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Abstract. Since O is a non-associative algebra over R, this real division algebra can not be
algebraically isomorphic to any matrix algebras over the real number field R. In this study using
H with Cayley-Dickson process we obtain octonion algebra. Firstly, We investigate octonion
algebra over Z,,. Then, we use the left and right matrix representations of H to construct repre-
sentation for octonion algebra. Furthermore, we get the matrix representations of O/Z,, with the
help of Cayley-Dickson process.

1 Introduction

Let us summarize the notations needed to understand octonionic algebra. There are only four
normed division algebras R, C, H and O [2], [6]. The octonion algebra is a non-commutative,
non-associative but alternative algebra which discovered in 1843 by John T. Graves. Octonions
have many applications in quantum logic, special relativity, supersymmetry, etc. Due to the
non-associativity, representing octonions by matrices seems impossible. Nevertheless, one can
overcome these problems by introducing left (or right) octonionic operators and fixing the direc-
tion of action.

In this study we investigate matrix representations of octonion division algebra O/Z . Now, lets
start with the quaternion algebra H to construct the octonion algebra Q. It is well known that
any octonion a can be written by the Cayley-Dickson process as follows [7].

a=da +d’¢ d,d" e H; H={a=ap+ai+ayj+ask|ag,ay,ar, a3 € R}.
Here, H is the real quaternion division algebra and {1, , j, k} is the base for this algebra. Where
i> = j2 = k> = —1,ijk = —1 and e is imaginary unit like i and e> = —1. For any elements
a, b of O the addition and multiplication operations are as follows. If a = o’ + a”’e and b =
b +b"e € O then
atb = (d' +d"e)+ (V' +b"e) = (d' + V') + (" +V")e

and
ab = (a' +a"e)(t +V'e) = (a'b/ —b"a”) + (a'V +b'a")e

respectively. Where o’ and o’ denote the conjugates of the quaternions o’ and a”. O is a non-
associative but alternative division algebra with an eight-dimension over its center field R and
we note that the cannonical basis of O is

€0 = 1;61 :i762:j7e3:k;e4:€;65:i67€6:je7e7:ke-

2 0/ Z.,, Alternative Octonion Algebra

In this section we use a prime number p, p # 2 and eg = 1,¢e;2 = e2> = ... = e;> = —1. Then,
the set of O/Z,, can be written as

(O)/Zp = {k = coep + cie1 + cer + c3e3 + caes + cses + ces + creq|c; € Zy, 0 < i < T}
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Firstly, we show that O/ Z,, is a vector space. Then, we define multiplication operation on O /7
and we obtain that Q/ Z,, torms an alternative division algebra with respect to the defined multi-
plication.

Theorem 2.1. The O/ L, is a vector space over the field Zj,.
Proof. For all ky,k; € (O)/Zp and ¢;,d; € Zyp, 0 <1 <7,

k1 = coep + cre1 + caen + c3e3 + caeq + cses + ces + cre,

ky = dpeg + diey + dres + dze; + dyeq + dses + dgeg + dreg.

The addition operation over the O/Z,, is defined as

D @/Zp X @/ZP —)@/Zp, k1D ky, = (Ci-f—d,')ei, 0<i<T.

So, we can easily see that (O/Z,,, ®) is an abelian group. For all d € Z, and ki € O/Z, the
multiplication operation over the O/Z,, is defined as

©:Z,x0/Z, — O/Z,
d®k; =do (cpeg + cre1 + caea + cze3 + caeq + cses + coeg + c7€7)
d@ Ifl = (dci)ei, 0 S ) S 7.

And, we can show the multiplication operation satisfies the following properties.
v1) Foralld € Z, and k1, k, € (O)/Zp7
do (k1 @ k) = (dO ki) ® (dO k),
vy) Forall ¢,d € Z, and k € O/Z,,
(c+d)Ok=(coOk)®(dok),
v3) Forall ¢,d € Z, and k € O/Z,,
(cd)Ok=coO(dOKk),

vg) Forall k € O/Z,,
10k =k

Thus, {(O)/Zp, ®,Zy, ., ®} is a vector space. O

From now on, this vector space will be denoted by O/ Z,,, shortly. In the following theorem,
we can give an alternative algebra on this vector space.

