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Abstract In this paper, we study the structures of cyclic, quasi-cyclic, constacyclic codes and
their skew codes over the finite ring S, = F, + uF), + vF,, v* = u,v* = v,uv = vu = 0.
The Gray images of cyclic, quasi-cyclic, skew cyclic, skew quasi-cyclic and skew constacyclic
codes over S, are obtained. A necessary and sufficient condition for cyclic (negacyclic) codes
over S, that contains its dual has been given. The parameters of quantum error correcting codes
are obtained from both cyclic and negacyclic codes over S,. The MacWilliams identities are
obtained.

1 Introduction

Most of researchers concentrate on linear codes, since they have clear structure. Although a lot
of researches on error correcting codes are about codes over finite fields, a lot of works on codes
over finite rings were done after the discovery that certain good non-linear binary codes can be
constructed from cyclic codes over Z4 via the Gray map in [7].

The algebraic structures of certain type of codes over many finite rings were determined such
as cyclic , negacyclic, quasi-cyclic and constacyclic codes that were defined in a commutative
ring in [11,17,20,23,24,25,26,30].

D. Boucher, W. Gieselman and F. Ulmer in [8] took another direction, when they studied
more generalized class of linear and cyclic using a non commutative ring. They studied what
they called skew cyclic codes in [9,10]. Later, some researchers generalized the notion of quasi-
cyclic and constacyclic codes over finite fields and finite ring as similarly in [2,12,16,19,22,27].

Quantum error correcting codes are used in quantum computing to protect quantum informa-
tion. Although the theory of quantum error correcting codes has striking differences from the
theory of classical error correcting codes, Calderbank et al. gave a way to construct quantum
error correcting codes from classical error correcting codes in [6]. Many good quantum codes
have been constructed by using classical cyclic codes over finite fields or finite rings with self
orthogonal (or dual containing) properties in [1,3,4,5,13,14,15,18,21,28,29].

In this paper, it is given some definitions. By giving the duality of codes via inner product, it
is shown that C'is self orthogonal codes over S, so is ¢ (C'), where ¢ is a Gray map in section 2.
In section 3, a linear code over .S, is represented by means of three p-ary codes and it is generator
matrix is given. It is shown that C is self dual if and only if all three p-ary codes are self dual
codes. In section 4, the Gray images of cyclic and quasi-cyclic codes over S, are obtained.
It is shown that C'is cyclic (negacyclic) code over S, if and only if all three p-ary codes are
cyclic (negacyclic) codes. In section 5, after a cyclic (negacyclic) codes over .S, is represented
via cyclic (negacyclic) codes over F}, it is determined the dual of cyclic (negacyclic) codes.
A necessary and sufficient condition for cyclic (negacyclic) code over S, that contains its dual
is given. The parameters of quantum error correcting codes are obtained from both cyclic and
negacyclic codes over Sj,. In section 6, it is given details about constacyclic codes over S,,. It is
expressed a linear code over S}, by means of two linear codes of length n over F, +uF), in section
7. It is found the nontrivial automorphism 6, on the ring S,,. By using this automorphism, the
skew cyclic, skew quasi-cyclic and skew constacyclic codes over .S, are introduced. The number
of distinct skew cyclic codes over S, is given. The Gray images of the skew codes are obtained
in section 8. In section 9, the MacWilliams identities are obtained.
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2 Linear codes over S,

Let S, = F,, + uF, + vF, where u> = u,v> = v,uv = vu = 0 and p is a prime. S, is a finite
commutative ring with identity and characteristic is p. It contains p> elements. Any element a of
Sy can be expressed uniquely as a = r + us + vt with r, s,t € F},. The ring has the following
properties:

* There are 8 different ideals of S, and they are (1), (u), (v), (1-u—v), (1—u), (1-v), (u+v)
and (0). (1) is an ideal whose the number of the elements is p*, (u), (v) and (1 —u—wv) are ideals
whose the number of the elements are p, (1 — ), (1 — v), (u + v) are ideals whose the number
of the elements are p?, (0) is an ideal whose the number of the element is 1.

* S, is principal ideal ring and it has three maximal ideals (1 — u), (1 — v), (u + v). The
quotient rings S, /(1 — u), S, /(1 — v) and S,,/(u + v) are isomorphic to F},.

* For any element a = r + su + tv of Sy, a is a unit if and ony if » # 0, r 4+ s # 0 (mod p)
and r + t # 0 (mod p).

