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Abstract. In this paper, some necessary and sufficient conditions for a tigmhave
weakly sign symmetri@)-completion are provided. The digraphs of order at most three that
have weakly sigh symmetri@-completion are singled out.

1 Introduction

A partial matrix is a rectangular array of numbers in which some entries are specifigel wh
others are free to be chosen patternfor n x n matrices is a subset éfl,... , n} x {1,...,n}.

A partial matrixspecifies a patterif its specified entries lie exactly in those positions listed in
the pattern. For C {1, ..., n}, the principal submatri®|a] is obtained by deleting froms all
rows and columns whose indices are notirA principal minor is the determinant of a principal
submatrix.

A realn x n matrix B is a P-matrix (Po-matriX) if every principal minor ofB is positive
(nonnegative). A reah x n matrix B = [b;;] is a @-matrix if for every k € {1,2,...,n},
Sk(B) > 0, whereS,(B) is the sum of alk x & principal minors ofB. The matrixB is weakly
sign symmetridf b,;b,; > O for each pair of, j € {1,...,n}.

For a given clasBl of matrices (e.g.P, Py or Q-matrices) gartial M-matrixis a partial ma-
trix for which the specified entries satisfy the properties Df-enatrix. Thus, gartial P-matrix
(partial Po-matrix) is one in which all fully specified principal minors are positive (nontiega
Similarly, a partial weakly sign symmetric matrix is a matrix in which fully spedifiincipal
submatrices are weakly sign symmetric matrices.

A completiorof a partial matrix is a specific choice of values for the unspecified en#i€k
completionof a partiall1-matrix M is a completion of\f which is all-matrix. For a particular
classll of matrices, we say a pattern hBlscompletionif every partial l1-matrix specifying
the pattern can be completed tdlamatrix and thell-matrix completion problenstudies the
properties and classifications of patterns havihgompletions. Matrix completion problems
for several classes of matrices includifrgand Py-matrices have been studied by a number of
authors (e.g..q, 6, 7, 8,9, 10, 11]). For a survey of matrix completion results one may e [

1.1 Digraphs

Graph theory has played an important role in the study of matrix completaiyigms. Most of
the graph-theoretic terms can be found in any standard referemexgimple, in L] and [4]. For
our purposes, directed graphor digraph D = (Vp, Ap) of ordern > 0 is a finite nonempty
setVp, with |[Vp| = n of objects calledverticestogether with a (possibly empty) sdt, of
ordered pairs of vertices, calletdcs or directed edges Sometimes, we simply write € D
(resp.(u,v) € D) to meanw € Vp (resp.(u,v) € Ap). If z = (u,v) is an arc inD, we say that
x isincidentwith « andv. If x = (u,u), thenz is called doop at the vertex:.

A symmetric edgef D is a pair of arcq(u,v), (v,u)} C Ap, usually written agu,v}. A
digraphH = (Vy, Ag) is asubdigraph of ordert of the digraphD if |Vy| = k andVy C
Vb, Ag C Ap. A subdigraphH of D is aninduced subdigraplf Ay = (Vg x V) N Ap
(induced byVy) and is aspanning subdigrapti V; = Vp. By K,, we denote the digraph with
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vertex setin) = {1,2,...,n}, and arc setn) x (n), i.e., one with all possible arcs including
loops on the vertex sét). Thecomplement of a digraph is the digraphD, whereVs = Vp
and(v,w) € Ay ifand only if (v, w) ¢ Ap. Adigraphis called asymmetric if it does not contain
a symmetric edge.

A (directed u-v path P of lengthk > 0in D is an alternating sequente = vo, 21, v1, . . ., Tk, v =
v) of vertices and arcs, whekg, 1 < i < k, are distinct vertices and;, = (v;_1,v;). Then, the
verticesy; and the arcg; are said to be o®. Further, ifk > 2 andu = v, then au-v path is
acycleof lengthk. We then writeCy, = (v1,v2,...,v,) and callCy a k-cycle in D. Naturally,
paths and cycles in a digraggh are considered to be subdigraphdof

A cycle C is even(resp. odd) if its length is even (resp. odd). A digrapgh is said to be
connected (resp. strongly connected) if for every pair of vertices,D contains au-v path
(resp. both au-v path and av-u path). The maximal connected (resp. strongly connected)
subdigraphs oD are calledccomponentgresp.strong componentof D.

