(z—a)’| [(d—¢)~(y—c)
N U = .

Using the Lemma 1.5, we can obtain the following general integral inequalities. We prove
following theorem by using Holder’s inequality. However, the right side of acquired inquality
will be independent from p which is p > 1 and % =+ é =1.

Theorem 2.1. Let f : A C R*>— R be an absolutely continuous function such that the partial
derivative of order 2 exists for all (t,s) € A and the functions g : [a,b] — [0,00) and h : [c, d] —
[0, 00) are integrable on A. If | f;5 (t,s)|*, ¢ > 1, is a convex function on the co-ordinates on A,
then the following inequality holds:

1Sx (f39,h)] 2.1)

||g||[a,b],oo ||h’H[c,d],OO
435 [(b—a) (d— o)

Q=
Qe

X {(33 —a)’ (y— )’ (Ax (2,9))7 + (x —a)* (d = )" (Ba(=,y))

Q=
Q=

+(b—2)" (y— ) (Calw,y))7 + (b —2)* (d = y)* (Da(2.y))

j



262 Samet Erden and Mehmet Z. Sarikaya

where L1 =1, 0 € 0.1]. gl 0 = 59P |9l and [l o = sup ()]

u€(a,b] u€le,d]

Proof. We take absolute value of (1.5). Using bounded of the mappings ¢g and h, we find that
1Sx (f3 9. 1) (22)

IN

b d
/ / 1Py (2.8)] Q@ (5. 9)] | fos (2, 5)] dsdt

IN

1900500 1P
xii[(l—A)(t—a)ﬂ(x—m[(1—A)(s—c)+A<y—s>1|fts<t,s>|dsdt
100 1y 0
xif{(lA)(ta)ﬂ(xt)][(lA)(ds)ﬂ(sy)ﬂfts(t,sndsdt
19l 100 [l 0

// [(1=X) (b= 1)+ A=) [(1 = N) (s =€) + Ay — )] | e (1. 5)] sl
19000 1l

// [(1=2) (b= )+ At =) [(1 = A) (d = 5) + A (s — 9)] [ fus ()| dsdt

= I ”gH[a,z],oo ||h||[c,y],oo + 1L ||g||[a,x],oo ||h||[yd],oo

F13 1191l 11,1],00 1Pll1e,1,00 + 28 1911 1200,00 12l a1, 00

Firstly, we calculate integral I;. Because of % + % =1, % + é can be written instead of 1.

Using Holder’s inequality, we find that

J 10 =2 = @)+ 2@ = 0110~ 2) (s = ) + Ay = 8)] e (8.5) s

(// (t - a) —I—)\(x—t)][(1—A)(s—c)+)\(y—s)]dsdt)

(// (t—a) +A<x—t>][<1—A)(s—c)ﬂ(y—s)]|fts<t,s>|%sdt)

Q=



SOME INEQUALITIES FOR DOUBLE INTEGRALS 263

Since |f;s (¢, 5)|? is convex function on the co-ordinates on A, we have

b—t t— d— —
fts( ot —2p Lty 8 cd)
—CL — C

q

b—a 'd—c¢ d (2.3)

e 0
S o+ D 1 0,0

From (2.3), we get

<xa )2>; 1
< 1
[(b—a)(d=c)]”

(// (=N (t—a)+ M@ —8)][(1 = A) (s — ) + Ay — 9]

=) (d =) |fes (a,0)|" + (b= 1) (s = ©) | fus (0, )"
+(t =) (d— ) [fus (0. + (£ — @) (5 — ©) | s (b, d)|) dsdlt)

(ilffa) (y—co)’ 1
434 [(b-a)(d—c)]F

If we calculate the other integrals in a similar way, then we obtain

> 43% [(b_a) (d_c)]é (D/\ (x’y))a

Substituting integrals I1, I, I3 and I4 in (2.2) and using triangle inequality for moduls, we have

N [ —
4-34[(b—a)(d—c)]

Q=

Q=

%1900 110 (@ = @) (5 = ©)° (An(,9)

190 a1 00 [1Bllpy a1 00 (2 = @) (d = 9)* (Ba(w,9)) 7

Q=

+ ”gH[x,b],oo ||h\|[c,y],oo (b— Tf)2 (y— 0)2 (Calz,y))

119l 100 1Bl o0 (0 = 27 (d =) (Daa ) |

Because of HgH[a,x],oo ) ||g|| x,b], < ||g||[a,b],oo and HhH[c,y],oo ) HhH[y,d]oo < Hh”[c,d],oo , We eaSi]y
deduce required inequality (2.1) which completes the proof. O
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Corollary 2.2. If we choose g(u) = h(u) = 1 and X\ = 1 in Theorem 2.1, then the following
inequality holds:

(bfa)(d—c)f(b,d)f(a:fa)/f(a,s)dsf(bfx)/f(b,s)ds 2.4)