Moreover, |S3| = (p — 1)° where S is the group of units. For every element of a of S, we
define the Gray map as
o S, F}f
d(r+us+tv) = (r,r+s,r+t)
It is easy to see that ¢ is a ring isomorphism. The mapping ¢ can be extended to
o : Sy F"
o(r+us+tv) = (r,r+s,r+t)
componentwise in a natural way as ¢(a) = (r,7 + s, + t) where a = (ay, ...,a,) € S} and

r=(T1yesTn), 8 = (81,0, 8p) and t = (¢, ..., 8p,) € F} with a; = i +us;+ovt;, fori = 1,...,n
. The Gray weight of a is defined as follows

wg(a) =wg(r,r+s,7+1)

where wy (b) denotes the Hamming weight of b over F,,. Define the Gray weight of a vector
a=(ar,...,an) € Sy as

wa(a) = wa(a)
i=1
For any elements by, b, € S}, the Gray distance is given by dg (b1, b2) = wg(by — b2).
A code C of length n over S, is a subset of 5. C'is linear iff C' is an S),- submodule of S}

The minimum Gray distance of C' is the smallest nonzero Gray distance between all pairs of
distinct codewords. The minimum Gray weight of C' is the smallest nonzero Gray weight among
all codewords. If C is linear, then the minimum Gray distance is the same as the minimum Gray
weight.

Lemma 2.1. The Gray map ¢ is a distance preserving map from (S™,Gray distance) to (F>",Hamming
distance). Moreover it is also F-linear:

Proof. For s1,s; € F, and aj,a; € S7, we have ¢(sja; + s2az2) = sip(ar) + s2d(az) by using
the definition of Gray map. So ¢ is Fj,-linear. Let a; = (a1 ,1,...,a1,,) and ax = (az,1, ..., a2.n)
be elements of S}’ where a; ; =71 ; +usi i +vt;;and ax; = ra; +usy; +vty; fori =1,...,n.
Then ay —ay = (a17] —a21,.,G1,n — 0,27”) and gb(a] — 0,2) = ¢(a1) — ¢(a2). So d(;(al,az) =
we(ar — a2) = wr(p(ar — a2)) = wu(d(ar) — ¢(a2)) = du(¢(ar), ¢(az)). By using the
definition of the Gray weight of the element in .S, the second equality above holds. O
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Lemma 2.2. Let C be a (n, M, d) linear code over Sy, where n denotes the length, d denotes the
minimum Gray distance and M denotes the size of C. Then ¢(C) is a [3n,log,M, d] linear code
over I},

Proof. From Lemma 2.1, we have ¢(C) is a F, linear code. By using the Gray map, ¢(C) is
length 3n. As ¢ is a bijective map from S to Fﬁ”, we have ¢(C') has dimension log, M. As ¢ is
preserving distance, ¢(C') has minimum Hamming distance d. O

For any = = (zo, z1, ..., ®n—1), ¥ = (Y0, Y1, ---, Yn—1) the inner product is defined as

n—1
Ty = Z TiYi
i=0

If z.y = 0 then x and y are said to be orthogonal. Let C' be linear code of length n over R,
the dual code of C
Ct={z:VyeCzy=0}
which is also a linear code over R of length n. A code C is self orthogonal if C C C* and self
dual if C = C*.

Theorem 2.3. Let C be a linear code over S,. Then ¢(C)+ = ¢(C+). Moreover, if C is a self
dual, so is ¢ (C).

Proof. For all a; = (ay,1,...,a1n) € C,a2 = (az,1,...,a2,) € C where a;; = rj; + us;; +
vtji, with j = 1,2 and i = 1,2,...,n. If aja; = 0 then we have aja, = Y. | aia2,; =
Doy it (risa it st s1isas) o i (Pita it ar i+t ita,) = 0 imply-
ing >0 riira = 0,30 (r1isiF82,im1iF81,i82,:) = 0and Y0 (1 ita i+t i+t ita,) =
0. p(ar1)plaz) =330 it + > (r1is2 + 82,1 + S1,i82,0) + D (F1atas +tire +
t1,it2;) = 0. Hence ¢ (C)" C ¢ (C1). By using Lemma 2.2, from |¢ (C)" | = |¢ (C1) |, we
have ¢ (C)" = ¢ (C*).

Clearly, ¢(C) is self orthogonal if C' is self dual by Lemma 2.1. By using Lemma 2.2, we
have |¢ (C) | = |C|, so ¢(C) is self dual. i

3 A representation of linear codes over S,,

We denote that

A @ Ay @ A3 = {(a1,a2,a3) 1 a1 € Aj,ay € Ay a3 € A3}
and

Al A3 ={a+a+a3:a € Aj,ar € Ay a3 € A3}

Let C be a linear code of length n over S,. Define

Cc, = {TGFI?:EIS,tGFI?,r—i—us—O—vtEC}
C, = {r+s€F£:3t€F;,T+us+vt€C}
C; = {r+t€F§:EIsEF;,T+us+vtEC'}

Then C, Cy and Cs are p-ary linear codes of length n. Moreover, the linear code C of length
n over S, can be expressed as

C=(1-u—0v)Cy ®uC) dvC;s

Theorem 3.1. Let C' be a linear code of length n over S,. Then ¢ (C) = C) @ C, ® Cs and
[Cl=C1]|Ca][C5]-
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Corollary 3.2. If ¢ (C) = C, @ C, @ C3, then C = (1 —u — v)Cy ® uCy ® vCs. It is easy to see
that

ICl = [Ci]|Ca]|C5]
— pnfdeg(fl)pnfdeg(fz)pnfdeg(fg)

I (dee(f1)+deg(f2)+deg( )

where f1, f» and f5 are the generator polynomials of C,, C, and C3, respectively.

