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Abstract. The Symmetric division deg index of a connected graph G, is defined as SDD(G) =
> wweR(G) ‘;—: + j—z where d,, is the degree of a vertex v in G. In this paper, we concentrated on the
graph operations like lexicographic product, symmetric difference and corona product of graphs
related to the symmetric division deg index.

1 Introduction and Preliminaries

Molecular descriptors, being numerical functions of molecular structure, play a fundamental
role mathematical chemistry. They are used in QSAR and QSPR studies to relate biological
or chemical properties of molecules to specific molecular descriptors [3]. Topological indices,
being numerical functions of the underlying molecular graph, represent an important type of
molecular descriptors. Some applications related topological indices related to smart polymers
are found in [11] and comparative study of topological indices ad molecular weigh of some
carbohydrates are in [12]. Recently in [5], C. K. Gupta and et al., established the relations on
graph operations on matrix group.

Inspired by the most successful indices of this form, such as second zagreb index,[4], Randic
index [10], [15] and others, there was defined a whole family of Adriatic indices [17]. In recent
times [16], D. Vukicevic revealed the set of 148 discrete Adriatic indices. They were analyzed
on the testing sets provided by the International Academy of Mathematical Chemistry and it had
been shown that they have good predictive properties in many cases. There was a vast research
regarding various properties of this topological index.

In anew article [17], D. Vukicevic posed the open questions in his end of the paper. Stimulate
from this, here we ardent one of the index specifically, SDD. This emphasizes the development
of lower and upper bounds for graphs [6]. This acquires some results that are partial answer to
the open queries.

Symmetric division deg index is one of the discrete Adriatic indices that is good predictor of
total surface area for polychlorobiphenyls. Some results on symmetric division deg index is also
found in [1].

In group theory, a nilpotent group is a group that is "almost abelian”. This idea is motivated
by the fact that nilpotent groups are solvable and for finite nilpotent groups, two elements having
relatively prime orders must commute. The multiplicative group of upper unitriangular n x n
matrices over any field F' is a nilpotent group of length n — 1 [14]. Here, we discussed some
relations related to cayley graph of nilpotent matrix group of length one related to SDD.

We recall some definitions which are essential.

Definition: 1 The first Zagreb index [9] defined as,

Mi(G) =) dwf= Y [du)+d(v)]

u,vEE(Q)
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Definition: 2 The Symmetric division deg index of a connected graph G, is defined as

max(dy,dy)  min(dy,dy) dy | dy d + d,*
DD = = _ —_ = -
SDD(G) Z min(dy, d,) + max(dy, dy,) Z d, + dy, Z dydy
weE(G) w€E(G) w€EE(G)

where d,, is the degree of a vertex v in G.

The Composition (also called lexicographic product [7]) G = G1[G-] of graph G; and G,
with disjoint vertex sets V(G) and V(G,) and edge sets E(G) and FE(G,) is the graph with
vertex set V(G1)xV (G») and (u;,v;) is adjacent with (uy, v;) whenever u; is adjacent with wy,
or u; = uy and v; is adjacent with v;.

In [2], the Cartesian product G;xG, of graph G; and G, has the vertex set V(G xG>)
=V (G1)xV(G,) and (u;,v;)(ug,v;) is an edge of G1xG> if u; = wuy and vju € E(G,), or
uiukEE(Gl) and Vj = .

For given graph G and G, we define their Corona product G; o GG, as the graph obtained by
taking |V (G1)| copies of G, and joining each vertex of the i-th copy with vertex v; € V(Gy).
Obviously, [V(G10G2)| =V (G1)|(1+]V(G2)]) and | E(G10Ga)|= |[E(G)| + [V (G1)I(IV(G2)|+
|E(G2)]) [4].

A sum Gy + G, of two graph G; and G, with disjoint vertex sets V(G;) and V(G,) is the
graph on the vertex set V(G1) U V(G,) and the edge set
E(G1) UE(G2) U{uwv |u € V(G1),v € V(Ga)}. Hence, the sum of two graph is obtained by
connecting each vertex of one graph to each vertex of the other graph, while keeping all edges
of both graph.[18].

The Symmetric difference [8] G1 @ G, of two graph G and G is the graph with vertex set
V(G1) x V(G) and
E(G1 @ Ga) = {(u1,u2)(v1,v2)|urvy € E(G1) or ugvy € E(Ga2) but not both}.