1.2 Digraphs and matrices

Let = be a permutation of a nonempty finite $ét The digraphD, = (V, A,), whereA, =
{(v,m(v)) : v € V}, is called gpermutation digraphClearly, each component of a permutation
digraph is a loop or a cycle. The digraph. is said to bepositive(resp.negativg if 7 is an even
permutation (resp. an odd permutation). It is clear ihatis negative if and only if it has odd
number of even cycles.

A permutation subdigrapl#f (of orderk) of a digraphD is a permutation digraph that is a
subdigraph ofD (of orderk). A digraphD is stratifiedif D has a permutation subdigraph of
orderk for everyk =2,3,...,|D|.

Let B = [b;;] be ann x n matrix. We have

det(B) = Z(Sgnﬂ-)blw(l) T bnﬂ'(n) (11)

where the sum is taken over all permutatiansf (n).

A signing of a digraph is an assignment of a sigror — to each arc of the digraph. The
result of signing of a digraph is callecs@yned digraphFor an are: € D by s(e) we meare has
signs(e).

For ak-cycle inCy, in D, the signs(Cy,) is defined to be,

s(Cr) = ()" T s(e)

ecCly,

For a permutation subdigraghof D, the signs(k) of k is

Cek

Now if is useful to associate a partial matrix with a digraph that describepdbitions of the
specified entries in the partial matrix. We say thahann partial matrixB specifiesa digraphD
if D=((n),Ap), andfor 1<i,j <mn, (i,5) € Ap if and only if the entryb;; of B is specified.
Let M = [m,;] be a partial matrix specifying. The sign of an ar¢:, j) is defined as follows:

o l7 if mg; > 0
sgn(i, j) = L 0
— ITm;; <

The resulting signed digrapb is the sign pattern of a partial matrix éf. In the case of a
symmetrically placed pait,;; andz;;, in a partial matrix, the specified entay; shall be referred
to as the specified twin. The other member of the pajt,shall be referred to as the unspecified
twin. If any specified twir;; of a partial matrix)\/ specifyingD is zero, we can assign suitable
sign (+ or -) to the arcs ab according to our choice. In that case, we can choose also suitable
sign of unspecified twin;;.

The property of being a weakly sign symmetéjematrix is preserved under similarity and
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transposition, but it is not inherited by principal submatrices, as it caitydae verified. Thus
the weakly sign symmetri€)-matrix completion problem is quite different from completion
problems involvingP-matrix classes, where principal submatrices inherit the propertieeof th
class under consideration.

2 Partial weakly sign symmetric Q-matrices and their completion problem

A partial Q-matrix M is a partial matrix such thef, (M) > 0 for everyk = 1,...,n for which

all k x k principal submatrices of/ are fully specified. Apartial weakly sign symmetriQ-
matrix M = [a;;] is a partial@-matrix in which all fully specified principal submatrices are
weakly sign symmetric.

Let M = [a;;] be a partial weakly sign symmetric matrix. If allx11 principal submatrices
(i.e., all diagonal entries) i/ are specified, then their sufi (M) (the trace ofM) must be
positive. If all k x k principal submatrices are fully specified for some 2, thenM is fully
specified and, therefore, is a weakly sign symmefitnatrix. Thus, a partial weakly sign
symmetricQ-matrix is characterized as follows.

Proposition 2.1.SupposeV! = [a;;] is a partial weakly sign symmetric matrix. The is a
partial weakly sign symmetriQ-matrix if and only if exactly one of the following holds:

(i) Atleast one diagonal entry @f is not specified.

(i) Alldiagonal entries are specified, at least one diagonal entry is posibwbat?r(M) > 0
and M has an off diagonal unspecified entry.

(i) All entries of M are specified and/ is a Q-matrix.