Corollary 3.3. If G|, G, and G35 are generator matrices of p-ary linear codes C\,C, and Cs
respectively, then the generator matrix of C' is

(1—u—v)G
G = uGz
UG3
We have

¢((1 —u—0)Gi)
¢(G) = $(uG)
¢(UG3)

Let dg minimum Gray weight of linear code C over S,. Then,
de = du(¢(C)) = min{du(C1),du(C2),du(C3)} where dp(C;) denotes
the minimum Hamming weights of p-ary codes C\,C, and Cs, respectively.

4 Cyclic and Quasi-Cyclic Codes over S,,

Definition 4.1. A linear code C' over S, with the property that if a = (ao, ...,a,—1) € C then
o(a) = (an—1,0a0,...,an_2) € C is called cyclic code.

A subset C of S} is a linear cyclic code of length n iff it is polynomial representation P(C) =
{Z?_o a;x’: (ag,..,.an_1) € C’} is an ideal of Sp|x]/ < z™ — 1 >.

Definition 4.2. Let a € 2" with a = (ag,ay,...,a3,—1) = (a¥ [aD]a?), al) € FP for
i=0,1,2.Let p be a map from F3" to F3” given by ¢ (a ) (o (a(o)) ‘ (alV) )|a (a®)) where
o is a cyclic shift from F7* to F* given by o (@) = ((a®n=1), (alB0), (atD), .., (alin=2))
for every a) = (a*9),...,a""=1)) where a("/) € F,, j = 0,1,....,n — 1. A code of length 3n
over F), is said to be quasi cyclic code of index 3 if ¢ (C) = C.

Proposition 4.3. Let ¢ be Gray map from S} to Fg". Let o be cyclic shift and ¢ be as above.
Then ¢o = po.

Proof. Letc; = r;4us;+vt; be the elements of Sy, fori = 0,1, ....,n—1. Wehave o (¢co, c1, ..., ¢p—1) =

(Cn=1,€0y -y cn—2) . If we apply ¢, we have

(b(O' (607"'707171)) = ¢(Cn71a607~-~7cn72)

(Tnflv ey Tn—2,Tn—1 + Sp—1y-3Tn-2 + Sn—2,

Tn—1+tn_1,.yTn_2+ tn—Z)
On the other hand ¢(co, ..., cn—1) = (705 -, Tn—1,70 + 805 -y Tn—1 + Sn—1,70 + t0y s Tn—1 +
—1). If we apply ¢, we have @(d(co, c1y ..o, €n1)) = (Tn—t, ooy Tn—2, Tn—1 + Sn—1, ..., Tn—2 +
Sn—2,Tn—1 + tnfly ey =2 + tn72)- Thus, (bg - @(ZS o

Theorem 4.4. Let o and ¢ be as above. A code C of length n over S, is cyclic code if and only
if 9(C) is quasi-cyclic code of index 3 over F, with length 3n.
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Proof. If C' is cyclic code, then o(C') = C. By using Proposition 4.3, we have ¢(c(C)) =
0(p(C)) = ¢(C). So ¢(C) is a quasi-cyclic code of index 3 of length 3n over F,,. Conversely if
¢(C) is quasi-cyclic code of index 3, s0 p(¢(C)) = ¢(C). So by using Proposition 4.3, we have
d(a(C)) = p(6(C)) = ¢(C). Since ¢ is injective, it follows that o(C') = C. i

Definition 4.5. A linear code C over S, with the property that if a = (ao, ...,a,—1) € C then
B(a) = (—an—1,a0,..,an—2) € C is called negacyclic code.

A subset C of S} is a linear negacyclic code of length n iff it is polynomial representation
P(C) = {Z?;ol a;zt: (ag, ...y @p_1) € C} is an ideal of Sp[z]/ < z™ + 1 >.

Proposition 4.6. Let C = (1 —u—v)C) ®uCh ®vCj be a linear code over S,.Then C'is a cyclic
code (negacyclic) over S, iff C, C, and Cs are all cyclic (negacyclic) codes over F,.

Proof. Let (r1,72,....,mn) € C1, (S1,82,...,8n) € Cy and (¢1,t2,...,t,) € C3 . Assume that
a; = (1 —u—v)r;+us; +vt; fori = 1,...,n. Then (a, az, ...,a,) € C. Since C is a cyclic code,
it follows that (a,,, ay, ...,an,—1) € C. Note that (a,, ay,...,an—1) = (1—u—0)(rp, 71, ooy 1) +
U(Sny S1y ooy Sn—1) + V(tn, t1, oovy tn—1). Hence (rn, 71, .oy 7n—1) € C1, (Sny S1, vy Sn—1) € Ca and
(tn,t1,...,tn—1) € C5. Therefore, Cy, C; and Cj are cyclic codes over F),.