Obviously,

|B(Gy & Ga)| = [E(G1)[|V(G2) P + |E(Go)|IV(G1)]? — 4| E(G1)||E(G)]

deyec, (u,v) = |V(G2)ldg, (u) + [V(G1)ldg, (v) — 2dg, (u)dg, (v).

Some graph operations on Harmonic index are found in [13]. Motivated from this, in this pa-
per, we concentrate on graph operations like join, corona product, cartesian product, composition
and symmetric difference of graph are established.

2 Main Results

In this section, we established the graph operations for SDD index.

Theorem 2.1. Let G1 and G, be two connected graph with order ny, ny, size my, my, maximum
degree A1, Ay and minimum degree 61, 6y respectively. Then

_m

np01 + 9
2

L S

n261 + &2

SDD(Gl[GQD < (2m2n2A1 + Ml (GZ))

(2m1 Ay + no M (Gh))
Equality hold only if graph is regular.

Proof. Let V(G1) = {u1,uz, ...un, } and V(G,) = {v1, v, ...v,, } be a set of vertex for G; and
G, respectively. By the Definition of the composition of two graph one can see that,

|E(G\[Ga))| = |E(G)I|V(G2)]* + | E(Ga)| |V (Gh)]
da, ey (u,v) = |[V(G2)|dg, (v) + da, (v)
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Consider,

3 day(a,) (i, vj) N dey (6] (uk, v1)

SDD(Gi[G]) = da () (uk,v) — da(a,) (wisv))

(ui,v5),(ur,v1)€E(G1[Ga)]),(ui,vj)F#(ur,vr)

_ 3 dey () (uis v;) N de,(cy) (ui, vi)

ORI R Ol CLC DR I CAE)

" 3 da,(c, (“u%; da,(cs) (uk; Vi)

(0o s (Gl ik 0G11G2 (ks V1) iy (G5 (i 5)

[V(G2)ldg, (ui) + de, (v
[V(G2)lde, (ui) + da, (v,

V(G2)|da, (wi v;
) 5 V(G2)ldg, (ui) + (

| V(@a)ldo, (ui) + day(o) *

u; EV(Gh) v, v €EE(G

) )
) ) )
. DS V(G2 )dalguz)ﬂLdGz(UJ)Jr V(Ga )|dalguk)+d02(vl)

wiur €B(G) v; €V (Gs) v €V(Ga) V(G2)lde, (ur) + de, (v1)
3 nadg, (wi) +dg,(v;) | madg, (ui) + dg,(v1)
nada, (ui) +da,(vi) — nade, (us) + da,(vy)

=n
’Uj,’ULEE(Gz)

5 nadg, (ui) +dg,(vj) | nada, (ur) + dg, (v1)
nada, (ur) +da,(v1)  madg, (ui) + de, (v;)

2
+ ny
wi,up €E(GY)

Z nr Ay +d(;2(1)j) na Ay +dG2(UZ)

<
™ 261 + 6 n261 + 02

v, €E(Gy)

Z nszl (UZ) + A, nszl (Uk) + Ay
nyd1 + 0o nyd1 + 0o

+ n22
wi,ur€E(Gh)
n
= — 2nmp A ;
201+ 63 > 2mA;+de,(v) + d, ()
vj, v €E(G>)

2

n2

o) :

+ 7201 + 0 > (247 + n2(dg, (ui) + dg, (ur))
uiv“kGE(Gl)

= ni(zmznzﬂ1 + Ml(G2))

2mi A M,
o1 0 (2m1 Ay + np My (Gh)).

TL251 + 0
O

Corollary 2.2. Let G; for i € {1,2}, be a cayley graph of nilpotent matrix group of length one.
Then

SDD(G1[Ga]) = 4n*(n+1) for n>1.

Proof. Resultis directly from the theorem 2.1. Since Forn > 7, cayley graph of nilpotent matrix
group of length one with n vertices has 2n edges and degree of each vertices is 4.