A completion B of a partial weakly sign symmetri@-matrix M is called aweakly sign
symmetricQ-completionof M, if B is a weakly sign symmetriQ-matrix. Since any matrix
which is permutation similar to @-matrix is a@Q-matrix, it is evident that if a partial weakly
sign symmetri@)-matrix has a weakly sign symmetiig-completion, so does any partial matrix
which is permutation similar td/.

Itis easy to see that any partial weakly sign symmetric matfiwith all unspecified diagonal
entries has weakly sign symmetiigzcompletion. A completion can be obtained by choosing
sufficiently large values for the unspecified diagonal entries. Mebe a partial weakly sign
symmetric@Q-matrix in which the diagonal entries &t,7) positions(i = k£ + 1,...,n) are
unspecified. In cas@/[1,..., k| is fully specified,A may not have a weakly sign symmetric
Q-completion. For example, the partial matrix,

M =

=)
=)

0
1,
*

wherex denotes an unspecified entry, does not have weakly sign symr@etdenpletion. In-
deed, for any completio® of M, S3(B) = detB = 0. On the other hand, i#/[1,..., k] has
an unspecified entry and has a weakly sign symmétrampletion, then/ has a weakly sign
symmetricQ-completion. A completion ofif can be obtained by choosing sufficiently large
values for the unspecified diagonal entries. We list these observatitims fiollowing results.

Theorem 2.2.1f a matrix M omits all diagonal entries, thei/ has weakly sign symmetrig-
completion.

Proof. Let M = [a,;] be a partial weakly sign symmetrig-matrix. For anyt > 1 consider a
completionB = [b;;] of M by setting all diagonal entries equali#and rest of the off diagonal
entries to be equal to zero. Then, any & principal minor will be of the formt* + p(t), where
p(t) is a polynomial of degreg k— 1. Now by choosing large enough we havé (B) > 0 for
all k¥ x k principal minors ofB. Since only finitely many principal minors are to be considered,
thus for sufficiently large, M has weakly sign symmetri@-completion. -
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Theorem 2.3.Let M be a partial weakly sign symmetrig-matrix in which the diagonal entry
at (r + 1, + 1) position is unspecified. If the principal submatdX[1,...,r] of M is not
fully specified and has weakly sign symmefticompletion, therd/ has weakly sign symmetric
Q-completion.

Proof. Let M = [a,;] be a partial weakly sign symmetrig-matrix which omits the diagonal
entry at(r + 1,r + 1) position. Then)/ is of the form,

M- M-
M= 11 2|
My, My

where,My; = M[1,...,r] and My = M[r+ 1,r + 1].
Let A; be the weakly sign symmetri@-matrix completion of\/[1, ..., r]. Then,

M =

A1 My
M My |’

is a partial weakly sign symmetri@-matrix, sinceM,, has an unspecified diagonal entry. Now
for t > 0, consider a completioB® = [b;;] of A’ obtained by choosing; = ¢, ¢« =+ 1 and
b;; = 0 against all other unspecified entriesliff. ThenB is of the form,

Ay B

B =

SinceA; is a weakly sign symmetriQ-matrix, S;(A;) > 0for 1<i <r. For2<j <r+1,
Sj(B) = Sj(A1) +tS;-1(A1) + s,

wheres; is a constant. Nov§,; (B) > 0 for sufficiently large values afand clearlyB is weakly
sign symmetri@)-matrix. =

Corollary 2.4. Let M be a partial weakly sign symmetrig-matrix in which the diagonal entries
at (4,i) positions(i = r + 1,...,n) are unspecified. If the principal submatri{[1,...,r| of
M is not fully specified and has weakly sign symmefricompletion, therd/ has weakly sign
symmetriaQ-completion.

The converse of Corollarg.4is not true which can be seen from the following example.