Conversely, suppose that C, C; and Cj are all cyclic codes over F),. Let (a1, a2, ...,a,) € C
where a; = (1 —u —v)r; +us; +vt; fori = 1,...,n. Then (r1,72,....,7,) € C1, (81,82, ..., Sn) €
C, and (ty,t2,...,t,) € Cs. Note that (an,a1,....an—1) = (1 —u — 0)(rn, 71,y Tne1) +
W(Sny 815y Sn1) + V(tn, t1, eestn_1) € C = (1 —u —v)C) ® uCy ® vCs. So, C' is a cyclic
code over Sp.

For negacyclic codes, the proof is shown as similarly. O

Definition 4.7. A subset C of S} is called a quasi-cyclic code of length n = sl and index [ if C'
satisfies the following conditions,
i) C is a submodule of S,
72) Ife= (6070, <3 €0,1—15€1,05 -+ €1,1—15 +++y E5—1,05 -++5 65_171_]) € C, then 7'371(6) = (68_]70, ceny
€s—1,1—15,€0,05 -+, €0,l—15 +++y , €5—2.0, "';6572,171) eC.
Leta € F2" with a = (ag, ay, ..., azn—1) = (a@]aV]a?), al) € F, fori =0,1,2. Let T
be a map from F;" to F)" given by

= () (1))

where y is the map from £} to F}}' given by

1 (a(i)) _ ((a(i,s—l))7 (a(i,O)), . (a(i,s—z)))

for every o) = (a9, ..., al"*~V) where a{") € F, j = 0,1,....s — 1 and n = sl.A code of
length 3n over F), is said to be I-quasi cyclic code of index 3 if I' (C') = C.

Proposition 4.8. Let 7, ; be quasi-cyclic shift on S,,. Let " be as above. Then ¢715; = T'¢p.
Proof. It is shown as proof of Proposition 4.3. O

Theorem 4.9. The Gray image of quasi-cyclic codes over S, of length n with index 1 is a l-quasi-
cyclic code of index 3 over F,, with length 3n.

Proof. It is shown as proof of Theorem 4.4. O

5 Quantum Codes From Cyclic (Negacyclic) Codes Over S,

Theorem 5.1. Let Cy = [n, ki, dl]q and Cy = [n, ky, dz]q be linear codes over GF(q) with C3- C
Cy. Furthermore, let d = min{wt(v) : v € (C;\C5") U (C$\C1)} > min{d,d>}. Then there
exists a quantum error-correcting code C = [n, ki + ky — n,d|,. In particular; if Ci- C C}, then

there exists a quantum error-correcting code C = [n,n — 2ky, d,], where d; = min{wt(v) : v €
(C\C)}, [18].
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Proposition 5.2. Suppose C = (1 —u—v)C ®uCy ®vC5 is a cyclic (negacyclic) code of length
n over S,.Then

C=<1—-u—0v)fi(x),uf(z),vfs(x) >

and |C| = p*n—dee filz)tdeg h2)+deg f5(2)) ywhere fi(x), fo(x) and f3(x) generator polynomials
of Cy,C, and Cj respectively.

Proposition 5.3. Suppose C is a cyclic (negacyclic) code of length n over S, then there is a
unique polynomial f (x) such that C = (f (z)) and f(z) | 2" — 1 (f(z) | =™ + 1) where
f(z)=(1—u—0)fi(z) +ufo(z) +vf3(z).

Proposition 5.4. Let C be a linear code of length n over Sy, then C*+ = (1 —u—v)Cf ®uCs- @
vCyi-. Furthermore, C is self-dual code iff Cy, Cy and C5 are self-dual codes over F,.

Proposition 5.5. If C = (1 —u —v)C) ® uC, & vCs is a cyclic (negacyclic) code of length n
over Sy. Then
Ct = ((1 —u—v)h(z)* +uhy(x)* + vha(x)*)

and |CL‘ — plee fi(a)tdeg fa(w)+deg f5(2) ywhere fori = 1,2, 3, hi(z)* are the reciprocal polynomi-

als of hi(z) i.e., h; (z) = (2" — 1) /fi (x) (hi () = (™ + 1) /f; (), b} (2) = a9€hi@h; (271)
fori=1,23.

Lemma 5.6. A p-ary linear cyclic (negacyclic) code C with generator polynomial f contains
its dual code iff z™ — 1 = 0 (mod ff*) (a2 + 1 = 0(mod ff*)), where f* is the reciprocal
polynomial of f.

Theorem 5.7. Let C = ((1 — u — v) f1, uf2, vf3) be a cyclic (negacyclic ) code of length n over
Sp. Then C+ C Ciffz™ — 1 =0 (modf; f7) (z" + 1 = 0 (modfi f})) fori =1,2,3.