Also M;(G;) = 16n. O
Theorem 2.3. Let G| and G, be two connected graph with order ny, ny and size m1, my respec-
tively. Then

2
SDD(Gy x G) < 2A1T22) (o am).
01+ 0o
Equality hold only if graph is regular.

Proof. Let V(G1) = {u1,uz, ...un, } and V(G2) = {v1, v, ...v,, } be a set of vertex for G; and
G, respectively. By the Definition of the cartesian product of two graph one can see that,

|E(G1 x Ga)| = [E(G)||[V(G2)| + [E(G2)|[V(G1)]
dGlez (u,v) = dG1 (u) + dG2 (’U)

V(Ga)lde, (ui) + da, (v))
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Consider,
SDD(G1 x Gy) = Z [dG]sz(Uia'Uj) " dG]sz(UkaUl)}

(wiyv5),(ug,v1)EB(G1 X Ga),(ui,v;)#(uk,v1) Aoy < (U, 1) dGlXGZ(Ui,Uj)
_ Z [dG]sz(Uz’;'Uj) " dclxaz(ui,vz)}

(ui,v]‘),(ui,vl)GE(Gl XGQ),’L)J"ULGE(GQ) dGl XGy <Ui7 Ul) dGl XG, (Ui7 vj)
+ Z [dG]XGZ(uiﬂvj) + dG]XGQ(uk)JUj)}

(0. (10,03 EGr ) s e E(Gy) 00 <G (s V3) i (i ;)
_ Z Z |:dG1 (ul) —+ dGz (vj) + dGl (ul) + dGz (vl)}

w €V (Gy) vy, v EE(GL) dey (i) + day(v) - da, (i) + da, (v;)

dg, (ui) + dg,(vj) | dg,(ur) + dg,(v;)

+ 22090y :

y e;(cg ui,ukezE(Gl) {dcl (ur) +da,(v;) — de, (i) + da, (v;) }

A+ Ay A+ Ay
<m Z +
1)j71)[EE(G2)|: 01+ 01+ }
Air+4A A+ A
+ np Z
ui,ukeE(Gl)[ 01+ & 01+ 62 ]
AL+ Ay A+ A
-2 a1 a2, ST A2
nims | 3L+ o | + 2mam | 51 + 0 ]
(ALt A
=2 {m} (nﬂnz + nzml).
Equality hold only if graph is regular. O

Corollary 2.4. Let G; fori € {1,2}, be a cayley graph of nilpotent matrix group of length one.
Then

SDD(G1 x Gy) = 8n* for n>1.

Theorem 2.5. Fori € {1,2}, let G; be a graph of minimum degree §;, maximum degree A;,order
n; and size m;. Then

Ap +ny
01+ no

Equality hold only if graph is regular.

SDD(G10G,) < 2m1( ) + 2mong (ﬂ)—‘—mng(Al + + A1 )

o +1 0+ 1 01+ no

Proof. The edges of G10G, are partitioned into three subsets F1, F, and Ej5 as follows
Ey ={e € E(G1oGy),e € E(G1)}
E, ={e € E(G10G2),e € E(Ga;),i=1,2...|V(Gy)|}
Ey; ={e€ E(G10Gr),e = uv,u € V(Gy;),i =1,2..][V(G1)| andv € V(G1)}.

and if u is a vertex of G;0G>, then

_ dG1 (U) + IV(G2)| if ue V(Gl)
dGloGz(u) = )
dg, (u) +1 if ueV(Gy)
Let Gy = (Vi, E;), i € {1,2} and let G10G2 = (V, E)
we have
dg,oc, dc, oG,
= (ol ot
wEE(GroGy) | C1oGR G10G>

=Q1+ Q2+ Q3.
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where
dG +n2 dG (v)+n2
Q1= : +
u;E (d(;l +7L2 dgl(u)—i—nz)

Ar+ny  Ar+no Ay +np
< =2
_u%:E((Sl-FTLz_'_(sl—i—TLz) m1(51+n2)

dG -|—1 dg (U)+1
Q2 =m : 1t
u;E (dGl dGl(u)+1>

A+ 1 A+ 1 A+ 1
< =2
—””"2(52+1 52+1> m((s +1)
_ dg,(u) +ny | dg,(v) +1

@ = 2 de, (v) + 1 +dG1(u)+n2)

wv€ B3, u€ViandveVs

A +no A2+1)
0+ 1 51 +mno/

Using Q1 to Q3 in SDD(G10G-), we get

AL +nop A +1 AL +no A+ 1
< _— .
SDD(GIOGz) - 2m1<51 + nz) +2mam ( o +1 )+n1n2< 6+ 1 + 01 + n2>

< nmz(

O

Corollary 2.6. Let G; for i € {1,2}, be a cayley graph of nilpotent matrix group of length one.