Example 2.5.Consider the partial matrix,

* * ais *
a1 dz * *

M = ,
* a3y ok *

agy *  a43 dg

where x denotes the unspecified entries. We show that for any choice of valube spec-
ified entriesM has weakly sign symmetri@-completions, though there are occasions when
M|1,2,3] does not have (see Exam@e3). Fort > 0, consider the completio(¢) of M
defined as follows:

t 0 ai13 0
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where, we pubyz = s(agz)t, b3s = S(Cl43)7f7 bar = s(a32a43)t. Then,

Si(B(t) = 2+ d;,

S2(B(t) = t*+ fut),
S3(B(t) = 3+ fat),
Sa(B(t) = t*+ fa(t),

wheref;(¢) is a polynomial in: of degree at most + = 1,2, 3. ConsequentlyB(¢) is a weakly
sign symmetriaQ-matrix for sufficiently larget, and therefore)M has weakly sign symmetric
Q-completion. On the other hand, the partial weakly sign symmétnoatrix

M[2,4] = l xl 5 ] ,

with unspecified entries,s, z42, is the principal submatrix ol induced by its diagonah =
{2,4}. ThatM[2,4] does not have weakly sign symmetticcompletion is evident, because
So(M2,4]) < 0 for any completion of\/[2, 4].

3 Digraphs and weakly sign symmetricQ-completions

We have seen that arnx n partial matrix)/ specifies digraphD = ((n), Ap)ifforl <i,j <n,
(i,7) € Ap if and only if the (i, j)-th entry of M is specified. For example, the partial weakly
sign symmetri@)-matrix M in Example2.5specifies the digrapb in Figurel.

Theorem 3.1.Supposél/ is a partial weakly sign symmetric matrix specifying the digrdph
If the partial submatrix of\/ induced by every strongly connected induced subdigragh ludis
weakly sign symmetriQ-completion, therd/ has weakly sign symmetrig-completion.

Proof. We prove the result for the case whBrhas two strong componeni®; and D,. The
general result will then follow by induction. By a relabeling of the vertice®gif required, we

have
M= l My My, ] 7
X Moy
where M;; is a partial weakly sign symmetri@-matrix specifyingD;, « = 1,2, and all entries
in X are unspecified. By the hypothesid;; has a weakly sign symmetr@-completionB;;.
Consider the completion

B11 B
By1 B

B =

)

by choosing all entries iiX as well as all unspecified entriesiy, as 0. Then, for X k < | D]
we have

k-1
Sk(B) = Si(B11) + Sk(B22) + Z Sy (B11)Sk—r(B22) > 0,
r=1
Here, we mear(B;;) = 0 whenevelk exceeds the size d@;;. ThusM can be completed to a
weakly sign symmetri¢)-matrix. =

The proof of the following result is similar.

Theorem 3.2.SupposéeV/ is a partial weakly sign symmetric matrix specifying the digrdph
If the partial submatrix ofd/ induced by each component bfhas a weakly sign symmetric
Q-completion, then/ has a weakly sign symmetrig-completion.

The converse of Theore@1is not true. For example, every partial weakly sign symmet-
ric Q-matrix specifying the digrapl® in Figure 1 has weakly sign symmetriQ-completion,
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although the strong componebdy induced by vertice$1, 2, 3} does not have weakly sign sym-
metric Q-completion (see Exampl3).

Example 3.3.Consider the digrapt® in the Figurel. We show thatD has weakly sign sym-
metric Q-completion, but the strong componeht induced by verticeg1, 2,3} does not have
weakly sign symmetric)-completion. LetM = [a;;] be a partial weakly sign symmetrig-

4 3

Figure 1. The DigraphD

matrix specifyingD. Then fort > 0, M can be completed to a weakly sign symmegienatrix
B(t) (see Exampl@.5) but the principal submatrix induced by the digraphi.e. M1, 2, 3] does
not have weakly sign symmetr{g-completion. To see that/[1, 2, 3] does not have weakly sign
symmetricQ-completion, consider the partial weakly sign symmefyienatrix

T u -1
M[1,23=| -1 0 w |,
z =1 y

with unspecified entries, u, w, y andz. Then for any weakly sign symmetr{@-completionB
of M[1,2,3], we haveS3(B) < 0 and hencé[1,2, 3] does not have weakly sign symmetric
Q-completion.

The property of having weakly sign symmetiizcompletion is not inherited by induced
subdigraphs. This can be also seen from the Exa@ple

4 The weakly sign symmetricQ-completion problem

We say that a digraply hasweakly sign symmetriQ-completion if every partial weakly sign
symmetricQ-matrix specifyingD can be completed to a weakly sign symmeianatrix. The
weakly sign symmetriQ-matrix completion problenaims at studying and classifying all di-
graphsD which have weakly sign symmetr@-completion.