Proof. Letz" —1 =0 (modf; f}) (z" 4+ 1 = 0 (modf; f;)) fori = 1,2,3. Then Ci- C C,C5- C
C»,C5 C C5. By using (1 —u —v)Cit C (1 —u —v)C), uCst C uChwCs C vC3. We have
(1-u—2)Cir ®uCs ®vCs C (1—u—v)C&uC, ®vCs. So, < (1 —u—v)hi+uh}+vh} >C
<(1—u—v)fi,ufr,vfs > . Thatis C+ C C.

Conversely, if C+ C C, then (1 —u — v)Ci- ® uCss ® vC5 C (1 —u—v)Cy & uCs ® vCs.
By thinking mod(1 — u — v), mod(u) and mod(v) respectively, we have C;- C C; fori = 1,2, 3.
Therefore, 2™ — 1 = 0 (modf; ) (" + 1 = 0 (modf; 7)) fori = 1,2, 3. O

Corollary 5.8. Let C = (1 — u — v)C; @ uC, & vCj be a cyclic (negacyclic) code of length n
over Sy. Then ctcc iﬁ‘C’f— CC;fori=1,2,3.

Theorem 5.9. Let C be a linear code of length n over S, with |C| = p**1+2%2%ks qnd minimum
distance d. Then ¢ (C') is a p-ary linear [3n, 3k + 2k, + k3, d] code.

Theorem 5.10. Let (1 —u—v)Cy & uCs @ vCs be a cyclic (negacyclic) code of arbitrary length
n over S, with type pRipkepks If C- C C; where i = 1,2,3 then C+ C C and there exists a
quantum error-correcting code with parameters [[3n,2(3k) + 2kz + k3) — 3n, dg|] where d¢ is
the minimum Gray weights of C.

Example 5.11. Let p = 2, n = 21,

A1 = @+D)@@+e+ D)@ +22+D)@E e+ D)@+t + 22 2+ 1)
(2 + 2% + 2t + 2%+ 1)

T

in /5 [z]. Let fi (z) = f>(2z) = f3(z) = 2° + 2° + 2* + 2% + 1. C is a linear code of length
21 and minimum Gray weight di = 3. Clearly, C+ C C. Hence we obtain a quantum code with
parameters [[63,27,3]].

Example 5.12. Letp = 3,n = 10. We have 2'0+ 1 = (2% + 1) (2* + 2° 4+ 22 + 1) (2% +22° +
z+1). Let fi (z) = fo (z) = 2*+ 23 +20+1, f5 (v) = 2* +22° +2+1. Clearly, C+ C C. ¢(C)
is a linear code with parameters [30, 18,4]. Hence, we obtain a quantum code with parameters
[[30.6,4]].
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Example 5.13. Let p = 3,n = 12. We have z'2 — 1 = (¢ — 1) (23 + 2% + = + 1)3 in F; [z].
Let fi (z) = f2 (z) = f3 (v) = 23 + 2® + 2 + 1. Clearly, C+ C C. Hence, we obtain a quantum
code with parameters [[36, 18, 2]] .

Example 5.14. Let p = 7,n = 3. We have 23 + 1 = (24 4)(z +2)(x 4 1).¢(C) is a linear code
with parameters [9, 6, 2]. Hence, we obtain a quantum code with parameters [[9, 3, 2]] .

6 Constacyclic codes over S,

Definition 6.1. A linear code C' over S, with the property that if a = (ao, ...,a,—1) € C then
v(a) = (Aay—1, a0, ...,an—2) € C is called A\—constacyclic code over S,, where A a unit element
of .S,,.

A subset C of S} is a linear A~constacyclic code of length n iff it is polynomial representation
P(C) = {Zf;ol a;z*|(ag, ..., an—1) € C} is an ideal of S,[x]/ < ™ — X >.

If Nis equal to 1 (-1), then C is called cyclic code (negacyclic ) respectively.
We characterized the units of S,. For any element A = r + us + vt of Sp, A is a unit if and
only ifr # 0,r + s # 0(mod p) and r + t # O(mod p).

It is easily seen that 1 is only unit for p = 2.

Note that \™ = 1, if n even, N = ), if n odd, so for p is odd prime. We only study -
constacyclic codes of odd length .

Theorem 6.2. Let \ be a unit in S,. Let C = (1 — u — v)C) ® uCy ® vCs be a linear code of
length n over Sp. Then C'is a M-constacyclic code of length n over Sy, iff C; is either a cyclic
code or a negacyclic code of length n over I, fori = 1,2,3.