(yC)/bf(t,c)dt(dy)/bf(t,d)dt+/b/df(t,s)dsdt

1

< 3 i
4.34[(b—a)(d—c)]”
{(@—a)’ (v = (A (@) + (2= ) (d = y)* (Bilwy))7
6= = (Caly) T + =)’ (d= ) (Dila))? )
Remark 2.3. If we take 2 = ¢ and y = <t< in (2.4), we get

‘f(bd d— {/fasds—f—/fbs ]
2(1)1—@ [jf(tc)dt+/bf(td)dt] I /b/dftsdsdt

a a

(b—a)(d—c)
- 64
x{@ﬂﬂdm@ﬁ+ﬂﬂ&m®ﬁ+SMJth+Mw@dWﬁ
36

_|_

5| fus (a, 0)|" + 25 | fos (@, d)|* + | fos (b )| + 5| fus (b, )| )
36

+

36

+

<5|ft5 a, o))" + | frs (@, d)|* + 25| fis (b, ¢)|" 45| frs (b, d)|*
( =

UGS LIRS IR RS AT }

In [13], Latif et. al proved an Ostrowski type inequality by accepting bounded of | f, (¢, s)]
and co-ordinated convex of | f;, (,s)|?, and we give a new Ostrowski type inequality whose left
hand side is same as the left hand side of the inequality of Latif et. al by accepting condition of
the Theorem 2.1 in the following corollary.

Corollary 2.4. If we choose g(u) = h(u) = 1 and X = 0 in Theorem 2.6, then the following
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265
inequality holds:

|f(xy e /fxs

(2.5)
| b d
(b_a)/f(ty)dt+(b_a =0 //ftsdsdt
< 5 ! 1
4-3% [(b—a) (d - o))"
< {(w =0 (= 0 (Ao (2.9)) + (@ — @) (d— ) (Bo(a9))’
+(b=2)’ (y= ) (Colw,y))* + (b —2)° (d =)’ (Dol )7 } -
Remark 2.5. If we take © = “TJ’bandy: ctd in (2.5), we obtain
+b c+d 1 : +b
\f< )t 150

b

/f< C+d>dt+(b_a) = /b/dftsdsdt

< (b—a)(d—c)
- 64

X { (16 ‘fts (a’c)‘q + 8 |fts (aa d)‘q + 8 |fts (bv C)‘q +4 |fts (ba d)|q)
36

Q=

(8|fts (a C)‘q+ 16‘fts (a d)|q+4‘ft5 (b C)|q+8‘fts b d
* 36

+(mﬁﬂadq+ﬂﬁda®q+l6ﬁAbQW+8ﬁsbd

8]
")

n <4fts (a,0)|" + 8|fis (a,d)|" + 8 |fis (b, c)|" + 16 | fus (b, d)|
36

i

In Theorem 2.1, we acquired an inequality by using Holder’s inequality and Lemma 1. In
following theorem, we will use again Holder’s inequality and Lemma 1, but we will obtain a

new inequality whose left side is independent of X by calculating operations in a different way.

Theorem 2.6. Let f : A C R?>— R be an absolutely continuous function such that the partial
derivative of order 2 exists for all (t,s) € A and the functions g : [a, b]

: [a,b] = [0,00) and h : [, d] —
[0, 00) are integrable on A. If | fis (t,8)|*, ¢ > 1, is a convex function on the co-ordinates on A
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then the following inequality holds:

[Sx (f19.1)] 2.7)

||gH[a,7b],oo ||h||[c,d],oo
[(b—a)(d=c)]" (p+1)P

<{@=a)"F (y =)' (A, )7+ (2 - @) (d—y)' T (Bla,y))

Q=

Q=
Q=

+(b—a) 7 (y— )7 (Ol )T + (b—2)' 7 (d—y)' 7 (D(a,y))

j

where o + ¢ =1, A€ [0,1], llglljg.p),0c = sup. lg(u)], and ||| . g0 = SI[de] [h(u)] .
uelc,

u€la,

Proof. We take absolute value of (1.5). Using bounded of the mappings ¢ and h, we find the
inequality (2.2). Now, we calculate in a different way the integrals I, I, Iz and Iy in (2.2),
Firstly, we calculate integral I;, we find that

= [ [10 =20+ A = 011 = X) (s = )+ Ay = 5)) o (05 d
_ (l—A)z//(t—a)(s—C)|fts(t,s)|dsdt+)\(1—)\)//(t—a)(y—s)|fts(t7s)|dsdt

+A(1—)\)//(x—t) (s — ) |fus (t,s)|dsdt+)\2//(x—t) (y — 5) | fus (£, 5)| dsdt.