Theorem 2.2. O/ Zp is an alternative algebra over the field Z.,,.
Proof. Since O/ Z,, is a vector space, the multiplication of two vectors on this vector space is
x:0/Z,x0/Z,— O/Z, forall ki, k, € O/Z,

k1 x ky = (coep + cre1 + caen + cze3 + caes + cses + e + c7€7)
X (doeo + dier + dresr + dzez + daes + dses + dses + drer),

kl X kz = (C()d() — Cld1 - Czdz — C3d3 — C4d4 - C5d5 — C6d6 — C7d7)€0
+ (cody + c1do + cads — c3dy + cads — csdy + c7dg — cedy)ey
+ (coda + c2do + c3di — c1ds + cads — cods + csdy — crds)en
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+ (cods + c3dp + c1do — cady + cady — e7ds + cods — csdg)es
+ (cods + cado + csdy — c1ds + ¢7ds — c3dy + coda — codg)ey
+ (cods + csdo + c1ds — cady + c7dy — cady + c3ds — cods)es
+ (code + codo + c1dy — ¢7dy + cods — cady + csds — c3ds)eg
+ (cod7 + ¢7do + cedi — c1ds + cads — csdy + c3dg — cads)er.

We remark that this multiplication is called as octonion multiplication. The octonion multi-
plication over O/ Z,, satisfies the following properties.

i) For all k1, k» € O/Z, and d € Z,

(d@ ki) x ky =d @ (k1 x k).
ii) For all k1, k» € O/Z,

k1 x (k1 x kp) = (k1 X k1) X ko,

(ky X k1) X k1 = kp x (k1 x ky).
iii) For all ki, ko, ks € O/Z,

k1 x (kz &) k3) = (kl X kz) D (kl X k3)7
(k‘z D ]413) X k1 = (k‘z X ]411) D (]4}3 X k‘l).
With these properties, we obtain that O/ Z,, forms an alternative algebra. It is well known that

the property i7) in the above equations is called the alternative property.
|

For example, let p = 13,d = 11 and if we choose ki, k; as follows, then we have

ki1 =3¢y +2e1 + ey +Tez + Teq + 1les + 8eg + 5¢7 € (O)/Zp,
ko = leg +4der + 12e5 + 2e3 + Teq + 1les + 6eg + leg € @/Zp,
k1@ ky =4eg+ 6e; + 0ey + 9e3 + leg + 9es + leg + 6e7 € @/ZP,
k1 X kp = 6eg + 6e1 + 3ex + les + O0ey + 1les + 6eg + Te7 € (O)/Zp7

d® ki =Teg+9e; + 1ley + 12e3 + 12e4 + des + 10eg + 3e7 € @/Zp.

3 Matrix Representations and O/Z,,

It is well known that every finite dimensional associative algebra over an arbitrary field I is
algebraically isomorphic to a subalgebra of a total matrix algebra over the field F. For the real
quaternion algebra H, there are many studies related with matrix representations[1], [3] and
[4]. For the properties of left and right matrix representations, reader who interested in these
matrices may find useful these papers [3] and [5]. In [1], for all ¢ € H the matrix form of right
multiplication given as

ay —a1p —az —as
) ap ay —az a

o :H— M, p(a) =
a as ap —aj

az —az ay ao
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where M is
ay —ayp —az —a3
ar  ay —az ap
M ={ ap, a1, as,a3 € R}.
(2% a3 ap —ag
az —ax a1 aop

Thus, H is algebraically isomorphic to the matrix algebra M. Similarly the matrix form of left

multiplication is

ayp —aq —ay —a3

7:H— M,7(a) = @ a0 @ Tn
ay —az ag  a

az ax —ap Qg

Now, based on the results related with the real matrix representations of quaternions, one of
real matrix representation of real octonions as follows.

Definition 3.1.Leta = a’ + d"c € OQ; a’ = ag + a11 + arj + azk, a”’ = a4 + a5t + agj + a7k.
The following 8 x 8 real matrix is called as left matrix representation of a over R [1].

pla)  —7(d")K,

w(a) =
" / ’
pla)Ky  r(d)
where K3 is
1 0 0 O
0o -1 0 O
Ky =
0O 0 -1 O
0o 0 0 -1
Thus, the explicit form of w(a) is
ap —aq —ay —a3 —a4 —as5 —ag —ay
ai agp —as an —as a4 ay —ag
an as ap —a; —ag —ay a4 as
a3 —ap aq agp —a7y Qg —as a4
w(a) =
a4 as ag a7y ag —a; —az —as
as —a4 a7y —ag ai ag as —an
ag —a7 —a4 as an —as agp ai
a7 ag —as —Qa4 as an —aq ag