Proof. Let v be A-constacyclic shift on S7. Let C' be a A-constacyclic code of length n over
Sp. Let (ag, ai, ...,an—1) € C1, (bo, b1, ...,bp—1) € Cr and (¢, c1, ..., cn—1) € C3. Then the corre-
sponding element of C'is (m(), mi,..., mnfl) = (1 —u—v)(am a, ..., an,1)+u(bo, bi,..., bn,1)+
v(co, €1y -erycn—1). Since C'is a A-constacyclic code so, v (m) = (Amp_1,mg,...,mp—2) € C
where m; = a; + bju +ve; fori = 0,1,...,n — 1. Let A = a + uB + vy, where o, 3,7 € F),.
v(im)=(1—-u—v)(Aan—_1,00, s an-2) + u(Abp_1,bo, ..., bu_2) + v(Acn_1, co, ..., cn—2). Since
the units of F}, are 1 and —1, so &« = +1. Therefore we have obtained the desired result. The
other side it is seen easily. O

Example 6.3. Letp = 3. Let C = (1—u—v)C ®uC2®vC5 be a linear code of length n over S3.
The set of units of the ring S3 is S5 = {1,2,1 +u, 1 4+v,24+2u,2+2v, | + u+v,2+2u+2v}.
So If C' is a A-constacyclic codes over S3 where ) is a unit, then

C Cy Cy Cs
2-constacyclic negacyclic negacyclic negacyclic
1 + u constacyclic cyclic negacyclic cyclic

1 4 v constacyclic cyclic cyclic negacyclic
2 4 2u constacyclic negacyclic cyclic negacyclic
2 + 2v constacyclic negacyclic negacyclic cyclic

1 4+ u + v constacyclic cyclic negacyclic negacyclic
2+42u+2v constacyclic  negacyclic cyclic cyclic

where C, C, and Cj5 are codes over F3.
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7 A representation linear codes over S, in terms of two linear codes over F, + uF,,

Expressing an element of Sy, as v + us + vt = a + vq where a = r + su and q = t are both in
F, + uF,, we seen that wg(r + us + vt) = wg(a +vq) = wr(a) + wr(a + q) where wi,(x)
denotes the Lee weight of x in F,, + uF,. This leads to the following Gray map

$1 1 Sy (Fp+uFy)?
o(r+us+tv)=a+vqg = (a,a+q)

It is easy to verify ¢, is a linear map and it can be extended to S;; naturally,
od1(cty .cn) = (a1, e, an, a1 + q1, ..an + qn) Where r; = a; + vg;. Moreover ¢ is a linear
isometry from (S3, Gray distance) to ((F, + uF,)*", Lee distance).

o1 ( Sy, Gray distance) — ( (F), + qu)zn, Lee distance)
¢ : (87, Gray distance) — ( (Fp)3n, Hamming distance)

Theorem 7.1. If C' is a linear code of length n over Sy, then ¢1(C) is a linear code of length 2n
over Fy, + ul,.

Define
Ci ={a e (F,+uF,)"|a+vq € C for some q € (F, +uF,)"}
and

Cy={a+qe (F,+uF,)"la+vq € C}
Theorem 7.2. Let C be a linear code of length n over S,,. Then C = (1 —v)C} ® vCh, ¢1(C) =
C1 ® Cy and |C| = |C]HCZ|
Theorem 7.3. Let C be a linear code of length n over S,. Then ¢1(C+) = (¢1(C))*.
Theorem 7.4. Let C be a linear code of length n over S, such that C = (1 —v)C & vC,. Then
Ct = (1 - v)Cf @ vCs.

Theorem 7.5. Let A be a unit in S,. Let C = (1 — v)C, & vC, be a linear code of length n
over Sp. Then C' is a A-constacyclic code of length n over S, iff C; is either a cyclic code or a
negacyclic code or &-constacyclic codes of length n over F), for i = 1,2,3 where & is a unit on
F, + uk,.

Proof. It is shown as in the proof of the Theorem 6.2. O

Example 7.6. Let p = 3. Let C = (1 — v)C} @ vC; be a linear code of length n over S3. The set
of units of the ring S3is S = {1,2,1 + u,1 +v,2 4+ 24,2 +2v,1 + u +v,2 4+ 2u + 2v}. The
set of units of the ring F3 + uF5 is (F3 +uF3)" = {1,2, 1 +u,2 + 2u}.

If C' is a A-constacyclic codes over S3, where A is a unit, then

C Cy C»

1 4 u constacyclic 1 + u-constacyclic cyclic

1 4 v constacyclic cyclic negacyclic

2 + 2u constacyclic (2 + 2u)constacyclic (2 4 2u)constacyclic
2 4 2w constacyclic negacyclic cyclic

1 4+ u + v constacyclic (1 + u)constacyclic negacyclic
2+2u+2v constacyclic (2 4 2u)constacyclic negacyclic

where C, and C, are codes over F3 + uF3, u”> = u.
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8 Skew Codes Over S,

We are interested in studying skew codes using the ring S,. We define non-trivial ring automor-
phism 0, on the ring Sy, by 0, (1 + us + vt) = r + ut + vs for all v +us + vt € S,,.