It is clear that if a digraphD has weakly sign symmetri@-completion, then any digraph
which is isomorphic taD has weakly sign symmetriQ-completion.

4.1 Necessary conditions for weakly sign symmetri@Q-matrix completion

In this section we provide some necessary conditions for a digraph éodeakly sign symmet-
ric Q-completion.

Theorem 4.1.Let D be a digraph with at least two vertices. If has weakly sign symmetric
Q-completion, therD omits at least two loops.

Proof. Let D be a digraph wit vertices having loops at 3, ..., n. SupposeD omits only
one loops. Lel\/ = [a;;] be a partial weakly sign symmetrig-matrix specifying the digraph
which is defined as follows:

Qi = L If(laj):(lvl)v(lvj)GD
v 0, forall (i,5) # (1,1),(i,j) € D.

Then for any weakly sign symmetric completidhof M, S>(B) < 0, whereS,(B) is the sum
of all principal minors of order X% 2 in B. HenceD omits at least two loops. =
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The next theorem shows that for a digraphhat omits at least two loops, stratificationof
is necessary condition fdp to have weakly sign symmetri@-completion.

Theorem 4.2.SupposeD be a digraph of order: > 2 such thatD has weakly sigh symmetric
Q-completion, therD is stratified.

Proof. SupposeD has weakly sign symmetrig-completion. Let: > 2 and assume thd
has no ordek permutation digraph. I8/ is a partial weakly sign symmetric matrix that specifies
D with all specified entries zero arfglis a completion of\/, then allk x & principal minors of
B are zero, s@ is not aQ-matrix. This implies thaD must be stratified. -

But the condition of the Theore.1 and Theoremd.2 are not sufficient for weakly sign
symmetricQ-completion which can be seen from the following Exampl@

Example 4.3.Let D, be the digraph shown in the Figu2en which D, is stratified. Consider a

1
1
54&2 Aﬁ;
Figure 2. D,, D,

partial weakly sign symmetriQ-matrix,

1 =z
M = y =z 1],
-1 w u

wherez,y, z, w,u are unspecified entries. It is clear thiat specifiesD,. Now, from sign
symmetric conditions of\/, x < 0, y,w, z,u > 0 and at least one of andv is > 0. But M
cannot be completed to a weakly sign symmef)imatrix because for any completidhof M,
Sg(B) <0.

Corollary 4.4. SupposeD be a digraph of order. that omits two loops and such thgtp| >
n(n — 1) + 2. ThenD does not have weakly sign symmetpicompletion.

Proof. If D has more tham(n — 1) + 2 arcs(including loops, then D has fewer than
n? —n(n —1) — 2 = n — 2 arcs. ThusD does not contain an order permutation digraph.
Therefore by Theorem.2, D is not stratified and hende does not have weakly sign symmetric
Q-completion. =

Theorem 4.5.SupposeD be a digraph of order. > 2 which omits only2 loops. IfD is stratified
and D has no symmetric edge, théndoes not have weakly sign symmeiecompletion.

Proof. SupposeM = [a;;] be a partial weakly sign symmetri@-matrix specifying the
digraphD which is defined as follows:

0, |fZ:],(Z,j)€D
;i =
! -1, otherwise

Then for completionB of M, S3(B) < 0, whereS3(B) is the sum of all principal minors of
order 3x 3 in B. Hence the result follows. =

Example 4.6.Consider the digrap, in 4.3, It is easy to see thdd, satisfies the hypothesis of
the Theorem.5. Thus the digraptD, does not have weakly sign symmetéecompletion.
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4.2 Sufficient conditions for weakly sign symmetrioQ-matrix completion

Theorem 4.7.1f a digraph D # K,, of ordern has weakly sign symmetrig-completion, then
any spanning subdigraph @ has weakly sigh symmetrig-completion.