Using Holder’s inequality for double integrals and the inequality (2.3), we get

L < (/I/ylfts (t78)|qudt) q
x (1= A) (j/y(ta)p(sc)pdsdt)p

+A(1=X) (/I/y(t—a)p(y—s)pdsdt>p
+22 (/z/y(x—t)p (y—s)” dsdt)é

+A(1-21) (/I/y(a:t)p(sc)pdsdt);

(A@)" -0 y-9"r
(b—a)s (d—c)

Q=
)
_|_
—
s
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If we calculate the other integrals in a similar way, then we obtain

8

I, < (B(l,y))% : (CC—a)l*i <d2_y)l+%
(b—a)s (d—c)s it 1)

and

1

(Dly)7  (b=2)7 (d—y)"F
(b—a)7 (d—c) (p+1)»

Substituting integrals Iy, I», I3 and I, in (2.2) and using triangle inequality for moduls, then we
obtain

193 (39, 1)

1

< 1 2
[(b—a)(d=c)]" (p+1)P

Q=

1 1
% {19010 11l 0 (2 = @) 77 (9 = )77 (Al 9)

1

e (@ = @) 77 (d = )7 (B(a,y)

Q=

+ HgH[a,aj],oo ||h’|

1

1 1
190 .00 1l e.gg.00 (0= 2) 77 (y = )77 (Cla,y))

Py

Q=

144 14+ L
+ Hgll[z,b],oo HhH[y,d],oo (b - (E) T (d - y) i (D(fﬁ,y))

}

Because of |||, 4]0 » 19l 1z,0),00 < [19{a.p],00 A0 12l ¢y 00 5 1Ml 0,00 < 1Pl a,00 » We easily
deduce required inequality (2.7) which completes the proof. O

Corollary 2.7. If we choose g(u) = h(u) = 1 and X = 1 in Theorem 2.6; then the following
inequality holds:

d

(bfa)(dfc)f(b,d)f(a:—a)/f(a,s)dsf(b—:zz)/f(b,s)ds 2.8)

c C

(yc)/bf(t,c)dt(dy)/bf(t,d)dt—i-/b/df(t,s)dsdt

a

1
(b= a)(d—c)]7 (p+ 1)
<{@=a)""7 (=)' (A )7+ (2= @) 7 (d=y)" (Bla,y))

IN

Q=
S

Q=

1

+(b—2)""7 (d— )t (D(,y))

Q=
Q=

+(b—2)"7 (y— )7 (Cla,y)

j
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Remark 2.8. If we take f (a,c) = f (a,d) = f (b,c) = f (b,d) in (2.8), then we get

[(b—=z)(d—y) f(bd)+ (b—x)(y—c)f(bc)+(z—a)(d-y)f(ad)

b

+<x—a><y—c>f<a,c>—/[(d—y>f<t,d>+<y—c>f<t,c>1dt

d

—/[(b—x)f(b,s)+(a:—a)f(a,s)]ds+j/f(t,s)dsdt

IN

which is proved by Sarikaya in [25].

Corollary 2.9. If we take © = “$* and y = <12 in (2.8), then we get

d d
‘f(b,d)—z(dlc) [/f(a,s)ds+/f(b,s)ds]

(b—a)(d—-c
- 16

(9|fts a,0)|" 4 3 fis (a,d)|" 4 3| fes (b,¢)|* + | frs (b, d)|* >
16

16

+

16

|ft9 a C| +3|fts(a d)|q+3|ft9(b C |q+9|fts b d |q
16

+

N (3fts a, )T+ 9| fis (a,d)|" + | fis (b, )|? + 3| frs (b, d)|T\ ¢

3‘fts a c ‘ +|fts (a d)|q+9|fts (b c |q+3|ft5 b d |q)

}

b_a [/ftcdt—i—/ftddt]—i—b_ /b/dftsdsdt
)

(2.9)
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Remark 2.10. If we take f (a,c) = f (a,d) = f (b,c) = f (b,d) in (2.9), then we have
d d
a,c a,d b,c b,d 1

c

b b

2b_a /ftcdt+/f(td)dt +(b_a _c//dftsdsdt

(b—a)(d—c)
- 16

X {(9 |fts (a>c)|q +3 ‘fts (avd)|q + 3 |ft5 (bvc)|q + |fts (b, d)‘q)é
16

16

+ <3|fts (a, C>|q + | fts (a d)|q+9‘fts (b C)|q+3|fts b, d
16

+ <3|fts (a' C)lq +9|fts (a d)|q+ ‘fts (b c)|q+3|fts b d )

(Ifts (a, )" 4+ 3| frs (a,d)|T 4+ 3| fis (b,¢)|? + 9| f1s (b,d)]
16

7}

Corollary 2.11. If we choose g(u) = h(u) = 1 and A\ = 0 in Theorem 2.6, then we obtain

which is proved by Sarikaya et al. in [23].

f(z,y) — /f r,s) (2.11)

b b d
/ tydt—l— //ftsdsdt
d—c)

1
[(b—a)(d—-¢)]

{@=a)"7 =07 (A )7 + (@ = )77 (=) (Bla,y))

< 7
(p+1)7

Q=

Q-

+(0=2)""7 (y =) (Cla,y) T + - )7 (A=) (D(a,y)7 |

Remark 2.12. If we take z = “T*b and y = # in (2.11), then we get a new Hermite-Hadamard-
type inequality whose left hand side is same as left hand side of the inequality (2.6) and right
hand side is same as right hand side of the inequality (2.9) either.
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