The ring Sy[z,0,] = {ao + a1z + ... + ap—12" ' : a; € Sy, n € N} is called a skew
polynomial ring. This ring is a non-commutative ring. The addition in the ring Sp[z, 0, is the
usual polynomial addition and multiplication is defined using the rule, (ax*)(bx?) = ab},(b)x"*7.
Note that 912,((1) = aforall a € R. This implies that 0, is a ring automorphism of order 2.

Definition 8.1. A subset C' of S} is called a skew cyclic code of length n if C satisfies the
following conditions,

i) C is a submodule of ST,

ZZ) IfC:(C(),Cl,...,Cn 1) € C, then 0o, ( ) (ep(cn 1),91,( ) .
Let (f(z) + (2™ — 1)) be an element in the set S, ,, = Sy [x,0 ]/
Sy [z, 0,). Define multiplication from left as follows,

r(@)(f(z) + (&" = 1)) = r(2) f(z) + (2" = 1)
forany r(x) € S, [z,0,].

ep(cn 2))
(z" — 1) and let r(z) €

Theorem 8.2. S,, ,, is a left S, [z, 0,]-module where multiplication defined as in above.

Theorem 8.3. A code C in S, is a skew cyclic code if and only if C'is a left S, [z, 0,,]-submodule
of the left S, [z, 0,]-module S, ..

Theorem 8.4. Let C' be a skew cyclic code in S, and let f(x) be a polynomial in C of minimal
degree. If f(x) is monic polynomial, then C = (f(x)) where f(x) is a right divisor of z™ — 1.

Theorem 8.5. A module skew cyclic code of length n over Sy, is free iff it is generated by a monic
right divisor f(z) of «™ — 1. Moreover, the set {f(z),xf(x),z*f(z), ...,z @)1 ¢(z)}
forms a basis of C' and the rank of C is n — deg(f(x)).

Theorem 8.6. Let n be odd and C be a skew cyclic code of length n over S,,. Then C'is equivalent
to cyclic code of length n over S,,.

Proof. Since n is odd, ged(2,n) = 1. Hence there exist integers b, ¢ such that 2b + nc = 1. So
2b=1—nc =1+ zn where z > 0. Let a(x) = ag + a1z + ... + a,_ 12"~ ! be a codeword in C.
Note that z*a(z) = 65 (ag)z' =" + 65" (a1)a* =" + .. + 030 (an—1)2" " = ap_1 + aoz + ... +
an_2x" 2 € C. Thus C is a cyclic code of length 7. O

Corollary 8.7. Let n be odd. Then the number of distinct skew cyclic codes of length n over S,, is
equal to the number of ideals in S, [z] /(x™ —1) because of Theorem 8.6. If z™—1 = >""_ pi*(z)
where p;(z) are irreducible polynomials over F,. Then the number of distinct skew cyclic codes
of length n over Sy, is i (s; + 1)3.

Definition 8.8. A subset C' of S} is called a skew quasi-cyclic code of length n if C' satisfies the
following conditions,
i) C'is a submodule of S7’,

i) If e = (€0,0, -, €0,1—1, €1,0, -+ €1,1—15 s €s—1,0, -, €s—1,1—1) € C,thenty, s i(e) = (0, (es—1,0), ..,

Op (€s—1,-1),0p (€0,0) s 0p (€0,1=1) » s 0p (€5-2,0) » s 0p (€5-2,-1)) € C.

We note that x* — 1 is a two sided ideal in S, [x,0,] if m|s where m is the order of 0,, and
equal to two. So Sy, [x,0,] /(x* — 1) is well defined.

The ring Sl . = (Sp [#,0p] /(2° — 1))! is a left Sps = Sp[2,6,) /(z* — 1) module by the
Jfollowing multiplication on the left

f@)(g1(2), -, (@) = (f(2)g1(2), . f(2)91())
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If the map ~ is defined by
v:Sy— S,

(0,0, ++5 €0,1—15 €1,05 -+, €1,1— 15 ++y €5— 1,0 -+ €s—1,1—1) = (co(2), .., cr—1())
s—1 ; . .
such that cj(z) = >0, e; ja' € Szl),s where j = 0,1, ....1 — 1 then the map ~y gives a one to one
correspondence S and the ring Sf,’s-

Theorem 8.9. A subset C of S} is a skew quasi-cyclic code of length n = sl and index | if and
only if v(C) is a left Sy, s-submodule of S}, ..

A code C'is said to be skew constacyclic if C' is closed the under the skew constacyclic shift
agm,\from S;} to Sg deﬁned by 06,,\ ((Co, Cly.eny Cn_])) = (9;,, ()\Cn_]) ,Qp (C()) s ey 0;,, (Cn_z)) .

Privately, such codes are called skew cyclic and skew negacyclic codes when X is equal to 1
and —1, respectively.

Theorem 8.10. A code C of length n over Sy, is skew constacyclic iff the skew polynomial repre-
sentation of C'is a left ideal in S, [z, 0,] /(z™ — X).