Definition 3.2.Leta = a’ +d’ec € OQ; o’ = ag + a17 + arj + azk, a”’ = aq + a5t + a¢j + a7k.
In the following 8 x 8 real matrix 7(a),

is called as the right matrix representation of a over R [1]. The explicit form of 7(a) is shown as
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ay —ay —az —aiz —a4 —as5 —ag —Qa7
ai ag as —an as —a4 —Qa7 ag
az —as ap al ae a7 —Qa4 —as
7T(a) _ as as —al ag az —ag as —a4
a4 —as —ag —ay ag ai an as
as a4 — a7 ag —aq agp —as as
ag a7y Q4 —as —ap as ag —aq
L a7 —Qg as a4 —a3 —ap ai agp ]

Using the above definitions for matrix representations over Q/Z,, we will give the following
theorems without proofs.

Theorem 3.3. For k = ¢’ +q"e = qoeo + qre1 + qre2 + qz€3 + qaea + gses + gses + qre7 € O/ Z,,
the explicit form of the right matrix representation, w(k) can be written as follows.

o0 -Da (p-1Ne (- (@-Nau @p-1e -1ew (@-Da
a q0 ® (r—Da s p—Da (- 46
2 (p—1)g do qQ s q7 p—1Da (p—1)gs
(k) = @ 7 (p—Dar o @ (p—1)ge qs (P—1)qa
@ (p—1g (p—1)g (-1 % Q ) @
s Q (p—Dag s (r—Da o (r—Das ¢
qs @ G (p—1g (p—1Da @ % (r—Da1
L @r (p—1)gs s G =g (-1 ¢ %

Theorem 3.4. For k = ¢’ +q"e = goeo + qre1 + qrea + qze3 + qaea + gses + gses + qre7 € O/ Z,,
the explicit form of the left matrix representation w(k) can be written as follows.

o p-Da (-1 - @E-Du (-1 -1 @E-Da
¢ o (p—1ags i) (p—1)gs 4 ¢ (p—1)gs
0 B % p—=Da (p—1Ng (—Dagr G qs
w(k) = | @ P-De  a ) P—Da g (p—1)gs G
G s 6 @ % p=Da (p—Da (-1
s (p—1)a a (p—1)ge ¢ 0 ® (r—1Da
w6 (P—Dag (p—1)g s i) (r—1Da % Q
@ 6 (p—1g (p—1)q @ i) (r—Da %
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For example, for p = 17 and k € Q/Z,; we take k as k = Seg + 2e1 + 2e5 + 15e3 +
13e4 + 10es + 4es + le; € O/Z,,. Then, it can be calculated that ¢’ = 5 4 2i + 2j + 15k and
q" =13+ 10i +4j + k. So, using ¢’ and ¢”” we can obtain the matrices below;

5 15 15 2 13 7 13 16
2 5 2 2 10 13 16 4

AN 1 —
Pd)=1 5 15 5 15| %) 4 1 13 7
1515 2 5 | 1 13 10 13

And

C5 15 15 2 ] 13 7 13 16
2 5 15 15 10 13 1 13

AN 2 —
=y o s 2 |TYIT 6 13 10
15 2 15 5 | 1 4 7 13

Moreover, the left matrix representation of k € Q/Z,; is

5 15 15 2 4 7 13 16 |
2 5 2 2 7 13 1 13
2 15 5 15 13 16 13 10
15 15 2 5 16 4 7 13
w(k) =
1310 4 1 5 15 15 2
10 7 1 13 2 5 15 15
4 16 7 10 2 2 5 2
1 4 7 4 15 2 15 5

The right matrix representation of k € Q/Z,; is

5 1515 2 4 7 13 16 |
2 5 15 15 10 4 16 4

2 2 5 2 4 1 4
15 2 15 5 1 13 10 4

~

(k) =
13 7 13 16 5 2 2 15
10 13 16 4 15 5 2 2
4 1 13 7 15 15 5 15
1 13 10 13 2 15 2 5

In conclusion, we study octonion algebra over Z, and give their left and right matrix repre-
sentations according to defined real matrix representation [1].
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