Proof. SupposeH be a spanning subdigraph 6f and My be a partial weakly sign sym-
metric Q-matrix specifying the digraplif. Consider a partial matrid/p obtained fromM g
by specifying the entries corresponding(ioj) € Ap \ Ay as 0. SinceD # K,,, by Proposi-
tion 2.1, Mp is a partial weakly sign symmetri@-matrix specifyingD. Let B be a weakly sign
symmetricQ-completion ofMp. Clearly, B is a weakly sign symmetriQ-completion ofM .
|

Definition 4.8. A digraph D, is said to be weakly sign symmetric compatible digraph with
a digraphD if the sign of the arcs of every 2-cycle:,v) in D U D; satisfies the relation
s(u,v)s(v,u) > 0.

Theorem 4.9.SupposeD be a digraph such thab omits at least two loops and is stratified.
If for any signing of the arcs oD, D is weakly sign symmetric compatible withand every
cycle of length> 3 of D is of positive sign, the® has weakly sign symmetrig-completion.

Proof. Let M = [a;;] be a partial weakly sign symmetrig-matrix specifying the digraph
D. Now for any signing ofD, D is weakly sign symmetric compatible with. Then fort > 0,
consider a completiof(t) = [b;;] of M as follows:

t2, if i =jand(i,j) € D
bij =< sgn(i,j)t, if (i,5) €D
aij, if (i,5) € D

Then fork = 2,...,n, we have,

Sa(B(t)) = at* + p(t)
Sk(B(t)) =" +q(t); k> 2,

wherep(t), q(t) is a polynomial of degree at most 3 ahd- 1 anda, v > 0. Hence the result
follows. -

Example 4.10.Consider a digraplb, and its complemenb in the following Figure3. Now,

2
2
ol//\\s }é%
Figure 3. D, D

for any signing ofD, it is possible to sign the arcs @ so thatD is weakly sign symmetric
compatible withD. Now, with the sign of the arcs db, it can be possible to sign the arcsiof
so that every cycle of length 3 is of positive sign. Hence, by Theoreh®, D has weakly sign
symmetricQ-completion.

5 Classification of small digraphs as to weakly sign symmettiQQ-completion

We have examined the digraphs of order at most three to weakly sigmelyinQ-completion.
Clearly, any digraph of order 1 (with or without a loop) has weakly signmsgtricQ-completion.
Any digraph of order 2 and without a loop has weakly sign symmeélrzompletion.

There are only three non-isomorphic digraphs of order 3 without lémpshich the digraphs
obtained by attaching a loop at any of the vertices have weakly sign syrar@etompletion
(by Theorend.9). These digraphs are precisely are the following:
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Figure 4. The digraphs of order 3 having weakly sign symmefyicompletion

6 Comparison between-completion and weakly sign symmetric
Q-completion

We know that every weakly sign symmetidzmatrix is a@-matrix, and every partial weakly
sign symmetria)-matrix is a partial-matrix, but the following examples show that the com-
pletion problems for these two classes are quite different.

Example 6.1.Consider the digraph®;, : = 3,4,5 in Figure5.
(i) The digraphD3 has both)-completion and weakly sign symmetiizcompletion.
(i) The digraphD,4 hasQ-completion, but does not have weakly sign symmegricompletion.

(iif) The digraphDs has neither)-completion nor weakly sign symmetrig-completion.
1 1 1
D3 D4 Ds
Figure 5. Q-completion vs. weakly sign symmetrig-completion

Since the digrapl; and D, satisfies the Theorem 2.3 &|[ thus D3 or D4 has@-completion.
On the other handDs is not stratified, hence by Theorem 2.8 @l,[ Ds does not have)-
completion. AgainD3 satisfies the Theorem.9, therefore it has weakly sign symmetidg
completion. But by exampl8.3 D, does not have weakly sign symmetiizcompletion.
Also Ds is not stratified, hence by Theorefl, Ds does not have weakly sign symmetee
completion.

SupposeD is a digraph having weakly sign symmetriccompletion. Thenp is stratified
and omits at least two loops. For all small digraphs (including all digrdpbraer 4) having
these properties are seen to hayeompletion. Whether a stratified digraph omitting a loop
necessarily have)-completion is not known (see Question 2.92f)[ We do not know whether
there is a digraph having weakly sign symmetgicompletion, but no©-completion.
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