Then

n? + 8n + 41
5n + 20

Theorem 2.7. Let G| and G, be two connected graph with order ny, ny and size m1, my respec-
tively. Then

SDD(G10G,) = 40 +4n + nz( ) for n>1.

A
SDD(Gl + Gz) < 2m1( 51 + n2>

(A2+n1)+nn(ﬂ1+nz Az—i—m)
1+ n2 : 92 + e 0 +nq d+mny/
Proof. Let V(G1) = {u1,uz,...up, } and V(G2) = {v1,v2,...vs, } be a set of vertex for G; and

G, respectively. By the Definition of the join of two graph one can see that, if u is a vertex of
G1 + G, then

de e, (u) = da, (u) + [V(Go)| if ueV(Gh)
Gi1+G, dGZ(u) + |V(G1)‘ Zf u e V(Gz)

Therefore,
da,va,(u) | dg 1a,(v)
DD — 1 2 1 2

SDD(G1+G2) Z da,+a,(v) + da,+a, (U))

weE(G1+G,) - -

_ Z dGl (u) +ny dGl (U) +TL2) 4 dgz(u) +ny ng('U) +n1>
wepiey e W) Fna - da (u) +na/ T L Ade,(v) + T de, (u) +
dG1 (u) + no da, (U) —+nq
_|_ 2
2 e () +n da(u) + ”2)

weV(G)weV(G,)

A +np Ay +my Ar4+ny Ao+
o1 +n )+2m2(62+n )+n1n2((52+n1 51+n2)'

Szml(

m}

Corollary 2.8. Let G; fori € {1,2}, be a cayley graph of nilpotent matrix group of length one.
Then

SDD(G1 + Gy) = 2n* +8n for n >1.
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Theorem 2.9. Fori € {1,2}, let G; be a graph of maximum degree A;, minimum degree §; order
n; and size m;. Then

Ay +n1 Ay — 26102
DD < 2(n? 2y — 4 2o
SDD(G1 @ Gy) < 2(n3my + nimy mlmg)n251 6, 20,4,

Proof. Let V(G1) = {u1,ua, ...up, } and V(Gz) = {v1,v2, ..., vp, } be a set of vertex for G; and
G, respectively.
Consider,

d » (ui, d (uk,
SDD(G1® Ga) = Z G1oG, (i J;+ Grac, (Uk, vy

d U, U
(ui,v5),(ur,v)EE(G1DG,) Gl@GZ( ko T

de,ec, (Wi, vj) | deec, (uk, vi)
> Z o) deec

d U, U
v; €V (G2) v €V (G2) us ur €E(G G196\ Bk l) Gl@Gz

+ Z Z Z dGl@Gz(uivUj) + dciec, Ukvvl)
d Nug, v d, Nug, v;
W €V(G) upeV(Gy) vy, mE(G CHIACTR) c06; (i, vj)

- 3 dcleacz(ui,vj)Jr )
dGl@GZ (Uk,'l)l) dcl@Gz (uivvj

ui,urk €E(G) v , v EE(G

As per the definition of the Symmetric difference of a graph

da,ec, (Ui v5) | deec,(ur,v)) _ nada, (ui) + midg, (v;) — )
da,oc, (uk,v)  da e, (ui,v;)  node, (ur) + nide, (v) — ) )
mdg, (u) + nidg, (vi) — 2dg, (u)dg, (v1)

nszl (uz) + n1d02 (UJ) Zd(;l( )

oAy +n1 Ay — 2610, 2 Ay +n1 Ay — 2610,

T npd; +n10y — 2414, n201 +n1dy — 2414,
2n2A1 +n1ly — 2616
01 +n1dy — 2414,

From equation (1) and (2) we get

2(712A1 +n1lp — 25152)

n201 +n1dy — 24014,

2(n2A1 +n1Ar — 25152)
2

+nime ny01 +nydy — 24014,
2(77,2A1 +n1ly — 25152)

n201 +n1dy — 24014,
A1 +n1 Ay — 2610,
n201 + n1dr — 2A1A2-

SDD(Gl D Gz) < n%ml

— 4m1m2

2 2
= 2(nymq + nymy — 4myimy)
O

Corollary 2.10. Let G; for i € {1,2}, be a cayley graph of nilpotent matrix group of length one.
Then

SDD(G1 + Gy) = 8n*(n—4) for n>1.
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