9 The Gray Images of Skew Codes Over S,,

Proposition 9.1. Let 04, be the skew cyclic shift on S}, let ¢ be the Gray map from Sy} to F, 5” and
let o be as in the Section 4. Then ¢oy, = ppd where p(x,y, z) = (x, z,y) for every x,y, z € F}'.

Proof. Let r; = a; + ub; + vc; be the elements of S, for i = 0,1,....,n — 1. We have
a9, (10,715 s Tn—1) = (Op(1=1),0p(r0), -, Op(rn—2)) . If we apply ¢, we have

¢ (09p (7'0, ceey Tnfl)) = ¢(0p(7nn71)7 ep(r0)7 ceey ep(’rn72))
= (anflvn-aaanaanfl + Cn—1ysQp—2 + Cp—2

yOn—1 b1,y @2+ by2)

On the other hand, ¢(r, ..., 7n—1) = (G0, -+, Gn—1,a0 + b0y ooy A1 + b1, a0 + Coy ooy A1 +
cn—1). If we apply ¢, we have ¢ (¢ (70, 715 -, Tn—1)) = (@n—1s ey -2, @1+ bp—1, e a2 +
bn—2, Gn—1+Cn_1, -y Gn_2+cn_2). If we apply p, we have p( (¢ (10, ..., 7n-1))) = (@n—1s -, Gn—2
yAn—1 + Cp—1y ey Gn—2 + Cp—2,0n—1 + bn—l gy Gp—2 + bn—Z)- SO, we have ¢0—9 = P<P¢ o

Theorem 9.2. The Gray image a skew cyclic code over S, of length n is permutation equivalent
to quasi-cyclic code of index 3 over F, with length 3n.

Proof. Let C be a skew cyclic codes over S, of length n. That is og, (C') = C. If we apply ¢,
we have ¢(0y, (C')) = ¢(C). From the Proposition 9.1, ¢(0s, (C)) = ¢(C) = p(¢(o(C))). So,
¢(C) is permutation equivalent to quasi-cyclic code of index 3 over F}, with length 3n. O

Proposition 9.3. Let 7y, ;1 be skew quasi-cyclic shift on S}, let ¢ be the Gray map from Sy} to
FS”, let T be as in the preliminaries, let p be as above. Then ¢ty s ; = pl'¢.

P2

Theorem 9.4. The Gray image a skew quasi-cyclic code over S, of length n with index 1 is
permutation equivalent to | quasi-cyclic code of index 3 over F,, with length 3n.

Proposition 9.5. Let oy, \ be skew constacyclic shift on Sy, let ¢ be the Gray map from S} to
F3", let p be as above. Then v = péag, .

Theorem 9.6. The Gray image a skew constacyclic code over S, of length n is permutation
equivalent to the Gray image of constacyclic code over F,, with length 3n.

The proof of Proposition 9.3, 9.5 and Theorem 9.4, 9.6 are similar to the proof Proposition
9.1 and Theorem 9.2.
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10 The MacWilliams Identities

The MacWilliams identity which describes how the weight enumerator of a linear code and the
weight enumerator of the dual code relate to each other is very important subject in coding the-
ory. It can be used to determine error detecting and error correcting capabilities of a code.

In this section, it is verified MacWilliams identity.

Definition 10.1. Let A; be the number of the elements of the Gray weight ¢ in C. Then the set
{Ay, ..., A3, } is called the Gray weight distribution of C'. Define the Gray weight enumerator of
C as

Graye(z,y) ZA 23y
Clearly,

Grayc(z,y) Zm3" wa(e)ywa(e)
ceC

Besides, define the complete weight enumerator of C' as
wpflﬁ»u(pfl)#u(p—l)(c)

(c)
CweC(xlw 5 Lp—1+u(p—1)+v(p— 1 E I p I+u(p—1)4v(p—1)
ceC

For any codewords c of C, let up, u;, uz,u3 be the number of components of C' with Gray
weights 0, 1,2, 3 respectively. Then the Gray weight of ¢

wg(c) = uy + 2uy + 3us

Define the symmetrized weight enumerator of C' as

swec (T, .., 13) = cwec (Lo, L1, Ty 1 fu(p—1)+o(p—1)) E Ty
ceC

The Hamming weight enumerator of C'is defined as

Hame(z,y) Zx" wi (e)ywr(c)
ceC

then we have the following results.

Theorem 10.2. Let C be a linear code of length n over S,,. Then
i)Grayc(z,y) = swec (23, 2%y, 2%, y?)
ii)HamC (J), y) = swec (33, Y. Y, y)
i) Graye(z,y) = Hamd)( )( z,y)
w)Grayc. (z,y) = |C| Grayc(z+ (p— 1)y, z — y)
v)Hame: (2,y) = g Hame(x + (p° — Dy, — y)

Example 10.3. Let C = {(0,0), (1,1)} be a linear code of length 2 over S,,. The Gray weight
enumerators for this code is Grayc(z,y) = z® + y®.The Gray weigth enumerator of C* is

Grayc. (z,y) = 3((z + (= Dy)° + (= — y)°).
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